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    Quarks & gluons fundamental constituents of hadrons    
 
  Mesons  

  Baryons  

Higgs Boson             0H
 ~126 GeV  

The main missing block for the experimental 

validation of the SM is now in place François Englert, Peter W. Higgs 

 

ATLAS & CMS, CERN/LHC 

 

http://upload.wikimedia.org/wikipedia/commons/e/e4/Hadron_colors.svg
http://upload.wikimedia.org/wikipedia/commons/0/00/Standard_Model_of_Elementary_Particles.svg
http://upload.wikimedia.org/wikipedia/commons/6/62/Quark_structure_pion.svg
http://upload.wikimedia.org/wikipedia/commons/9/92/Quark_structure_proton.svg


possible 4-quark state?                                             5-quark state just  discovered 
by 

Image by BESIII coll. 

LHCb 
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Critical Behaviour  in Strongly Interacting Matter 

             Deconfinement and Chiral Symmetry restoration- expected within 

                             Quantum Chromodynamics (QCD)  
 

   cold   hadrons gas                                                critical   region                              QGP 
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    Particle density and percolation theory  

 Density of particles  at a 

given volume  

 

 Total number of particles in 

HIC at LHC, ALICE  

 Percolation theory: 3-dim system of  objects of volume  
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P. Castorina, H. Satz &K.R. Eur.Phys.J. C59 (2009)  
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Hadronic matter 

Quark-Gluon 

Plasma 

Chiral symmetry 

broken 

Chiral 

symmetry 

restored 

L
H
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A-A collisions 

        fixed s

x 

1st  principle calculations: 

                              perturbation  theory 

                              pQCD   

                              LGT 

 

, :QCDT    

, :QCDT  
:q T 

             QCD Phase diagram: from theory to experiment 
Krzysztof Redlich   University of Wroclaw  

  

 QCD phase boundary  in LGT 

and in effective models , its O(4) 

„scaling” & relation to freezeout 

in HIC 

 Moments and probability 

distributions  of conserved 

charges as probes of  the 

criticality in QCD 

 STAR data & expectations 

    

  



Statistical Physics  
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Density Matrix  

Partition Sum  

Free energy & 

Thermodynamics   

Densities   

Net Charge   



The partition function of QCD  

8 



Asymptotic freedom in QCD  

9 S. Bethke 

QCD becomes perturbative at high energy 



      Excellent description of the QCD Equation of States by      
                              Hadron Resonance Gas  

A. Bazavov et al. HotQCD Coll.   July 2014                             F. Karsch et al.  HotQCD Coll.                                                          

 “Uncorrelated” Hadron Gas  provides an 

excellent description of the QCD equation of 

states in confined phase       
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 “Uncorrelated” Hadron Gas  provides  also an 

excellent description of net baryon number 

fluctuations 
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  Chiral Transformations of QCD-Langrangian 

 

 

ˆ | , | ,s p p h h p h  

qqqq LR )1(
2

1
)1(

2

1
55  

( )quar

q

k a a

QCDL q i m qgA q q      

L R R Lqq q q q q 

L L R Rq D q q D q q D q        

Chiral transformations: 

Decompose: 

L

i

LR

i

R qeqqeq LR 2/2/ 





(2) (2)R LSU SU
Breaks  chiral symmetry: 

 invariant under 

 (2) ( )RV LSU  

In QCD vacuum chiral symm.  spontaneously broken 
3(250 )qq MeV  

R Lq q q 



12 



13 

Order parameter of chiral symmetry restoration 

Consider chiral susceptibility: 

 

 

  

 

    to determine the position of 

   the chiral phase transition: 
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Measures dynamically generated „constituent” quark mass: T=0  quarks „dress” with gluons 

                                                                                                 in hot medium   dressing „melts”         

 effective quark mass shift  
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Z(N) transformation of QCD Lagrangian 
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            Polyakov loop and deconfinemnet 

 

Consider fluctuations: 

 

 

   to determine the position of 

   the phase transition: 

 

/qF T
e


   { cTT    phase confined0 

c0 deconfined phase T T           

                     qfinite m2 2

L     

qm  

( , )qT m 

Z(N)- transformation :  NL c L
2 /

( )
i k N

Nc e Z N
 

4
0

1
) ( ex , ])( p[ ( )

c

x Tr P i dTrL A x
N



  

L. McLerran & B. Svetitsky 



16 

                     Lattice QCD 
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Polyakov loop on the lattice needs renormalization 

 Introduce bare Polyakov loop 

 

 

 

 Renormalized ultraviolet  

   divergence 

 Usually one takes            as  

    an order parameter 
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Heavy quark free energy  

Kaczmarek et. 
al. 
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To probe deconfinement :  consider  fluctuations                                  

 Fluctuations of modulus of  

    the Polyakov loop  

 

 

However,  the Polyakov loop    

        
Thus, one can  consider fluctuations  of 

the real       and the imaginary 

part       of the Polyakov loop.  

 

SU(3) pure gauge:  LGT data  

R IL L Li 

R


I

HotQCD Coll.  



