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A
pproxim

ate description
in term

s of cylinder geom
etry

D
escription in term

s of
cylinder geom

etry is
not useful here

W
e have seen that there are 5 superstring theories in D

=
10,

leading to very m
any different D

=
4 com

pactifications

B
ut it turns out that thinking in term

s of perturbation theory only,
w

e are effectively blindfolded...

(A
nd yes, I had the elephant before B

rian G
reene...)

M
ap solitonic (non-perturbative, non-local extended) degrees of

freedom
 to elem

entary (perturbative, local) ones, and vice versa

"local"
"non-local"

elem
entary field

collective  excitation
("S

oliton")

 N
on-perturbative  E

quivalences

T
hese are sim

ply tw
o w

ays to describe one and
the sam

e physical degree of freedom

2

S
im

plest exam
ple is 2d Ising m

odel:

ferm
ion

soliton

Intrinsically a quantum
 phenom

enon !

+
+

+
  .....

T
herefore it cannot be captured in perturbation theory !

U
sual Q

F
T

, Lagrange form
alism

s fail and m
ust be 

abandoned ..

D
uality typically m

aps w
eak to strong coupling:

+
                          +

                                      +
     ........

string theory:
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M
ontonen-O

live D
uality

C
ons. S

U
(2) gauge theory w

ith H
iggs field in the adjoint representation

In the dual theory, the m
agnetic m

onopoles behave like the gauge
bosons in the original theory, and are m

assive via the dual H
iggs field

F
or non-zero H

iggs V
E

V
:                 the sym

m
etry is broken to U

(1), and
the charged gauge fields get m

ass due to the H
iggs m

echanism

P
erturbative spectrum

:                              N
on-perturbative spectrum

:

m
ass

m
ass

0 |a|

0

elem
entary gauge fields             solitonic m

agnetic m
onopoles

D
uality transform

ation:

M
ontonen-O

live:
T

he theory m
ight be invariant under this non-perturbative

transform
ation !

A
 priori, unlikely to be true due to quantum

 corrections.....

S
upersym

m
etry and B

P
S

-S
tates

4

S
upersym

m
etry in itself m

ay not be not fundam
entally im

portant,
but it allow

s us do to non-trivial exact com
putations, by virtue

of its non-renorm
alization properties that protect m

any
quantities from

 perturbative corrections.

In particular, quantities related to "B
P

S
"-states:

F
rom

 the algebra of supersym
m

etry charges("central charge" Z
can be eg. U

(1) charge)

follow
s for such B

P
S

-states that their m
ass is 

exactly given
by their charge:

Idea:   F
ind that in sem

i-classical approxim
ation som

e state is B
P

S
 -

this im
plies it has less degress of freedom

 than a generic state
                                                          ("short S

U
S

Y
 m

ultiplet")

B
ut under sm

ooth perturbative and non-perturbative
corrections, the num

ber of degrees of freedom
 cannot jum

p

T
he state is B

P
S

 also in the full quantum
 theory, and in

particular its m
ass is 

exactly know
n !

T
he B

P
S

 property is the quintessential basis of
our m

odern non-perturbative techniques.
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S
-D

uality in N
=

4 S
U

S
Y

 G
auge T

heory

N
=

4 S
U

S
Y

:  no quantum
 corrections to gauge coupling,

                     and B
P

S
 m

asses:

M
ontonen-O

live duality is indeed exact !

B
ut there is m

ore structure:   include the theta-angle to define a
                                               com

plexified gauge coupling,

T
his com

bines the M
O

-duality and then theta-shift sym
m

etry:

T
his non-perturbative sym

m
etry group im

plies a non-trivial phase
structure, governed by the fundam

ental dom
ain:

T
hese transform

ations generate the non-abelian, discrete
                                   "

S
-duality" group, S

L(2,Z
) !

-1/2
1/2

0

1

W
e have seen this before: it is the

fundam
ental region of a torus, w

hose
group of discrete param

etrizations is
nothing but S

L(2,Z
)  .....

