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The Roadmap to Precision

Structure of the proton

– Structure functions F2,F3,FL in deep-inelastic scattering
– scaling violations −→ precision test of perturbative QCD

– Parton distributions
– gluon distribution at small x, quark valence and sea distribution
– important input for hard scattering reactions at hadron colliders
−→ precise parton luminosity at LHC for Higgs or SUSY searches

How well do we know (un)-polarized parton distributions ?

αs from DIS

– Fundamental parameter of Standard Model
– determination in inclusive DIS independent of hadronic final state −→ ideal case

How well do we know αs?



PDFs from HERA to LHC
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xF   [ν -DIS]
F   [e-, µ-DIS]

Υ decays

Γ(Z --> had.) [LEP]

e  e  [σ     ]+
had

_
e  e [jets & shapes 35 GeV]+ _

σ(pp --> jets)

pp --> bb X

0

QQ + lattice QCD

DIS [GLS-SR]

2
3

pp, pp --> γ X
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e  e [jets & shapes 14 GeV]+ _

e  e [4-jet rate]+ _

jets & shapes 195 GeV 
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Recent determinations of αs

Bethke hep-ex/0211012

– NLO QCD analysis of HERA data for F2(x,Q2)
H1 coll. hep-ph/0012053

αs(M2
Z) = 0.115±0.002(exp)±0.005(theo)

Future

– NNLO QCD analysis of HERA data for F2(x,Q2)
in 2006

αs(M2
Z) = x±0.001(exp)±0.001(theo)



PDF uncertainties

– QCD analyses require many choices, should be reflected in PDF uncertainties −→ Böttcher

– Treatment of experimental uncertainties −→ talks in parallel session of WG1

– Allowed functional form of PDF x f
(
x,Q2

0

)
= Axb(1−x)c(1+dx+ . . .)

– Treatment of heavy quarks
– Fixed flavor number scheme
−→ nf light flavors + heavy quark of mass m at low scales
−→ nf +1 light flavors at high scales

– Variable flavor number schemes
−→ matching of two distinct theories through NNLO
Aivazis, Collins, Olness, Tung ‘94 ; Thorne, Roberts ‘98 ; Chuvakin, Smith, van Neerven ‘00

– Scale dependence −→ variation of renormalization / factorization scale
– gluons : stat. ⊕ syst. ' input ' scale error ; quarks : scale error already dominates
– NNLO improvement of theory needed −→ three-loop splitting functions

– . . .



The Three-loop Splitting Functions

Evolution of parton distribution

– Non-singlet and singlet distributions q±, qv and qs, g

q±ns,ik = qi± q̄i− (qk± q̄k) flavour asymmetries

qv
ns =

nf

∑
r=1

(qr− q̄r) total valence distribution

qs =
nf

∑
r=1

(qr + q̄r) flavour singlet distribution, fs =
(

qs

g

)
– Splitting function combinations

P±ns , Pv
ns = P−ns +Ps

ns non-singlet

Ps =
(

Pqq Pqg

Pgq Pgg

)
, Pqq = P+

ns +Pps singlet

– Evolution equations : 2nf −1 scalar non-singlet equations and 2×2 singlet equations
d

d lnµ2
f

f (x,µ2
f ) =

[
P(αs(µ2

f ))⊗ f (µ2
f )

]
(x)



The calculation (in a nut shell)

– Calculate anomalous dimensions (Mellin moments of splitting functions)
−→ divergence of Feynman diagrams in dimensional regularization D = 4−2ε

γ (n)
ij (N) = −

Z 1

0
dx xN−1P(n)

ij (x)

– One-loop Feynman diagrams
−→ in total 18 for γ (0)

ij / P(0)
ij

(pencil + paper)

– Two-loop Feynman diagrams
−→ in total 350 for γ (1)

ij / P(1)
ij

(simple computer algebra)