Fluctuations of the  real and imaginary part 
       of  the renormalized Polyakov loop 

 Imaginary part fluctuations   Real  part fluctuations 

   Pok Man Lo, B. Friman, O. Kaczmarek,  C. Sasaki & K.R. , PRD (2013) 



To probe deconfinement :  consider  fluctuations  

 

 the Polyakov loop    

 
 Consider fluctuations of 

      real   

          

      modulus  

 

      imaginary  

and take their ratios: 
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| |A L 

T I 

   Pok Man Lo, B. Friman, O. Kaczmarek,  C. Sasaki & K.R. , PRD (2013) 



Ratios of  the Polyakov loop fluctuations as  an  
                                         excellent probe for deconfinement 

 In the deconfined phase 

    Indeed, in the real sector of Z(3) 

 

 

     

 

 

 

 

 

 

 

 

 

      

 

 

 

Expand modulus  

 

 

 

 

and find:   
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Ratios of  the Polyakov loop fluctuations as  an  
                                         excellent probe for deconfinement 

 In the confined  phase 

    Indeed, in the  Z(3) symmetric  phase,   

      the probability distribution is Gaussian   

      to the first  approximation,  

      with the  partition function   
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Expand modulus  

 

 

 

 

and find:   

   Pok Man Lo, B. Friman, O. Kaczmarek, 

   C. Sasaki & K.R. , PRD (2013) 0.43AR 

In the SU(2) case 

 is in agreement with MC results                     
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Ratio Imaginary/Real of Polyakov loop fluctuations 

 In the confined phase for 

any symmetry breaking 

operator its average 

vanishes, thus 

                                     and  

                         thus 

                  

  

2 2 0LL L L      

LL R I    R I 

 In deconfined phase the 

ratio of                     and 
its value is model dependent  

     

  

/ 0I R  

   Pok Man Lo, B. Friman, O. Kaczmarek, 

   C. Sasaki & K.R. , PRD (2013) 
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Ratio Imaginary/Real of Polyakov loop fluctuations 

 Due to Z(3) symmetry 

breaking in confined 

phase, the  fluctuations of 

transverse Polyakov loop 

strongly  

 suppressed,     

 

 In  confined phase  

     

  

   Pok Man Lo, B. Friman, O. Kaczmarek, 

   C. Sasaki & K.R. , PRD (2013) 
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Due to Z(3) symmetry breaking in confined 

phase, the  fluctuations of transverse Polyakov 

loop strongly  suppressed,     
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Ratio Imaginary/Real and gluon screening 

 In the confined phase  

 

 
 WHOT QCD Coll. (Y. Maezawa et  al.)  

 

 

and  WHOT-coll.  identified           as 

the magnetic and electric mass: 

 

Since   
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WHOT QCD Coll: 

2-flavors of improved Wilson quarks 



String tension from the  PL susceptibilities 

   

 

 Common mass scale 

for 

 

 

 In confined phase a 

natural choose for M 
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Ratios of  the Polyakov loop fluctuations are  
                                         excellent probes for deconfinement 

 How the above properties are modified when including quarks? 
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                Modelling  QCD  phase diagram     

 Preserve chiral                                  symmetry  

                      with          condensate as an order parameter 

                               

        

K. Fukushima (2004) 

C. Ratti & W. Weise (07) 

( ) ( )L f R fSU N SU N

 

 Preserve center             symmetry with Polyakov loop                                                                      

                                               

                                                        

                               

        

( )cZ N

     as an order parameter 

       Polyakov loop dynamics                        Confinement                                                                       

                                               

                                                        

                               

        

       Nambu & Jona-Lasinio                                                                                               

                                               

                                                        

                               

        

Spontaneous 
Chiral symmetry  

  Breaking  

Synthesis  
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   PNJL Model 

R. Pisarski (2000)  

        

                                                                                               

                                               

                                                        

                               

        



  
Effective chiral models and gluon potential 
              

 coupling with meson fields              PQM chiral model 

 FRG thermodynamics  of PQM model:  

    

 Nambu-Jona-Lasinio model            PNJL chiral model      

1/
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         the  SU(2)xSU(2)         invariant quark interactions described 

through: 

K. Fukushima;  C. Ratti & W. Weise;  B. Friman ,  C. Sasaki .,  …. 

B.-J. Schaefer, J.M. Pawlowski & J. Wambach; B. Friman, V.  Skokov, ...  

int ( , )V q q 

*( , )U L L    the           invariant Polyakov loop  potential  

    (C. Sasaki et al;  J. Pawlowski et al,.)  

(3)Z

    

 B. Friman, V.  Skokov,  B. Stokic & K.R., …..    
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         Effective QCD-like models                                                   
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K. Fukushima,  C. Ratti & W. Weise, B. Friman & C. Sasaki , ., ..... 

B.-J. Schaefer, J.M. Pawlowski & J. Wambach; B. Friman et al.  
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 Extendet PNJL model and its  mean field dynamics                                                   
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 Thermodynamic potential: mean-field  approximation 

 

 

, ,S V

S V VG G G : Strength of  quarks interactions  in scalar and vector sector   

Polyakov  

loop 

( , )( , , , , , )u d q IT M       

   dynamical (u,d)-quark masses, shifted chemical  , :u dM qq 

ipotentials        and thermal averages of Polyakov loops                                                                                                                   

obtained from the stationary conditions: 
( , ) / 0iT x x  



  

          fixed to reproduce  pure SU(3) lattice  results 

* * *

2 3( )( , ) ( ) ln[ ( , )]b T L L b T M LU L LL   

( )kb T 

K. Fukushima, C. Ratti & W. Weise                   

Polyakov loop parameters, fixed from  a pure glue   
                      Lattice Thermodynamics  



Polyakov loop parameters, fixed from  the pure glue   
                      Lattice Thermodynamics  

          fixed to reproduce  pure SU(3) lattice  results 

* * *3 34 2

2

*

3 4/ ( ) ( ) ( ) ( ) ( ) ( ),GP T U b T b T b T           

( )kb T 

C. Ratti & W. Weise 07                   

 Polynomial potential results in                thus is not applicable!   



Effective Polyakov loop Potential from Y-M  Lagrangian 
                                                                 Chihiro  Sasaki & K.R. 