W
hat’s the significance of this fact ???

w
eak coupling

strong cpl.

6

 D
uality in N

=
2 S

U
S

Y
 G

auge T
heories

In N
=

2 S
Y

M
 theory, the m

onople m
asses do get renorm

alized,
how

ever both the gauge fields (elem
entary) and the m

agnetic
m

onopoles (solitonic, non-local) are still B
P

S
.

E
ffective gauge coupling gets renorm

alized, and dependent
on the H

iggs field:

O
ne know

s beforehand the general form
 of the quantum

 corrections:

H
ow

 to determ
ine the instanton coefficients 

cl  ?

S
eiberg-W

itten 1994:  found a surprising solution, starting
from

 the topology of the param
eter space !
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Q
uantum

 M
oduli S

pace of N
=

2 G
auge T

heory

M
oduli (param

eter) space      :  V
E

V
 of com

plex H
iggs field

gauge fields w
eakly coupled;

1-loop                    instanton corr

gauge fields strongly coupled;
m

assless m
onopoles w

eakly coupled,
effectively look like electrons;

m
onopoles strongly coupled

S
U

(2) gauge theory w
ith

instanton corrections

1-loop                    non-pert corr

U
(1) gauge theory w

ith
extra electrons

R
esum

m
ation of non-perturbative corrections

(or dual       )

M
ass

m
onopole

gauge boson

8

A
 general lesson w

e can abstract from
 this:

Lagrangian description m
akes sense only in "

local coordinate
patches" covering the param

eter space       :

T
hese describe 

different local approxim
ations of the sam

e
theory in term

s of different w
eakly coupled physical degrees

of freedom
  (eg, electrons or m

onopoles)

T
he perturbative physics (local Q

F
T

) looks com
pletely different

in the various local patches  (eg, different gauge groups)

C
oncept of "fundam

ental degrees of freedom
" is questionable,

                                                                        at least am
biguous...

In general, there is no global description that w
ould be valid

throughout the w
hole m

oduli space; 
no particular lagrangian

is m
ore fundam

ental than the other ones.

A
B

perturbative
S

T

another
perturbative
S

T
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S
olitons in S

tring T
heory

D
epending on the string m

odel, there are various
 p-dim

ensional solitonic "p-branes"
(p=

0: particle,  p=
1:  string,   p=

2: m
em

brane,.....),
w

hich are not visible in perturbation theory.

W
hat are the analogs of m

agnetic m
onopoles in string theory ?

T
ypically, som

e of those branes are B
P

S
 and w

e m
ay hope

to be able to do exact com
putations w

ith them
 !

2-form
:

R
R

 tensor fields:

string
"N

S
"

5-brane

10
1. fund. string

"D
"

p-brane

"D
"

(6-p)-brane

10

1-form
 gauge field:

gauge
boson

m
agn

m
onopole

4

2. R
R

 tensors

C
heck w

hat generalized gauge fields there are (D
=

10 T
ype II strings):

G
eneralized E

M
 duality in D

 dim
ensions:

R
ecall gauge theory E

M
 duality in D

=
4:

D

10

 D
-B

ranes as D
irichlet B

oundary C
onditions

D
-branes are thus string analogs of the elem

entary electrons into
w

hich the m
agnetic m

onopoles transform
 under S

-duality.

C
losed string (T

ype II)
p-brane soliton

O
pen string (T

ype I)
elem

entary D
-p-brane

non-perturbative
perturbative

D
irichlet

N
eum

ann

D
-branes can thus sim

ply be described as regions on w
hich

open strings can end.
A

s such, they provide a perturbative description in term
s of

conform
al field theory.