– Three-loop Feynman diagrams
−→ in total 9607 for γ (2)

ij / P(2)
ij

(cutting edge technology −→ computer
algebra system FORM Vermaseren ‘89-’04)



Mathematical intermezzo

– Mellin N-space : harmonic sums Sm1,...,mk(N)
Gonzalez-Arroyo, Lopez, Ynduráin ‘79 ; Vermaseren ‘98 ; Blümlein, Kurth ‘98

– recursive definition Sm1,...,mk(N) =
N

∑
i=1

1
im1

Sm2,...,mk(i)

– algebra of multiplication Sj(N)Sk(N)−→ S{ j,k}(N)

– Bjorken x-space : harmonic polylogarithms Hm1,...,mk(x)
Goncharov ‘98 ; Borwein, Bradley, Broadhurst, Lisonek ‘99 ; Remiddi, Vermaseren ‘99

– Basic functions of lowest weight
H0(x) = lnx, H1(x) =− ln(1−x) , H−1(x) = ln(1+x)

– Higher functions defined by recursion

Hm1,...,mw(x) =
Z x

0
dz fm1(z) Hm2,...,mw(z)

f0(x) =
1
x
, f1(x) =

1
1−x

, f−1(x) =
1

1+x
– Inverse Mellin transformation of harmonic sums −→ harmonic polylogarithms in x space
– Unique mapping :

Hm1,...,mw(x)/(1±x)←→ Sn1,...,nw+1(N)



LO and NLO singlet splitting functions

P (0)
ps (x) = 0

P (0)
qg (x) = 2nf pqg(x)

P (0)
gq (x) = 2CF pgq(x)

P (0)
gg (x) = CA

(

4pgg(x)+
11
3

δ(1− x)
)

−

2
3

nf δ(1− x)

P(1)
ps (x) = 4CFnf

(20
9

1
x
−2+6x−4H0 + x2

[8
3

H0−
56
9

]

+(1+ x)
[

5H0−2H0,0

])

P(1)
qg (x) = 4CAnf

(20
9

1
x
−2+25x−2pqg(−x)H

−1,0−2pqg(x)H1,1 + x2
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3
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9
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1
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P(1)
gq (x) = 4CACF

(1
x

+2pgq(x)
[
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3
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x

−pgq(x)
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3
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+4CF
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(

pgq(x)
[

3H1−2H1,1

]

+(1+ x)
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H0,0−
7
2

+
7
2

H0

]
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+1−
3
2

H0 +2H1x
)

P(1)
gg (x) = 4CAnf
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1− x−
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9
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9

(1
x
− x2
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−
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3
(1+ x)H0−
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δ(1− x)
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(

27

+(1+ x)
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x
− x2

)
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[67

18
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3
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−

1
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.



NNLO singlet splitting functions
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−
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2
3

H1,1,1−
109
27

H1 +
8
3

H
−1,0,0 +6H0ζ2

+4H
−2,0 +
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– Left : P(2)
gq comparison of exact result and estimates from fixed moments

Larin, Nogueira, van Ritbergen, Vermaseren ‘97 ; Retey, Vermaseren ‘00 ; van Neerven, Vogt ‘00

– Right : same for P(2)
gg



Easy-to-use parametrization

– Combine exact limits for x→ 0 and x→ 1 with smooth fit for intermediate x
−→ fit quality better than one per mille

– Notation : end-point logarithms L0 = ln(x), L1 = ln(1−x), +-distribution D0 = 1/(1−x)+

P(2)
gg (x) ∼= +2643.521D0+4425.894δ(1−x)+3589L1−20852+3968x−3363x2

+4848x3+L0L1 (7305+8757L0)+274.4L0−7471L2
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The large x-limit : x→ 1

– Large x-limit for diagonal splitting functions P(2)
aa , a = q,g

P(2)
aa,→1(x) =

Aa
3

(1−x)+
+ Ba

3 δ(1−x) + Ca
3 ln(1−x) + O(1)