 (Gross, Pisarski & Yaffe) 
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 The minimal potential needed to incorporate 

Polyakov loop   fluctuations 

 Pok Man Lo, B. Friman, O. Kaczmarek,  C. Sasaki & K.R.  



Thermodynamics of PQM model under MF approximation 
                    in the large quark mass limit   

 Thermodynamic potential has pure gluon and quark-

antiquark contribution   

 

 Fermion contribution to thermodynamic potential 

 

 

 Consider a  limit of large quark mass  

 

 Where the Polyakov loops obtained from gap equation   
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 Modelling  the partition function 

    form QCD in background field  

    approach  

Deconfinement CEP  

the 2nd order transtion 

lndet[ ]( , ) fVU L L Q
Z dLdL e

   
ln det[ ] ef ff Rh LQ  

2

2( / ) ( / )eff f q qh N M T K M T
Pok Man  Lo, B. Friman & KR (14) 

Deconfinement CEP  appears  in effective QCD  at                    GeV   1.5QM 



PL  and heavy quark coupling 

 Effective potential 

 

 Tree level result                    

 

 

  

Compare with LGT: 
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The quantity which should have the continuum limit on the lattice 



    Susceptibility at the deconfinement critical endpoint 

 Divergent longitudinal  susceptibility at the critical point 
See also LGT results 

for the posstion of CEP  

=1.48 GeV 

Pok Man  Lo, B. Friman & KR (14) 



Critical masses and temperature values 

 Different values then in the matrix model by  

  K. Kashiwa, R. Pisarski and V. Skokov,  

Phys. Rev. D85 (2012) 

Pok Man Lo, et al.   

LGT C. Alexandrou et al. (99)    
3

1.4fN

cM GeV

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Polyakov loop at  finite density 

 Introduce susceptibilities:  

  

( 0)(cosh( / ) sinh( / ) )Q L TU h T L T L    

In the leading order in quark mass/T:  

Longitudinal and transverse 
 

 Polyakov loops 

 
( )

1
( )

2
L TL L L 

( )

1 1
( )

2 2
L T LLLL LL

     

Smoothly connects to              limit since           0 

0   LL LL
 

Pok Man Lo, et al.   



Phase diagram for large quark mass and  finite density  

 Susceptibilities: 
 Phase diagram 

 

 

 

 

 

 

 Critical temperature at CEP 

is independent of      ,    

     however             is strongly   

     changing with the quark 

     mass  


( )c m

CEP 

1st order 

crossover 

Pok Man Lo, et al.   



Phase diagram for large quark mass and  finite density  

 M dependence of critical  
 Phase diagram 

 

 

 

 

 

 

 Critical temperature at CEP 

is independent of      ,    

    



0 0.17h 

CEP 
1st order 

crossover 

c

 In  the linear approximation 

 

 One gets 

cosh( / )G RGU U h T L  

1

0cosh ( / ( / ))TPC c c cT h h M T 

where                       and  

2

2(2 )( / ) ( / )f c q qh N N M T K M T

QM 1.46            1.6               2.0 



Ratios of  the Polyakov loop fluctuations are  
                                         excellent probes for deconfinement 

 How the above properties are modified when including quarks? 

 

     

 

 

 

 

 

 

 

 

 

      

   Pok Man Lo, B. Friman, O. Kaczmarek, 

   C. Sasaki & K.R. , PRD (2013) 

L

A
A L

R

R







 Polyakov loop and fluctuations in QCD 

 Smooth behavior for the Polyakov loop and fluctuations 

             difficult to  determine where is “deconfinement”  

     

                         

                                                   

 

  

                     

   

                                            

                                            

  

The inflection point at                  0.22decT GeV

HOT QCD Coll 



   The influence of fermions on  the Polyakov   
                 loop susceptibility ratio 

 Z(3) symmetry broken, however ratios still showing  deconfinement 

               

 

 Dynamical quarks imply 

smoothening of the 

susceptibilities ratio, between  

the limiting values as in the 

SU(3) pure gauge theory    

Pok Man Lo, B. Friman, O. Kaczmarek, C. Sasaki & K.R.  

L

A
A L

R

R





 Change of the slope in the 

narrow temperature range  

signals color deconfinement   

/ pcT T

this work 



The influence of fermions on  ratios of  the   
           Polyakov loop susceptibilities  

 Z(3) symmetry broken, however 

    ratios still showing  the transition  

 Change of the slopes at 

fixed T  

   Pok Man Lo, B. Friman, O. Kaczmarek, C. Sasaki & K.R.  

L

A
A L

R

R





L

R

L

I







Thermodynamics of PQM model under MF approximation  

 Fermion contribution to thermodynamic potential   

Entanglement of deconfinement 

           and chiral symmetry   

Suppresion of thermodynamics 

due to „statistical  confinement” 

( )/ 2(3 3( )/)/
(ln[1 3( ) ]q q qE T E T

qq

E T
p e e ed

      
   ( )q q 

Suppresion  

suppresion 

  

SB 

limit 



Essential Properties: Statistical confinement MF                                                   

 Consider asymptotic properties of the quark-antiquark pressure  

 

 

 

 Wrong degrees of freedom at low T: no  resonances!!  

   

 Essential improvements by Renormalization Group (FRG)  

    => quantum fluctuations introduce mesons to thermodynamics 

     

0
( )

&/ 1 1

c

qq

cT

T

T
P T

T

M T














In the low temperature phase leading contribution coming from 3-quark   

 states                  “ statistical confinement” 

B.J. Schaefer, J. M. Pawlowski and J.Wambach:   B. Friman, B. Stokic & K.R. 

