
1

5 supersym
m

etric consistent string theories in D
=

10:

C
om

bination                  N
am

e                     G
auge group

B
ut w

e don’t live in D
=

10 but in D
=

4........

S
tring T

heories in Low
er D

im
ensions

T
hey have very different perturbative spectra in 10d;

N
aively, all reason to believe that they are different theories...  !

P
art  2

W
. Lerche, C

E
R

N
 A

cT
r, 12/2002

C
E

R
N

S
pectra are highly restricted by anom

aly cancellations
(guaranteed by m

odular invariance)

R
ecall:

P
erturbative constructions (based on 2d conform

al field theory on
R

iem
ann surfaces) , subject to certain consistency requirem

ents,
lead to

2

A
t large enough distances, or low

 energies, the extra dim
ensions

are hidden and the theory effectively looks four-dim
ensional !

"C
om

pactification" of D
im

ensions

three-dim
ensional

object

appears one-dim
ensional,

if seen from
 a distance !

R
olling up:

com
pact six-dim

ensional
m

anifold

appears zero-dim
ensional,

if seen from
 a distance !

assum
e space-tim

e has form
:

w
here        is  som

e 6-dim
 m

anifold of very sm
all size

10-dim
 fields

4-dim
 fields
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H
am

iltonian:

T
oy M

odel:  C
om

pactification on C
ircle S

discrete m
om

entum
 states

(like in particle Q
F

T
,

"K
aluza-K

lein"
  spherical harm

onics)

w
inding states

(specifically stringy)

1

R

Im
portant:     theory is invariant under exchange

becom
e light as

becom
e light as

M
ass

"T
-D

uality"

4

N
o physical distinction betw

een large or sm
all com

pactification radius !

Large-S
m

all R
adius "T

"-D
uality

S
tring theory defines a novel kind of geom

etry:  
"S

tringy G
eom

etry"

P
article Q

F
T

 on circle w
ith radius R

:

S
tring theory on circle w

ith radius R
:

effective m
inim

al length scale

C
om

pare param
eter ("

m
oduli") spaces of inequivalent vacua:

(here:  geom
etrically distinct circles

becom
e identified in string theory)

R
0

1

R
0

1

particle physics singularity
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T
ypically, interesting phenom

ena arise at special (boundary) points
of param

eter space:

E
xtra G

auge S
ym

m
etry

changing the radius aw
ay from

 R
=

1,  gives these gauge fields
                                                                               a non-zero m

ass

extra m
assless states at self-dual radius R

=
1

C
onsider the m

ass of m
om

entum
-w

inding states w
ith

R
0

1

M
ass

....   S
U

(2)xS
U

(2) gauge fields

S
tringy H

iggs effect

G
eneral principles:

these correspond to undeterm
ined field theory V

E
V

’s

fixed points of duality transform
ations:  extra gauge sym

m
etries

com
pactification induces additional states and geom

etrical param
eters

"space invader"

6

H
olonom

y and S
upersym

m
etry

N
=

1 S
upersym

m
etry is phenom

enologically desirable, and technically
required for having a tractable theory w

ith a stable ground state.

C
onsider looping a tangent vector on the 6-dim

ensional com
pactification

m
anifold:

T
his generically induces a rotation w

hich
belongs to the "holonom

y" group S
O

(6)

C
ondition for supersym

m
etry:

E
xistence of a covariantly constant spinor

A
 priori, spinors on som

e X
6 transform

 as the 4-dim
ensional spin

representation of S
O

(6).
A

ssum
e a com

plex "K
ahler" m

anifold w
ith holonom

y group
and thus

T
he singlet com

ponent is supposedly covariantly constant and
represents the unbroken supercharge:

R
epresents definition of a "

C
alabi-Y

au" m
anifold:

"com
plex K

ahler m
anifold w

ith vanishing first C
hern class"
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C
alabi-Y

au C
om

pactifications

P
ossibilities for having N

 supersym
m

etries in various dim
ensions:

T
o ensure supersym

m
etry in D

 dim
ensions, X

 m
ust

be a m
ulti-torus, or a C

alabi-Y
au

-m
anifold w

ith holonom
y

(can have chiral ferm
ions)

U
nfortunately, plenty of possibilities....

P
henom

enologically m
ost interesting

8

A
s a dogm

a, one likes approxim
ate supersym

m
etry, spontaneously

broken only at the T
eV

 scale in order to protect the w
eak

scale from
 renorm

alization

S
upersym

m
etry B

reaking
in perturbative heterotic string com

pactifications

G
eneric string prediction:

M
odular invariance im

plies that S
U

S
Y

 breaking scale is
scale of com

pact dim
ensions !

