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4. Flavor Models
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Plan of Talk

Plan of Talk II

Neutrinos (Mainly) from Heaven

1. Vacuum oscillations

• Atmospheric neutrinos (AN)

• Reactor neutrinos (RN)

• Solar neutrinos (SN)

2. The MSW effect

• Solar neutrinos (SN)
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Neutrinos (Mainly) from Heaven

Vacuum Oscillations

Pontecorvo, 1957
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Vacuum oscillations

Flavor Transitions (I)

• Flavor basis (production and detection): νe, νµ, ντ

• Mass basis (free propagation in space-time): ν1, ν2, ν3

• In general, flavor eigenstates 6= mass eigenstates

• U(ν1, ν2, ν3)
T = (νe, νµ, ντ )

T

⇓
• Flavor is not conserved during propagation in space-time

• να is produced but νβ 6=α might be detected (α, β = flavors)
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Vacuum oscillations

Flavor Transitions (II)
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Vacuum oscillations

Flavor Transitions (III)

The probability Pαβ of producing neutrinos of flavor α and

detecting neutrinos of flavor β is calculable in terms of

• The neutrino energy E

• The distance between source and detector L

• The mass-squared differences ∆m2
ij ≡ m2

i −m2
j

– (Pαβ is independent of the absolute mass scale)

• U parameters (mixing angles and phase)

– (Pαβ is independent of the Majorana phases)
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Vacuum oscillations

Oscillations

|να〉 = U∗αi|νi〉 |να(t)〉 =
∑
i U

∗
αi|νi(t)〉

|νi(t)〉 = e−iEit|νi(0) Ei =
√
p2 +m2

i ' p+
m2

i

2E

Pαβ = |〈νβ |να(t)〉|2

=
∑

i

|〈νβ |νi〉〈νi|να(t)〉|2

= δαβ − 4
∑

j>i

Re(UαiU∗βiU∗αjUβj) sin2
[
(∆m2

ijL)/(4E)
]

+2
∑

j>i

Im(UαiU
∗
βiU

∗
αjUβj) sin

[
(∆m2

ijL)/(2E)
]
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Vacuum oscillations

Two Generations

• A single mixing angle: U =


 cos θ sin θ

− sin θ cos θ




• A single mass-squared difference: ∆m2 = m2
2 −m2

1

⇓
Pαβ = sin

2 2θ sin2
(
∆m2L
4E

)
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Vacuum oscillations

L/E must be right

• Experimental parameters: E, L

• Theory parameters: ∆m2, θ

• Pαβ = sin2 2θ sin2
[
1.27 ∆m2

eV2
L/E

m/MeV

]
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Vacuum oscillations

L/E must be right

• Experimental parameters: E, L

• Theory parameters: ∆m2, θ

• Pαβ = sin2 2θ sin2
[
1.27 ∆m2

eV2
L/E

m/MeV

]
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∆m2L/E ¿ 1

Pαβ → 0

∆m2L/E ∼ 1

Pαβ sensitive to ∆m2

∆m2L/E À 1

Pαβ → 1
2 sin

2 2θ
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Vacuum oscillations

Exploring θ and ∆m2

To allow observation of neutrino oscillation,

• Nature has to be generous: sin2 2θ 6¿ 1

• To probe small ∆m2 we need large L/E

• In particular, to probe ∆m2 ∼ 10−11 eV 2 with E ∼MeV

neutrinos, we need the reactor at L ∼ 108 km

Source E[MeV] L[km] ∆m2[eV2]

SN 1 108 =⇒ 10−11 − 10−9

RN 1 102 =⇒ 10−5 − 10−3

AN 103 101−4 =⇒ 10−4 − 1
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Neutrinos (Mainly) from Heaven

The MSW Effect

Wolfenstein (1978); Mikheev and Smirnov (1985)
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The MSW Effect

Matter Effects

• In vacuum, in mass basis (ν1, ν2): H = p+



m2

1

2E 0

0
m2

2

2E




• In vacuum, in interaction basis (νe, νa):

H = p+
m2

1+m
2
2

4E +


−

∆m2

4E cos 2θ ∆m2

4E sin 2θ

∆m2

4E sin 2θ ∆m2

4E cos 2θ




• In matter (e, p, n), in interaction basis (νe, νa):

H = p+ Va +
m2

1+m
2
2

4E +


(Ve − Va)− ∆m2

4E cos 2θ ∆m2

4E sin 2θ

∆m2

4E sin 2θ ∆m2

4E cos 2θ




• All active neutrinos have NC interactions, but only νe has CC

interactions with matter: Ve − Va =
√
2GFne
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The MSW Effect

CC ↔ NC
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Neutral Current Interactions

νa, a = e, µ, τ
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The MSW Effect

(i) θm 6= θ

H ∼



√
2GFne − ∆m2

4E cos 2θ ∆m2

4E sin 2θ

∆m2

4E sin 2θ ∆m2

4E cos 2θ




⇓
• The mixing angle relating (νe, νa) to (νm1 , ν

m
2 ) depends on the

matter density:

tan 2θm = ∆m2 sin 2θ
∆m2 cos 2θ−2

√
2GFneE

• Example:
√
2GFne À ∆m2

2E =⇒ θm → π/2

=⇒ νe is very close to the heavier mass eigenstate νm2
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The MSW Effect