V. Skokov, B. Friman et al. 

3( )/

( )/3

2( )/

(ln[1 3(

) ] ( ))

q

q q

E T

qq

E E TT

d

e e

p e

q q



 



 





 

 

    

   



2
2 ( , )q qE p m T  

{ 
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Chiral Symmetry Restoration – Order Parameter 

d
is

co
n
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n

u
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Divergence of the chiral susceptibility at the  2nd order transition and at the TCP  

Discontinuity of the chiral susceptibility:           at the 1st order transition 

d
is

co
n

ti
n

u
it

y
 

discontinuity 

Fixed         q

Different  
    Slopes 

   310    305         300 [ ]q MeV 

M qq 

B. Friman, C. Sasaki et al.  
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        Effective Thermodynamic Potentials  

Flattening of the potential at TCP: indeed expanding   thermodynamic          near    

   

 0M 

    

6

2 4

2

6

4( , , ) ( , ) ( , ) ( , )aT TM M Ma MT a T      

 at TCP 

Landau – Ginzburg 

potential 

finds:  
42

42

( , ) 0 ( , ) 0

( , ) 0 ( , ) 0

c c c c

c c c c

a

a

T T

T T

a

a

 

 

 

 

2nd  order 

         TCP 

2nd  order 

1st  order 

cT T

cT T

cT T
TCPT T

cT T

cT T

cT T

6 0a 
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Generic Phase diagram for effective chiral Lagrangians  

 Generic structure of the  

     phase diagram as expected in  

     QCD and  in different chiral 

models see eg.:J. Berges & 

Rajagopal;  M. Alford et al;  C.Ratti 

& W. Weise; B. J. Schaefer & J. 

Wambach; M. Buballa &D.Blaschke; 

B. Friman, C. Sasaki at al.,  

M.Stephanov et al.,……    

 Quantitative properties of the  

     phase diagram and the position of 

     TCP are strongly model dependent 

 Large              no TCP at  finite T 

           acts as an external magnetic 

      field and destroys the 2nd order  

      transition to the cross-over and 

      moves TCP to CEP     

S

VG

 TCP  

 2nd order transition  

 1st order transition  

B. Friman, C. Sasaki  & K.R. , NJL model  

           quantifies repulsive interactions 

            between  quarks 

( )S

VG

0qm 
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        Susceptibilities of conserved charges 

 Net quark-number      ,isovector   

    and electric charge          

    fluctuations 

21 1 1

36 4 6
Q q I

q I

P





 




 
 

2

2I

I

P









2

2q

q

P









q

Q
I

2 2

A A A     

No mixing of isospin density with the 

sigma field  due to  isospin conservation 

                                  Hatta & Stephanov 

300q MeV 

305TCP

q MeV 

310q MeV 

TCP 

1st order 

2nd order 

C. Sasaki, B. Friman & K.R. 
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 Scaling properties:   

1 1

2 | |TCPT T

The strength of the singularity at TCP  

depends on direction in              plane ( , )BT 

1| |Cq T PT T  along 1st order line  

any direction not parallel  

along 2nd order line  11
| |

2
Tq CPT T 

1/ 2| |Tq CPT T 

Going beyond the mean field: 

B.-J. Schaefer & J. Wambach  

 

 

0.53| |TCq PT T 

Z(2) univer.  class  

1| |TCPT T 

11
| |

2
TCPT T 

1/ 2| |TCPT T 

(2 ) 0| |nd

cT T 

C.Sasaki, B. Friman & K.R. 

                        :              Ising  

 

 

0,qm MF
2/3| | 0.78cq T T  

| |
cq Ta b T T    

See also Y. Hatta, T. Ikeda 

O(4) univer.  class  



The universality class and T-dependence of M 
 

Criticality of  
(0) 2

(0)

(0

2

) 2

( )
2

1 2
q

VS
q S

S s

G
G

M

m





 



1 2 2

0 2

2 1/ ( )|M cmD M a T T



       

1/ 2

0
| | 2

| |

n

q
c

d

c

T T

T TCT P




 
 



2M 2m ( )cT T 

The critical exponents of         at TCP         

are path  dependent : Y. Hatta, T. Ikeda (03) 

q

| |cT T

1| |cT T 

2 4

2( ) ( )a T M O M 

TCP 

          fixed     q 

directly related with the scalling of       and       with   

2nd
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Critical structure of the quark susceptibility 

 Quark number susceptibility at 

 

 

 Divergence of quark susc. at TCP  is 

   directly related with the flattening (          ) of the 

thermodynamic potential   

2
(

(0

0

)

0)
( )

1

( )
2

2

VS
q q S

S sG
G 




  q

S

qq

m


  
 



         Scalar susceptibility 

q

VS

qq




  




vector-scalar susc. 

0VG 

2 4 6

2 4 6qm M a M M a Ma   

4 0a 

(0)

4

(0

2

)

1 2

S

S S

V

MG a

M

 

 4

1
q

a
  { = 

finite at 2nd order 

 at TCP 

Change of the universality class  

In the direction of 2nd order line:  
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Quark and isovector fluctuations along critical line 

                        sensitive probes of CEP ( , ( ))q c c cT T  Non-singular behavior at CEP of        ( , ( ))I c c cT T 

To find CEP surch for a non-monotonic behavior of the net  

quark number susceptibility as a function of                         or in 

heavy ion, A-A collisions  as  a function of    

 

( )c c cT T 

s

sCEP

1st 2nd

C. Sasaki, B. Friman & K.R.  
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        Probing CEP with charge fluctuations 

 Net quark-number fluctuations 

                                             where     

          

21 1 1

36 4 6
Q q I

q I

P





 




 
 

The CP (            )  and TCP (            ) are the 

 only  points where  in an equilibrium medium  

the                   diverge ( M. Stephanov et al.) 

