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Pairing

BEC-BCS crossover,                                                                                    
a way to understand the confinement-deconfinement phase transition?
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Pairing in QCD

new phenomena in BCS-BEC crossover of QCD:
relativistic systems, anti-fermion contribution, rich inner structure (color, flavor), 
medium dependent mass, ……



色超导的特点

QED Condensed Matter:  由BCS理论，两个电子通过交换光子是排斥相互作用，吸
引相互作用是通过交换集体激发模式－声子来实现的, 所以超导是low temperature 
superconductivity。

QCD Condensed Matter:
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第一项在交换初态或末态的两个夸克色指标
时是反对称的，是吸引相互作用。表明在单
胶子交换的层次就使得两个夸克可以配对，
形成色超导，所以超导是high temperature 
superconductivity 。

夸克的色味结构导致丰富的色超导相图

Ruster, Werth, Buballa, Shovkovy, Rischke，
PRD72，034004(2005)

Frank Wilczek
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Spontaneous Symmetry Breaking and QCD Phases

condensate  ݍതݍ → chiral symmetry breaking                                        

condensate  ݍݍ → color symmetry breaking

condensate    ߨ → isospin symmetry breaking
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●at finite T, vacuum excitation, reliable lattice QCD simulations
௖ܶ ൌ ܸ݁ܯ	155 H.Ding et al.

●at finite μB and μI , vacuum condensation, color superconductor and pion superfluid,
not yet precise lattice result at finite baryon density,  we have to consider effective models. 

lattice calculation at finite isospin density: 
J.B.Kogut and D.K.Sinclair, Phys. Rev. D66 (2002)034505.
J.B.Kogut and D.K.Sinclair, Phys. Rev. D70 (2004)094501.

●Nambu-Jona-Lasinio (NJL) model inspired by the BCS theory is expected to well 
describe the chiral, color and pion condensates.

EFT at Finite Density

      2 2
0 5NJL iL i m G i

           

Y.Nambu and G.Jona-Lasinio, Phys. Rev. 122, 345(1961) and 124, 246(1961)
U.Vogl and W.Weise, Prog. Part. Nucl. Phys. 27, 195(1991)
S.P.Klevansky, Rev. Mod. Phys. 64, 649(1992)
M.K.Volkov, Phys. Part. Nucl. 24, 35(1993)
T.Hatsuda and T.Kunihiro, Phys. Rep. 247, 221(1994)
M.Buballa, Phys. Rep. 407, 205(2005)

Y. Nambu
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NJL at finite isospin density
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thermodynamic potential and gap equations:

Quarks in Mean Field 
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1) controls the Fermi surface of pion superfluid,

but       governs the Fermi surface mismatch 

2) homogeneous (           ) and inhomogeneous 
(           )  pion superfluid      0q 
 0q 



Phase Diagram of Pion Superfluid

I

B
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meson polarization functions

meson propagator at RPA

pole of the propagator determines meson masses 

are no longer the eigen modes of the system in pion superfluid phase, 

the new eigen modes                  are linear combinations of 

considering all possible channels in the bubble summation
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BCS-BEC Crossover of Pion Superfluid

( , ) 2 Im ( , )k D k   
 meson spectra function

meson mass, Goldstone mode phase diagram

BEC BCS
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Density Induced BCS-BEC Crossover

atom gas

QCD

In non-relativistic case,  the BCS-BEC crossover is induced only by changing the coupling.         
In relativistic case, however, the BCS-BEC crossover can be induced by changing either the 
coupling or the density.



π – π scattering and BCS-BEC Crossover

BCS:  overlapped molecules, large π – π cross section
BEC:  identified molecules, ideal Boson gas limit

BEC BCS

Normal Phase
Pion Superfluid

12

BEC BCS



Yukawa Potential 

nucleon potential (1934-1935)

Applications in Nuclear Matter:                                                                      
Friedel oscillations in nuclear matter (Alonso, et al., 1989,1994) 
Complex poles and oscillatory potential (Sivak et al., 2001)
N-N potential including rho meson exchange (Mornas et al., 2001)
Effect of meson width on Yukawa potential  (Flambaum, Shuryak, 2007)
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Vacuum, Matter and Pole Contributions 

pole part:

screening mass and width:

limit of the Yukawa part:

vacuum  part:

matter  part:



Quark Potential in Pion Superfluid

1) the maximum potential is located at the phase boundary .                           
2) the potential in pion superfluid is non-zero at extremely high isospin density.