M
ass

S
U

S
Y

 breaking scale =
 gravitino m

ass
                                        ~

 1 T
eV

K
K

 m
om

entum
 excitations

w
ith large m

ultiplicities..

C
om

pare:

10d param
eters:       string length

string coupling

4d param
eters:    P

lanck scale
gauge coupling

string coupling grow
s

for large      !

If w
e have 1/T

eV
-sized com

pact dim
ensions,

heterotic strings m
ust be strongly coupled !

P
erturbative description breaks dow

n... need to use non-perturbative
                                                                                               dualities....
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S
upersym

m
etry is not an intrinsic prediction of string theory !

D
oing aw

ay w
ith S

upersym
m

etry ?

It has been invented to rem
edy renorm

alization properties
of particle Q

F
T

, ensure the cosm
ological constant to vanish, etc.

H
ow

ever, string theory is m
ore clever than Q

F
T

, and naive
particle physics intuition can be very m

isleading.....

C
onsider eg vanishing of 1-loop vacuum

 energy (cosm
olog. const)

bos
fer

( level-by-level
   cancellation )

P
article theory:

S
tring theory:

M
ay vanish only after

m
odular integration,

w
ithout integrand being zero

H
as no analog

in particle theory

A
m

plitudes can vanish even w
ithout supersym

m
etry !

-1/2
1/2

0

1

10

S
ince the excitation spectrum

 is typically 10^19G
eV

,
w

e are m
ainly interested in the 

m
assless zero-m

odes.

T
opology and Z

ero-M
odes 

T
heir num

bers are (roughly!) given by the
num

bers of higher-dim
ensional "holes" w

ithin

T
he 4-dim

 fields         are m
assless if         are 

harm
onic differential

...these probe the global, topological properties of

E
xpand 10-dim

 field on

form
s on

S
uch form

s play a crucial role in algebraic geom
etry, and indeed

reflect the topology ("cohom
ology") of the com

pactification space...

Laplace  operator:
(m

ass term
 in 4d

w
ave equation)

M
ore precisely, the spectrum

 is given by
the topological "H

odge num
bers" associated

w
ith every C

alabi-Y
au X6 :

of w
hich only h 11 and h 21 are independent
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F
or the heterotic string com

pactified on som
e C

alabi-Y
au

m
anifoldX

6, w
e typically get the an effective N

=
1

supergravity theory plus various extra gauge and m
atter

("chiral") super-fields:

graviton and gravitino,
dilaton-axion superfield   S

,

gauge bosons and gauginos corresponding to
gauge group  E6  x E8 ,

h 21 m
atter superfields in the 

27 of E6,

h 11 m
atter superfields in the 

27 * of E6

h 21 m
atter superfields: com

plex structure (shape) m
oduli,

h 11 m
atter superfields: K

ahler (size) m
oduli,

H
1(E

nd T
) m

atter superfields: gauge singlets,

N
et # of left- m

inus right-handed fam
ilies  =

 1/2 "E
uler num

ber" :

T
his gives a natural 

repetitive structure
 of "particle generations" !

12

O
n typical C

alabi-Y
au m

anifolds, heterotic strings provide
thus effective particle field theories in D

=
4 w

ith:

G
eneric P

roperties of D
=4 C

om
pactifications

... the generic features of w
hat w

e do see in nature,
all coupled together in a truly consistent m

anner !

G
ravity

G
auge sym

m
etries

C
hiral ferm

ions

R
epetitive generation structure

H
iggs m

echanism

(S
upersym

m
etry)

T
his is the m

ain achievem
ent of string theory

B
ut there are also quite a few

 unpleasant features and
unsolved problem

s, eg:

V
acuum

 state indeterm
inacy

W
hy is the cosm

ological constant (alm
ost) zero

plenty of scalar fields, m
assless "dilaton" field

H
ow

 to get rid off supersym
m

etry
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A
re there m

ore than those generic predictions of string theory ?

P
redictivity

In principle
:  infinitely m

any predictions !

In practice
:  alm

ost no predictions in
                        zero m

ode sector

(spectrum
 very tightly constrained

by consistency)

P
roperties of m

assless sector

P
roperties of com

pactification space

=
  choice of vacuum

 state

.. not m
uch determ

ined by 10D
 string theories !

T
he specific properties of the standard m

odel m
ay not have

any particular reason at all ...
they sim

ply m
ight be "frozen historical accidents"

A
nalogous to spontaneously chosen direction of

m
agnetization in a ferro-m

agnet, w
hich is also

not determ
ined by fundam

ental principles....