, 0u dm  , 0u dm  A non-monotonic behavior of  charge  

 fluctuations                   is an  

excellent probe  of the CP 

( , )q Q 

CP 

2 32 ( )q qqN VT  
) 4( ( / ) / ( / )n n

q q

n P T T   

( , )q Q 
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The nature of the 1st order  chiral phase transition 

instability of a system:  

/ 0

0

/ 0

/

P

P

P

V

V

V 













                       :   stable 

                       :   unstable 

                       :   spinodal  

A-B: supercooling (symmetric phase) 

B-C: non-equilibrium state 

C-D: superheating (broken phase)  

.sym 

broken 
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             Phase diagram and spinodals  
                                       B. Friman, C. Sasaki & K.R. 

2-order  

TCP 

1st 

mixed phase -  Maxwell construction 

0qm  0qm 
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       Net-quark fluctuations on spinodals 

     at any spinodal points:  

2

|
1q

T

q

nP

V V 


 



Singularity at CEP are 

the remnant of that along 

the spinodals   

CEP 

spinodals 

| |c
q

c

 




 1/ 2 (0.53) 2/3 (0.7

0 1/

8

2 1 0 1

)

/ 2 1{ , {
q q

TC

m st m

P C P

t

E

s   with  

B. Friman, C. Sasaki & K.R. 

Phys. Rev. Lett. 99, (2007) 

Phys. Rev. D77, (2008)  
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Experimental Evidence for 1st order transition 

2

2

2
TT T q

P q

P

q

S s s
T TV

T n n
C   

  
     

    

Specific heat for constant pressure: Low energy nuclear collisions 



 The existence and 

position of CP and 

transition  is model and 

parameter dependent !!  

 Introducing di-quarks   

and their interactions 

with quark condensate  

results in CSC phase 

and dependently on the 

strength of interactions 

to new CP’s    
68 

Generic Phase diagram from  effective chiral Lagrangians  

1st order 

Zhang et al, Kitazawa et al., Hatta, Ikeda; 

Fukushima et al., Ratti et al., Sasaki et al., 

Blaschke et al., Hell et al., Roessner et al., .. 

0qm                  then (Pisarski-Wilczek) 

 O(4)/O(2) univ.; see   LGT , Eijri et al 09   

0qm 

crossover 

Asakawa-Yazaki 

CP 
2nd order, Z(2)  
(Stephanov et al.)  

Hatsuda et  al. 

                      

Alford et  al. 

Shuryak et al. 

Rajagopal et al. 

B

                      broken 



Including quantum fluctuations: FRG approach 

 FRG flow equation (C. Wetterich 93) 

J. Berges,  D. Litim,  B. Friman, J. Pawlowski,  

 B. J. Schafer, J. Wambach, …. 

          start at classical action and include 

quantum fluctuations successively by lowering k 

Regulator function suppresses 

particle propagation with  

momentum Lower than  k 

0
lim(( ) ), ( /) k k
k

T T VV


    

k k kk R

k-dependent 

full propagator 

B. Stokic, V. Skokov, B. Friman, K.R.  



Quark-meson model  w/ FRG approach 

Effective potential is obtained by solving the exact flow equation (Wetterich 

eq.) with the approximations resulting in the O(4)  critical exponents 

- 

Full propagators with k < q < L 

q q 

Integrating from k=L to k=0 gives a full quantum effective potential 

Put  Wk=0(smin) into the integral formula for P(N) 

B. Stokic,  B. Friman & K.R.  

GL=S classical 

B.J. Schaefer & J. Wambach,;  

  



 Employed Taylor expansion around minim 

 

 

 Get Potential  

 Ignore  flow of mesonic field get Mean Field result 

 

 

 

 

Essential to include fermionic vacuum fluctuations:  

 

 

 

 

 

 

Solving the flow equation with approximations: 

0( ), ,) (kT T  

E. Nakano et al.  



Renormalization Group equations in PQM model   

 Quark densities modified  by the background gluon fields  

Flow  equation for the thermodynamic potential density in the  PQM 

model with Quarks Coupled to the Background Gluonic Fields 

     
4

* *

2

23 1
1 2 ( ) 1 2 ( ) 1 ( , ) ( , )

12

q

q

qk B qk B

dk
n E n E L n

E E E
Ln L L 

 

 
         

  

*

*

*

1 2 exp( ( )) exp(2 ( ))
( , )

1 3 exp(2 ( )) 3 exp(2 ( )) exp(3 ( ))

q q

q q q

L L
L L

L L

E E
n

E E E

   

     

   


     

  with          fixed such that to minimise quantum potential,  

     

     

* *

0

*( : , ) ( : , ) (, ), ,kL L LT T UL L L   

  highly non-linear equation due to       

*( , )L L

V. Skokov, B. Friman &K.R. 

2( ) ( , / )n

kE k E k   



          O(4) scaling and critical behavior   

 Near      critical properties obtained  from the 

singular part  of the free energy density  
cT

 Resulting in the  well known  scaling behavior of   

1/ /( , ) ( , )d

SF b F bh ht t b  

2

c

c c

T T

T
t

T



 

   
 

external field  and  :h

 Phase transition encoded in the “equation of state”  

sF

h



  


 

1/ 1/( ) ,hh F z z th    
'| | ( | | )st F h t   

 

1/

( ) , 0, 0
{

, 0, 0

t tB

ht

h

Bh






  
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 

coexistence line  

pseudo-critical point  

reg SF F F 

with 



FRG-Scaling of an order parameter in QM model  

log( ) log( )

log( )t log( )h

                    



t

 The order parameter shows scaling. From the one slope one gets  

     