It w
as show

n that sources for the R
R

 tensor gauge fields are provided
sim

ply by D
irichlet boundary conditions for open strings
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W
rapped B

ranes: N
on-P

erturbative E
xtra S

tates

In an appropriate situation,  the rem
nant of this in D

=
4 space-tim

e
is sim

ply an "extra" m
assless particle of som

e kind, e.g., a
S

eiberg-W
itten m

onopole or dual quark, a gauge field, quark,
H

iggs field....

S
tring com

pactification:  proliferation of physical degrees of
freedom

, obtained from
 w

rapping strings (p=
1), m

em
branes (p=

2),
general p-branes around non-contractible p-cycles of  X

A
t a given singularity in the param

eter space             ,  a
com

pactification m
anifold X

 becom
es singular in that som

e
p-dim

ensional "vanishing cycle       " shrinks to zero size:

T
he existence of such extra solitonic states, not seen in naive

perturbative string theory, is the basis for non-trivial equivalences
of string theories !

T
his typically im

plies a B
P

S
 p-brane to becom

e m
assless,

w
hen w

rapped around      :

X

12

"S
tringy G

eom
etry"

.... transcends ordinary geom
etry

S
tring theory A

 com
pactified on XA  can be dual, ie,

 quantum
 equivalent, to string theory B

 com
pactified on X

B
,

w
here the m

anifolds XA
 and  XB

 are com
pletely different !

E
xam

ple in D
=

6:    H
eterotic(T4 )  =

 T
ype IIA

(K
3)  =

  T
ype I (K

3)

In the heterotic string m
odel, as a fundam

ental heterotic string
w

rapped around a cylinder  of radius R
=

1 (perturbative):

O
ne and the sam

e m
assless S

U
(2) gauge boson has the follow

ing
representations in the different theories:

T
hese different "m

athem
atical" geom

etries represent
 the sam

e physical m
odel !

(here, the S
U

(2) H
iggs m

odel)

In the T
ype IIA

 string theory, as a 2-brane w
rapped around a

collapsing 2-cycle (non-perturbative):

K
3

In the T
ype I string m

odel,
as a fundam

ental open string stretched betw
een D

-branes, in the
lim

it of coinciding D
-branes (perturbative):



13

G
eom

etrization of non-perturbative D
ualities

C
onsider duality betw

een com
pactifications w

ith N
=

4 S
U

S
Y

 in D
=

4:

  T
ype IIA

 string on K
3 x T

2
                          Heterotic S

tring on T
6

D
=

10

K
3

D
=

6

D
=

4

T
2

T
6

T
2

T
2T
2

m
odular

param
eter

m
odular

param
eter

gauge coupling
gauge coupling

T
he string duality m

aps geom
etrical com

pactification m
oduli

into gauge coupling constants, and vice versa:

R
ecall that the coupling constant        governs the perturbation

expansion of quantum
 corrections - this m

eans the duality m
aps

betw
een  classical and quantum

 objects....
N

o unique distinction as to w
hat classical and w

hat quantum
effects are !

In this w
ay, the non-perturbative S

-duality sym
m

etry S
L(2,Z

) of the
type II string is m

apped to a perturbative T
-duality of the heterotic

string (and v.v),
explaining the appearence of the non-perturbative m

odular geom
etry!
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T
ype IIB

 S
tring

S
O

(32) H
eterotic S

tring

E
8 xE

8 H
eterotic S

tring

T
ype I open S

tring

M

10-D
 S

tring T
heories R

evisited

T
ype IIA

 S
tring

R
ecall w

e had five string theories in D
=

10 -
how

 are they interrelated in view
 of the dualities ?
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T
ype IIB

 S
tring

S
O

(32) H
eterotic S

tring

E
8 xE

8 H
eterotic S

tring

T
ype I open S

tring

T
-D

uality and M
irror S

ym
m

etry

S
taying com

pletely w
ithin perturbative C

F
T

,  w
e know

 how
to continuously deform

 som
e theories in the follow

ing w
ay:

T

T
T

ype IIA
 S

tring

16

T
ype IIB

 S
tring

S
O

(32) H
eterotic S

tring

E
8 xE

8 H
eterotic S

tring

T
ype I open S

tring

A
dding S

-D
uality

S
taying com

pletely w
ithin perturbative C

F
T

,  w
e know

 how
to continuously deform

 som
e theories in the follow

ing w
ay:

T

T
T

ype IIA
 S

tring

D
=

11 S
upergravity

S

S

P
erform

ing strong coupling lim
its induces new

non-perturbative relationsships !