– Result for Aa
3 is new −→ important for threshold resummation in soft/collinear limit

one-loop Aq
1 = 4CF
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2 = 8CFCA
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− 1

27

)
– Verify expected relation Ag

3 =
CA

CF
Aq

3

– Surprising relation for subleading logarithms

Ca
1 = 0 , Ca

2 = (Aa
1)

2 , Ca
3 = 2Aa

1A
a
2
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The small x-limit : x→ 0

– General structure at small x

P(2)
aa,→0(x) = = Eab
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– Coefficients Eqq
1 and Eqg

1 agree with prediction from the small-x resummation
Catani, Hautmann ‘94



0

1000

2000

3000

4000

5000

10
-5

10
-4

10
-3

10
-2

10
-1

1
x

xP (2)(x)ps

ln x

exact

N = 2...12

x

xP (2)(x)qg

Nf = 4
0

2500

5000

7500

10000

10
-5

10
-4

10
-3

10
-2

10
-1

1

– Exact result, estimates from fixed moments and leading small-x term
– Pure-singlet splitting function P(2)

ps (left) and P(2)
qg (right)
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– No logarithm ln2x/x in P(2)
gg as predicted by leading logarithmic BFKL equation

Kuraev, Lipatov, Fadin ‘77 ; Balitsky, L.N. Lipatov ‘78 ; Jaroszewicz ‘82

– Coefficient Egg
1 agrees with prediction from next-to-leading logarithmic BFKL equation

Fadin, Lipatov ‘98

– New coefficients Egq
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2 with interesting relation
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nf for SU(N)
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– Convolution of P(2)
gg with schematic ‘steep’ (left) and ‘flat’ gluon distributions

– Comparison of exact result for P(2)
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Numerical implications for singlet distributions

– Perturbative expansion of logarithmic scale derivative

d

d lnµ2
f

f (x,µ2
f ) =

[
P(αs(µ2

f ))⊗ f (µ2
f )

]
(x)

– Parametrization of singlet quark distribution

xqs(x,µ2
0) = 0.6x−0.3(1−x)3.5(1+5.0x0.8)

xg(x,µ2
0) = 1.6x−0.3(1−x)4.5(1−0.6x0.3)

– Default values nf = 4 and αs(µ2) = 0.2
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– Perturbative expansion of logarithmic scale derivative d lnqs/d lnµ2
f

– Scale derivative dominated at large x by Pqq⊗qs, at small x by Pqg⊗g contribution
– Pqq⊗qs contribution negligible at small x, Pqg⊗g contribution negligible at large x
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– Perturbative expansion of logarithmic scale derivative d lng/d lnµ2
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– Scale derivative dominated by Pgg⊗g at all x, however Pgq⊗qs nowhere negligible
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NLO and NNLO dependence of q̇s ≡ d lnqs/d lnµ2

f on renormalization scale µr
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– Gluon distribution :
NLO and NNLO dependence of q̇s ≡ d lnqs/d lnµ2

f on renormalization scale µr
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– Renormalization scale uncertainty

∆ ḟ ≡
max[ ḟ (x,µr = 1

2µf . . .2µf )]−min[ ḟ (x,µr = 1
2µf . . .2µf )]

2|average [ ḟ (x,µr = 1
2µf . . .2µf )] |

– NLO and NNLO prediction for ∆q̇s (left) and for ∆ġ (right)



The Summary

Motivation

– NNLO analysis of deep-inelastic structure functions F2,F3 −→ high precision
– stability under scale variations at NNLO
– match experimental accuracy in final HERA data
– NNLO parton distributions for LHC precision analyses

Methods

– Mellin moments and nested sums −→ powerful technology
– apply innovative and efficient method to solve multi-loop integrals
– formalism with wide range of applications

Upshot

– Phenomenology for deep-inelastic scattering and hard hadronic interactions
– reach new level of precision