0.401(1) 4.818(2

0.5 3

0.3836(4

9

6) 4.851( 2)

)

2

MF

LG

R

T

F G


 However we have neglected field-dependent 

wave function renormal.  Consequently              

and                . The 3% difference  can be  

      attributed to truncation of the Taylor expansion 

at 3th order  when  solving FRG  flow equation: 

 see D. Litim  analysis  for O(4) field Lagrangian        

     

0 
5 

J. Engels et al., K. Kanaya et al.  



           Effective critical exponents  

 Approaching          from the side of 

the symmetric phase,  t >0, with 

small but finite  h : from  Widom-

Griffiths form of the equation of state  

 

 

 For          and               

 

    

1/ 1/ 1/( ) ,cB h f x x t    

0t  0h 0 
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h tht
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Define:  

0log( )
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0log( )
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
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







R

1.53  

1MF 

0.4 
cT

1.48LGT 



 Two type of susceptibility 

related with order parameter 

 1. longitudinal  

 

  2. transverse 

      

    

 

 

             Fluctuations & susceptibilities 

/l h     

/t h   
max ( )t h

max ( )h

 Scaling properties 

    at t=0 and  

      

    

 

 

1/ 1B h 

     

0h

1/

m

(

ax

)t h  

m xx ama( )t t 




1/ ( ) 0.49   1.6 



    Extracting delta from chiral susceptibilities 

 Within the scaling region 

and at t=0 the ratio is  

 

   independent on h 

 

 

 

FRG in QM model consitent 

with  expected O(4) scaling  

 

                            

 

 

( , ) /t h    

1, 0

lim ( , ) { 0/

0 0

1

t

t h t

t


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
0h

1/ 4.9 



   QCD phase diagram and the O(4) criticality  

 In QCD the 

quark masses 

are finite: the 

diagram has to 

be modified 

  

  

  

 

Expected phase diagram in the 

chiral limit, for massless u and 

d quarks: 

Pisarki & Wilczek conjecture  

TCP: Rajagopal, Shuryak, Stephanov 

          Y. Hatta & Y. Ikeda 

TCP 



The phase diagram at finite quark masses  

 The u,d  quark 

masses are 

small  

 Is there a 

remnant of the 

O(4) criticality at 

the QCD 

crossover line? 

CP 
Asakawa-Yazaki 

Stephanov et al., Hatta & Ikeda 

At the CP:  

Divergence of Fluctuations, Correlation 

Length and Specific Heat  



 Deconfinement and chiral symmetry restoration  in QCD 
 
 The QCD chiral transition is 

crossover   Y.Aoki, et al  Nature (2006)                                    

and appears in the O(4) critical  region 

 

 

 Chiral transition temperature 

 

 

 

 Deconfinement of quarks sets in at 

the chiral crossover 

 

 The shift of      with chemical potential 

   

 

 

TCP 

CP 

Critical 

region 

cT

  155 1 8  MeVcT 
T. Bhattacharya et.al.  

Phys. Rev. Lett. 113, 082001 (2014) 

O. Kaczmarek et.al. Phys.Rev. D83, 014504 (2011) 

A.Bazavov,  Phys.Rev. D85 (2012) 054503 

cT

2(0)[1 0.0066 ]( () / )c B B ccT TT   

Ch. Schmidt  Phys.Rev. D83 (2011) 014504 

See also: 

Y. Aoki, S. Borsanyi, S. Durr, Z. Fodor, S. D. Katz, et al. 

JHEP, 0906 (2009) 
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singular 

 critical behavior controlled by two relevant fields: t, h 

 Close to the chiral limit, thermodynamics in the vicinity of the 

  QCD transition(s) is controlled by  a    universal scaling function 

K. G. Wilson, 

Nobel prize, 1982 

Bulk Thermodynamics and Critical Behavior 

non-universal scales 
control parameter for amount 

of chiral symmetry breaking 

regular 



   O(4) scaling and magnetic equation of state    

 Phase transition encoded in 

    the magnetic equation  

    of state 

P
qq

m


 


 

1

1/

/
( ) ,sf z tz m

qq

m





 
 

pseudo-critical line  

1/

qq

m 

 
       

F. Karsch et al 

   

universal scaling function common for 

all models belonging to the O(4) universality class:  known  from spin models 

J. Engels & F. Karsch (2012) 

mz   

 QCD chiral crossover transition in the 

  critical region of the O(4) 2nd order   

O(4)/O(2) 
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       The endpoint of QCD in  in LGT   
                                                Fodor & Katz   04 
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• Multiparameter reweighting:  

 Lee-Yang zeroes: 

 renormalized 

 physical operator 

Finite  volume V:  

 , 0Z V  

If                   and: V 

I
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0

0

m ( )V
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

 


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



  phase transition 

 crossover transition 
162(2) , 360(40)c cT MeV MeV 



84 

    

Quark-Gluon Plasma 

      - symmetric phase 

color 

superconductor 

  
   

   
 

 

B

 1st order  

Crossover 

CEP for 0qm 

HG phase 

       -broken 

T 



A-A collisions 

         fixed  s

 QCD phase boundary  in LGT  

& relation to freezeout in HIC 

 Moments and probability 

distributions  of conserved 

charges as probes of  the  

criticality in QCD 

 STAR data  

    

  

             QCD Phase diagram: from theory to experiment 



85 Only 2-parameters  needed to fix all   particle yield ratios 

         summing up  all  experimentally  known hadrons 

      

            Measured yilds related with HRG 

       Hadron Resonce Gas Reference for critical   
                               fluctuations  

resonance dominance:  Rolf Hagedorn partition function   

22
ln ( , ) ( ) ( , )

2

iQ

B WT
i i

i hadrons

VT s
Z T d e ds s K F m s

T










  
Breit-Wigner res. 

