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Supersymmetry and String Theory

Reminder: assuming a Lagrangian density £ = £ (¢;,0,,¢;), the Euler—
Lagrange equations read:
oL oL
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0,

for each field ¢;.

1. The Poincaré algebra

Using the expressions for the generators P, and J, in terms of
space-time derivative operators acting on scalar functions, check the
commutation relations of the Poincaré algebra.

2. Graded algebras

Show that the structure constants of a graded algebra satisfy
CJIK - _(_1)WWCIJK'

Determine explicitly the quadratic relation among these structure
constants using the super-Jacobi identity:

(=) {1115} Ty + (=1)"" {15, Tk } T1}
+(=1)VE T, T7} T} = 0.

3. The Wess—Zumino model

The Wess—Zumino Lagrangian density is

L = —%aﬂAaﬂA — %auBaﬂB — %mﬂauw
+% (FP+G*)+m |FA+GB — %W

+g [F (A2 + B?) + 2GAB — (A + insB)] .
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The dynamical fields are two scalars A and B and a Majorana spinor
(i.e. a self-charge-conjugate Dirac spinor) ¢; F' and G are auxiliary

fields.

— Show that the above density is invariant under the following
supersymmetry transformations:
0A = a1, 6B = —iavys,
oY = Ou(A+ 1By a+ (F — iG)a,
OF = an"0,y, 0G = —iaysy"ou,
where a,& are Grassmanian (anti-commuting) infinitesimal pa-
rameters in a Majorana spinor representation, 7, are the or-
dinary Dirac matrices and 5 = iyy17273-

— Eliminate the non-propagating auxiliary fields from the La-
grangian by using their equations of motion.

4. Free particle

Show the classical equivalence of the following free-particle actions:

£
Slz—m/ ds

f
Sy =m drn,, 2",
where m is the mass, ds the world-line length element and 7 a time-like
parameter for the curve (" = d/dr).

and

5. The Nambu—Goto’s action

Show that the Nambu-Goto’s action for a free string of tension T
reads explicitly:

Tt Oend . 2 .
Slz—T/ dT/ dg\/(X-X’) _Xzxn,
T 0

where X# = 0X* /07 and X* = 0X"/do.
— Write down the equations of motion and show that, when sa-
tisfied, the variation of the action under X* — X*+0X*(7,0)
is

05 = / dr [§X"P7] o
where P = 0L/0XH.

— Discuss the boundary conditions of open versus closed strings.
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— Choose a parameterization where
X-X' =0 and X*+X?2=0
and show that the equations of motion then read:

Xt — X" =0.

— Solve these equations for closed string and open string with
free endpoints (i.e. with boundary conditions Py (7,0) = Py (7,0ena) =
0).

6. The Polyakov’s action

Counsider the action
T (f
Sy = ) / d2C Vh heb On X" 03X" Ny,

where h,s is the two-dimensional intrinsic world-sheet metric and h =
—det{has}-
— Show that this action is invariant under
— reparameterizations (¢ — éa (gﬂ),
— Weyl rescalings hqog — (Cﬂ) hag-
— Write down the equations of motion for the fields X* (Cﬁ) and
hag (C°).
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Further reading

— The Quantum Theory of Fields, Volume III Supersymmetry,
Steven Weinberg, Cambridge, 2000

— A First Course in String Theory, Barton Zwiebach, Cam-
bridge, 2004