S
urprise:  taking the strong coupling lim

it in the T
ype IIA

 string,
non-perturbative states ("D

0-branes") generate an 
11th dim

ension !

D
=

11 supergravity in not related to a string theory, rather is
related to supersym

m
etric m

em
branes.....
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A
ll five string theories in D

=
10 appear as particular perturbative

approxim
ations of one theory !

T
he G

rand P
icture 

T
ype IIA

 S
tring

T
ype IIB

 S
tring

S
O

(32) H
eterotic S

tring

E
8 xE

8 H
eterotic S

tring

T
ype I open S

tring

D
=

11 S
upergravity

D
ualities take us beyond string theory !    ... M

-T
heory ?

M

Just like in N
=

2 S
Y

M
 theory, there are various param

etrizations,
each of w

hich prefers certain physical excitations being as
"fundam

ental" and w
eakly coupled.

A
dding certain brane backgrounds finally links all theories together:

18

"M
-T

heory"

for large R
, strongly coupled T

ype IIA
 string

for R
~

0,      w
eakly coupled T

ype IIA
 string

D
efined to be the theory that, upon com

pactification on a circle,
gives T

ype IIA
 string theory:

F
undam

ental degrees of freedom
:  "

D
-particles" (T

ype IIA
 solitons)

D
ynam

ics described by large-N
 lim

it of S
U

S
Y

 quantum
 m

echanics:

=
 10-D

 U
(N

) Y
ang-M

ills theory reduced to 0+
1 dim

ensions

N
on-local;  space-tim

e is approxim
ate, derived concept

                     =
 m

oduli space of the Q
M

 m
odel

Infinite m
om

entum
 fram

e: not m
anifestly Lorentz covariant

X
 =

 N
xN

 m
atrices: reflect non-com

m
uting short-distance structure

                                    of space-tim
e

Large-N
 Lim

it:  gives D
=

11 supergravity, graviton scattering

C
om

pactifications (eg on tori) reproduce know
n facts about the five

D
=

10 string theories and their com
pactifications... highly non-trivial !

S
eem

 to provide non-perturbative form
ulation of type IIA

 and
other string m

odels.

Incom
pletely understood,  involves new

 concepts beyond
quantum

 field theory and G
eneral R

elativity .....

18
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D
=

10/11 T
heories

T
he G

rand P
icture II:  N

=
2 S

U
S

Y
 S

trings in D
=

4

A
ll vacua are connected by non-perturbative transitions, and so form

 a

com
plicated w

eb w
ith (10 8?) com

ponents (w
ith in general different

dim
ensions, say 100) :

C
om

pactifications

C
onnected w

eb
of D

=
4 T

heories

C
onnected via singular transitions:

m
assless states open up new

 branches

D
ifferent kinds of singularities give rise to m

any kinds of
know

n, as w
ell as novel physical phenom

ena in D
=

4....

E
ach blob corresponds to

a fam
ily of perturbative

vacua

2020

N
=1 S

upersym
m

etric T
heories ?

W
e are beginning to investigate N

=
0,1 S

U
S

Y
 strings in D

=
4,

w
hich it is a problem

 of enorm
ous com

plexity ..............

C
an w

e still hope for a single unique vacuum
 state?

N
obody know

s....

D
espite all com

plexity: it seem
s that w

hat crystallizes
here is just one single theory, w

ith m
any m

any facets.....

M

It m
ay be that this is just the space of all possible consistent quantum

theories that include gravity.........

m
any duality

equivalences