Re .[ ( , ) ( , )]KB B

K

t

i

h s

i

th

iiV T TnN n  

   

          particle yield     thermal density             BR    thermal density of resonances       



 Thermal origin of particle yields with respect to HRG 

Re .[ ( , ) ( , )]th s

ii

th

K

i K iN T TnnV  

  

Rolf Hagedorn => the Hadron Resonace Gas (HRG): 

                              “uncorrelated” gas of  hadrons and resonances  

   A. Andronic, Peter Braun-Munzinger, &  Johanna Stachel, 

et al.  

 Measured yields are reproduced with HRG at   

   

156 MeVT 



      Excellent description of the QCD Equation of States by      
                              Hadron Resonance Gas  

A. Bazavov et al. HotQCD Coll.   July 2014                             F. Karsch et al.  HotQCD Coll.                                                          

 “Uncorrelated” Hadron Gas  provides an 

excellent description of the QCD equation of 

states in confined phase       

         

 

2 4

2 0

( / )
|

B

B

P T
 






            

 “Uncorrelated” Hadron Gas  provides  also an 

excellent description of net baryon number 

fluctuations 

 



     Properties of fluctuatiosusns in HRG   

Calculate generalized susceptibilities: 
from  Hadron Resonance  Gas  (HRG) partition function: 
 
 
 
then,   

and    

resulting in:   

(2)

(1)
coth( / )B T







(3)

(2)
tanh( / )B T







Compare this HRG model predictions with STAR data at RHIC:   

F. Karsch & K.R.  
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 Due to expected  O(4) scaling in QCD the free energy:  

 

 

 Generalized susceptibilities of net baryon  number  

 

 

 

 At             only         with             receive contribution  from       

 At             only         with             receive  contribution  from       

 

                           Generalized susceptibilities of the net baryon          

                               number non critical with respect to O(4)   

 

             

                                    

                                    F. Karsch & K. R. Phys.Lett. B695 (2011) 136 

                                                     B. Friman,  et al. . Phys.Lett. B708 (2012) 179,  Nucl.Phys. A880 (2012) 48      
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 Probing   chiral criticality with charge fluctuations   
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      Quark number fluctuations at finite density  
  

 Strong increase of fluctuations with baryon-chemical potential 

 

 

 

 

 

 

 

 

 

 In the chiral limit the      and       daverge at the O(4) critical line 

at finite chemical potential     

 

 

         

 

 

                         

                                               

3c
4c



Deviations  of the ratios of odd and even  order cumulants   from 

their asymptotic, low T-value,                                     are increasing 

with                 and the cumulant order   

Properties essential in  HIC to discriminate the phase change  by 

measuring  baryon number fluctuations !       

4 2 3 1/ / 9c c c c 
/ T

4,2 4 2/R c c

         Ratio of cumulants at finite density   

HRG HRG 



Higher moments of baryon number fluctuations 
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 If freeze-out in heavy ion 

collisions occurs from a 

thermalized system  close 

to the chiral crossover 

temperature, this will lead 

to a negative sixth and 

eighth  order moments of 

net baryon number 

fluctuations.  

      These properties are 

universal and should be 

observed in HIC 

experiments at LHC and 

RHIC 

 

B. Friman, K. Morita, V. Skokov & K.R.  

Figures: results of  the PNJL model  

obtained within   the  Functional  

Renormalisation Group method 



Kurtosis as an excellent  probe of   deconfinement 

  

 HRG factorization of pressure: 

 

 

   consequently:                 in HRG 

 In QGP, 

 Kurtosis=Ratio of cumulants  

 

 

   

excellent probe of deconfinement         
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F. Karsch, Ch. Schmidt  

The               measures  the quark 

 content of particles carrying  

baryon number          
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Kurtosis of net quark number density in PQM model 
V. Skokov, B. Friman &K.R. 

 For  

    the assymptotic value   
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    due to „confinement” properties        

 Smooth change with a 

very weak dependence 

on the pion mass 
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Probing deconfinement in QCD  

 

 

 

 

 The change of the slope of 

the ratio of the Polyakov 

loop susceptibilities 

appears  at the same T 

where the kurtosis drops 

from its HRG asymptotic 

value  

  In the presence of quarks   

     there is “remnant” of Z(N)  

     symmetry in the             

     ratio, indicating  deconfi- 

      nement of quarks               
                

Pok Man Lo, B. Friman, (013) 

O. Kaczmarek, C. Sasaki & K.R. 

S. Ejiri, F. Karsch & K.R. (06)  

316 4 lattice with p4 fermion action 
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Probing deconfinement in QCD  

 

 

 

 

 Change of the slope of the 

ratio of the Polyakov loop 

susceptibilities          appears  

at the same T where the 

kurtosis drops from its HRG 

asymptotic value  

  In the presence of quarks   

     there is “remnant” of Z(N)  

     symmetry in the             

     ratio, indicating  deconfi- 

      nement    

Still the lattice finite size 

effects need to be studied             
                

Pok Man Lo, B. Friman, O. Kaczmarek, C. Sasaki & K.R. 

S. Ejiri, F. Karsch & K.R. (06)  

 

 

0.77GeV, =0Bm 
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/L L

A R 

4

2

B

B



 Ch. Schmidt  

This paper 

   

150                     200         T[MeV]  



Polyakov loop susceptibility ratios still 
away  from the continuum  limit:  

 The renormalization 

of the Polyakov loop 

susceptibilities is still 

not well described:  

Still strong dependence  

on        in the  presence 

of quarks.  
N

Ch. Schmidt et al.  