Quantum Fluctuations above Mean Field

● loop summation                                                               

♣ mean field (classical) approximation                                                      

♣ Gaussing fluctuations

♣ loop summation (hard thermal loop resummation,                  

hard dense loop resummation, RPA, DSE, ……          

● lattice QCD

● renormalization group                                                       

♣ model independent critical phenomena 

♣ symmetry based non-perturbative treatment 
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FRG

momentum scale: k

action including quantum fluctuations in the region ሾ݇,∞ሿ:

,	௞߁ 								 ׬ ݌݀ →ஶ
଴ ׬ ஶ~݌݀

௞ ׬ ܴ௞ሺ݌ሻ݀݌
ஶ
଴

regulator ܴ௞ to suppress the low momentum fluctuations  

flow equation (J.Berges, H.Gies, D.F.Litim, N.Tetradis, C.Wetterich, …):

߲௞߁௞ ൌ
ଵ
ଶ
ݎܶ ௞ଶ߁ ൅ ܴ௞

ିଵ
߲௞ܴ௞

௞ଶ߁					 ൌ
ఋమ௰
ఋఝమ

,						ܴ௞ ൌ ݇ଶ െ ଶ݌ ߠ ݇ଶ െ ଶ݌

݈݅݉
௞→ஶ

௞߁ (classical action）
௙௟௢௪	௘௤௨௔௧௜௢௡

݈݅݉
௞→଴

௞߁ (full action)
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ࣦ

ൌ ݎܶ ఓ߲ߔற߲ఓߔ െ݉ଶߔறߔ െ ଵߣ றΦߔݎܶ ଶ െ ሻଶߔሺΦறݎଶܶߣ ൅ ܿ detߔ ൅ detߔற

൅ ߔሺܪሺݎܶ ൅ றሻሻߔ

ߔ ൌ ܶ௔ߔ௔ ൌ ܶ௔ ௔ߪ ൅ ௔ߨ݅ , 		ܽ ൌ 0,… , 8

Gell-Mann matrices:  ௔ܶ

scalar fields ߪ௔: ߪ, ଴݂, ܽ଴଴, ܽ଴
േ, ,଴ߢ̅ ,଴ߢ േߢ

pseudoscalar fields ߨ௔: ,ߟ ,ᇱߟ ,଴ߨ ,േߨ ,ഥ଴ܭ ,଴ܭ േܭ

mass and coupling constants: ݉ଶ, ܿ, ,ଵߣ ଶߣ
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explicit ஺ܷ 1 	breaking 

explicit chiral breaking 

SU(3) Linear σ Model
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Mean Field (classical) Approximation

● field shifts:      ߶ → ߶ +߶, 					ࣦ ߶ → ࣦ ߶, ߶

● classical potential:

meson masses generated by the condensates:         

gap equations to determine the condensates:    ߲ܷ/߲ ߶ ൌ 0

parameters are fixed by meson masses and PCAC in vacuum.

● however, Goldstone mechanism is broken at low T in mean field !



FRG
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quantum averaged action:

neglecting 
1) space-time dependence of the condensates ( ߶ ൌ  ,(ݐݏ݊݋ܿ
2) wave function renormalization (ܼ௞ ൌ 1), 
3) high order contribution 

௞߁ ൌ ௞ܷݔସ݀׬ ߶ =Vܷ௞ ߶

expanding ܷ௞	around the physics condensates:

߶ = ߶ ௞ ൅ ߜ ߶ ௞

4 flow equations for the 3 renormalization constants   
݉௞, ,ଵ௞ߣ ଶ௞ߣ

solution of the flow equations evolution of the system

meson propagators ߱௡ ൅ ݇ଶ ൅ ଶܯ ିଵ



Pion Superfluid
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phase diagram
meson masses 

critical exponent ߚ

there is always a Goldstone mode in 
the pion superfluid phase.

ߚ with FRG is very different from 0.5 in mean field. 



஺ܷሺ1ሻ Restoration

	● topological susceptibility

߯ ൌ ݔସ݀׬ 0 ܶሺܳ ݔ ܳሺ0ሻሻ 0

22

஺ܷሺ1ሻ symmetry is only partially restored even in chiral limit.  
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∎ there exists the pion superfluid at ߤூ ൐ ݉గ.

∎ there exists a BEC-BCS crossover in the strongly coupled pion 
superfluid.

∎ the critical exponents with FRG are very different from the mean 
field results.

∎ ஺ܷ 1 symmetry is only partially restored even in chiral limit.

∎ Possible applications in compact stars and intermediate energy 
nuclear collisions.

Conclusions