(ii) θm = θm(t)

For a neutrino propagating in varying density ne(x)

• The mixing angle changes: θm = θm(ne(x))

• tan 2θm(x) = ∆m2 sin 2θ
∆m2 cos 2θ−2

√
2GFne(x)E

• As ne(x) ↓: θm ↓
• In particular,

– At ne À nRe : θm ≈ π/2
– At nRe = ∆m2 cos 2θ

2
√
2GFE

: θRm = π/4

– At ne = 0 (vacuum): θm = θ

⇓
νm2 propagating in ne ↓ is mostly νe above nRe , and mostly νa below nRe
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The MSW Effect

(iii) νm1 ↔ νm2 transitions

For varying density, H = H(t),

• e−iH(t)t 6= e−i
∫
H(t′)dt′

• Instanteneous mass eigenstates 6= eigenstates of time evolution

• The transitions ν1m ↔ ν2m occur

For slowly varying density, Ḣt¿ H,

• e−i
∫
H(t′)dt′ = e−i(Ht+Ḣt

2+··· ) ≈ e−iHt

• The transitions ν1m ↔ ν2m can be neglected

• The adiabatic condition: 1
n
dn
dx ¿ ∆m2

E
sin2 2θ
cos 2θ
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The MSW Effect

E À ∆m2

GF nprode

 

ne 

2
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Production with nprode À nRe
ν = νm2 (θm = π/2)
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The MSW Effect

E À ∆m2

GF nprode

 

ne 

2
im  

ν 

Adiabatic
(
E ¿ ∆m2

1
n
dn
dx

sin2 2θ
cos 2θ

)
propagation at ne ∼ nRe

ν = νm2 (θm = π/4)
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The MSW Effect

E À ∆m2

GF nprode

 

ne 

2
im  

ν 

Approaching the surface of the Sun

ν = νm2 (θm = θ) = ν2 =⇒ Pee = |〈νe|ν2〉|2 = sin2 θ
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The MSW Effect

∆m2

1
n
dn
dx

sin2 2θ
cos 2θ À E À ∆m2

GF nprode

Pee = |〈νe|ν2〉|2 = sin2 θ

1. High sensitivity to θ;

2. The only way to probe small angles

(sin2 θ ∼> 10−4 for ∆m2 ∼ 10−4 eV 2)

3. Pee <
1
2 is possible

In constrast to averaged vacuum oscillations,

Pee = 1− 1
2 sin

2 2θ > 1
2
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The MSW Effect

E ¿ ∆m2 cos 2θ

GF nprode
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Production with nprode ¿ nRe
ν = sin θ νm2 + cos θ νm1
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The MSW Effect

E ¿ ∆m2 cos 2θ

GF nprode

 

ne 

2
im  

 
ν  

ν 

Approaching the surface of the Sun

ν = sin θ ν2 + cos θ ν1 = νe =⇒ Pee(R¯) = 1 =⇒ Pee(Earth) = 1− 1
2 sin

2 2θ
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The MSW Effect

MSW in the Sun, Qualitatively
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The MSW Effect

MSW in the Sun, Quantitatively

• The Sun is a source of MeV νe’s

• To have resonance: nprode > nRe = ∆m2 cos 2θ
2
√
2GFE

=⇒ To probe ∆m2 up to ∼ 10−5 eV 2, we need

nprode ∼ 4× 10−25 cm−3

• To have adiabatic propagation: ∆m2

E
sin2 2θ
cos 2θ

∣∣d lnne
dx

∣∣−1
res
À 1

=⇒ To probe ∆m2 down to ∼ 10−9 eV 2, we need

r0 ∼ 3× 109 cm [ne(x) ≈ 2n0 exp(−x/r0)]

Source n0[cm
−3] r0[cm] ∆m2[eV2]

SN 6× 10−25 7× 109 =⇒ 10−9 − 10−5
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Neutrinos (Mainly) from Heaven

Summary: What can we see?

Source Effect ∆m2[eV2]

SN VO 10−11 − 10−9

SN MSW 10−9 − 10−5

KN VO 10−5 − 10−3

AN VO 10−4 − 1

• If θ 6¿ 1, we should be able to discover neutrino masses in the

entire theoretically interesting range: 10−11 eV 2 < ∆m2 < eV 2

• If 10−2 ∼< θ ¿ 1 we could still discover it via the adiabatic MSW

effect for ∆m2 ∼ 10−5 eV 2

Next

What do we see?
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The MSW Effect

νm1 ↔ νm2 transitions


νe
νa


 =


 cos θm sin θm

− sin θm cos θm




ν

m
1

νm2




∂
∂t


νe
νa


 = U̇(θm)


ν

m
1

νm2


+ U(θm)


ν̇

m
1

ν̇m2




i


ν̇

m
1

ν̇m2


 = 1

4E


(mm

1 )2 − (mm
2 )2 −4iEθ̇m

4iEθ̇m (mm
2 )2 − (mm

1 )2




ν

m
1

νm2




θ̇m(t) =
√
2GFE∆m

2 sin 2θ ṅe
[(mm

2 )2−(mm
1 )2]2
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