Interplay between deconfinement and chiral 
transition at finite temperature in LQCD 
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 Challenging and pioneering  STAR 

data on net proton number 

fluctuations, eectric chage and 

strangeness  
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STAR DATA ON MOMENTS of                      FLUCTUATIONS  

 Mean 

B p p 

pB p NM N    

 Variance 

B B BN N M  

22 ( )BB N  

 Skewness 
3 3( ) /BB BS N  

4 4( ) / 3B B BN    

 Kurtosis 

Phys. Rev. Lett. 105, 022302  (2010)  



Coparison of the Hadron Resonance Gas Model  
                           with  STAR data 

 Frithjof Karsch &K.R. 

K.R. 
 RHIC data follow  

generic properties 

expected within 

HRG model for   

different  ratios of 

the first four 

moments  of baryon 

number fluctuations  

Can we also quantify  the energy dependence  of each moment separately 

using thermal  parameters along the chemical freezeout curve?      



Mean, variance, skewness and kurtosis obtained   
                by STAR and rescaled HRG  

 STAR Au-Au  

 STAR Au-Au  

                     these data, 

due to restricted 

phase space: 

   

  Account effectively 

  for the above in  the HRG model 

  by rescaling  the volume  

  parameter by the  factor 1.8/8.5 
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STAR data on the first four moments of net baryon number 

Deviations from the HRG 

 

 

 

 

 

Data qualitatively consistent 

with the  change of these 

ratios   due to the 

contribution of the O(4) 

singular part  to the  free 

energy  
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 STAR DATA  
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Challenging and pioneering  STAR data  
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 Can we understand this non-

monotonic structure as an 

indication of criticality at 

chemical freezeout near QCD 

phase boundary ? 

 Is such structure due to 

remnant of O(4) or Z(2) CP or 

bought? 

 Is  systematics of other 

conserved charges consistent 

with critical behavior  



Moments obtained from probability 
distributions 

 Moments obtained from probability 

distribution  

 

 Probability quantified by all  cumulants 

 

 

 

 In statistical physics 
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 Probability quantified by      

             :mean numbers of 

charged 1,2 and 3  

particles & their 

antiparticles  
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Probability distribution of the net baryon number 

 For the net baryon number P(N) is 

described as Skellam distribution 
     

 

 P(N) for net baryon number N entirely 

given by measured mean number of 

baryons       and  antibaryons 

 In Skellam distribution all cummulants 

expressed by the net mean 

    and variance  
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P. Braun-Munzinger,  

B. Friman, F. Karsch,  

V Skokov &K.R. 
 Phys .Rev. C84 (2011) 064911 

 Nucl. Phys. A880 (2012) 48) 



 Take the ratio of           which contains O(4) dynamics to Skellam 

distribution with the same Mean and Variance at different   / pcT T

( )FRGP N

 Ratios less than unity 

near the chiral 

crossover,  indicating 

the contribution  of  

the O(4) criticality to 

the thermodynamic 

pressure  

 

K. Morita, B. Friman &K.R. (PQM model within renormalization group FRG) 

The influence of O(4) criticality on  P(N) for   0 

0 



 Take the ratio of           which contains O(4) dynamics to Skellam 

distribution with the same Mean and Variance at different   / pcT T

( )FRGP N

 Ratios less than unity 

near the chiral 

crossover,  indicating 

the contribution  of  

the O(4) criticality to 

the thermodynamic 

pressure  

 

K. Morita, B. Friman &K.R. (PQM model within renormalization group FRG) 

The influence of O(4) criticality on  P(N) for   0 

0 



 Take the ratio of           which contains O(4) dynamics to Skellam 

distribution with the same Mean and Variance at different   / pcT T

( )FRGP N

K. Morita, B. Friman &K.R. (QM model within renormalization group FRG) 

The influence of O(4) criticality on  P(N) for   0 

0 
Ratio < 1 at larger |N|   

 if  c6/c2 < 1 



The influence of O(4) criticality on  P(N) at   

 Take the ratio of           which contains O(4) dynamics to Skellam 

distribution with the same Mean and Variance near   ( )pcT 
( )FRGP N

 Asymmetric P(N) 

 Near            the ratios less 

than unity for 

   

 

0 

K. Morita, B. Friman et al. 

0 

( )pcT 

N N  

0 



The influence of O(4) criticality on  P(N) for   

0 

K. Morita, B. Friman & K.R.  

0 

 In central collisions the probability behaves as being 

influenced by the chiral transition   

For preliminary STAR data 

QM 2012 



Centrality dependence of probability ratio 

O(4) critical  

Non- critical 

behavior  

 For less central collisions, the freezeout appears away 

of the pseudocritical line, resulting in an absence  of the 

O(4) critical structure  in the probability ratio.   

K. Morita et al.  

Cleymans & Redlich 

Andronic, Braun- 

Munzinger & Stachel                 
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   Summary 

 Effective chiral Lagrangians provide a powerful tool  to study 
the critical consequences of the chiral symmetry restoration 
in QCD, however  

    to  quantify  the QCD phase diagram and the existence of 
the CEP/TCP  requires the first principle LGT calculations  

 A non-monotonic change of the  net-quark susceptibility in     

    HIC with the collision energy  probes the existence of CEP  

     However in non-equilibrium:  due to spinodal instabilities 

                     the charge fluctuations are as well diverging 

                     Large fluctuations  signals 1st order transition  

     Particle yields in HIC are of thermal origin  

     HIC  provide a lower bound for a phase boundary in QCD 

     To observe remnants of deconfinement measure higher   

      order fluctuations !! 

     

 

 

  

     