14

T
he V

acuum
 D

egeneracy P
roblem

 

T
here are plenty of C

alabi-Y
au spaces, like 10

4, and it is not
clear w

hy any one should be singled out.  N
or w

hy D
=

4 w
ould

be preferred at all ....

T
he lack of predictivity at low

 energies is the m
ost

serious challenge for the credibility of string theory !

O
n top of that there are 5 theories in D

=
10, all of w

hich give
four-dim

ensional theories upon appropriate com
pactification.

If one is the fundam
ental theory,

w
hat is the m

eaning of the others ?

W
e don’t have good answ

ers for the vacuum
 degeneracy

problem
, but have m

ade exciting progress in understanding the
second question.... see lecture 3.

E
ach C

alabi-Y
au space leads in general to a different

spectrum
 in D

=
4, and, even w

orse,
has a huge param

eter space by itself.
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G
eom

etrization of C
oupling C

onstants

T
he geom

etrical param
eters ("m

oduli") that govern the 
shape of

becom
e free physical vacuum

 V
E

V
’s   (like in couplings                ),

w
hich are not determ

ined by the 10d theory.

S
tring param

eter space =
m

oduli (deform
ation) space of

com
pactification m

anifold

C
alabi-Y

au space =
com

pactification m
anifold

C
om

pactification to low
er dim

ensions m
akes theories m

uch
m

ore com
plex than in D

=
10 !

A
lm

ost every coupling of the effective 4 dim
ensional

theory has a geom
etric interpretation rooted in

the properties of

(R
ecall com

pactification on circle:  radius gives m
asses of gauge bosons)

T
ypically,

In D
=

10, there is essentially just one free param
eter, nam

ely
the string coupling; it corresponds to the V

E
V

 of the dilaton field:

coordinates
=

 m
oduli fields

16

F
ive D

=
10 T

heories

N
=

2 S
U

S
Y

 S
tring C

om
pactifications in D

=
4

C
om

pactification

D
=

4 string vacua

E
ach of the ~

 10 8 blobs corresponds to a continuous,
~

100-param
eter fam

ily of string theories in D
=

4

C
onsistency is restrictive prim

arily only for
the high-dim

ensional string theories !
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S
U

S
Y

 E
ffective A

ctions in d=
4

A
 com

putation of the general full string effective action is not feasible!

H
ow

ever, in S
U

S
Y

 theories w
e can go pretty far:

they are partially characterized by 
holom

orphic functions
of the m

assless m
oduli (scalar) fields.

T
hese are protected by non-renorm

alization theorem
s, and

largely determ
ined given by topological properties of X

6.

intersection #’s

E
xam

ples for such holom
orphic functions:

E
.g., superpotential for the fields      in the 

27 of E6

non-perturbative
instantion corrections -
how

 to com
pute ?

18

D
espite non-perturbative corrections, certain (holom

orphic)
quantities like superpotentials can often be com

puted exactly

W
orld-S

heet Instanton C
orrections

eg gauge couplings in N
=

2 S
U

S
Y

 (type II strings on C
Y

)
depend on m

oduli fields t:

bare coupling =
topological intersection num

ber
Instanton corrections:
string w

orld-sheets w
rapping

around 2-cycles

N
onperturbative in 2d,

but tree-level in 4d

M
athem

atically, this corresponds to sum
m

ing up all m
aps

from
 the string w

orld-sheet into the C
alabi-Y

au:

..w
hich is an extrem

ely hard problem
 in algebraic geom

etry!

H
ow

 to determ
ine the unknow

n coefficients     ?
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M
irror S

ym
m

etry

Is a first exam
ple of a very non-trivial duality, in fact it is a

generalization of (perturbative) T
-duality

type IIA
 string

on C
Y

type IIB
 string

on C
Y

’(C
Y

’ =
 a quite different

"m
irror m

anifold")

com
plicated w

orld-sheet
instantion corrections;

classical tree-level
intersection geom

etry of

difficult
easy

boils dow
n to com

puting
certain integrals:

w
hich determ

ines all     .

..and the m
athem

aticians
  are delighted too ;-)

B
y m

apping a com
plicated problem

 to a sim
ple one, via

duality, one can obtain highly non-trivial, exact results !

.. and as w
e w

ill see, sim
ilar m

ethods w
ork at the

non-perturbative level as w
ell !

                                                             ("
S

-D
uality")

2-cycles
3-cycles


