
Lecture 4
The neutrino-mass sector
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3 masses, 3 angles and 1 phase

L (n−mass) = Liln
i jNjv+NiMi jNj

1.                         DIRAC massesMi j = 0

Þ Lepton number is exactly conserved, like Baryon number                 
like                   Þ In the mass-eigenstate basis                      with                   WµēigµV n

i jn j V n V

Þ  Physical parameters:                 

given the ‘sÞ  A crucial question: Why        ‘s           mn << me,mq
symmetry between neutrinos and charged fermions?

ln << lu,ld,leTechnically, by

Þ Neutrinos are Dirac spinors (                ), like charged fermions                 nL,nR ≡ NC
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with n, N each 3-vectors and l, M 3x3 matrices

Þ A basic asymmetry between neutrinos and charged fermions                 

Þ  a 6x6 mass matrix Þ 6 different eigenvalues (in general)                 

2.                   MAJORANA massesMi j != 0
L (n−mass) = Liln

i jNjv+NiMi jNj

How come, with the same number of d.o.f. as for charged 
leptons?               Û(e,ec) (n,N)

A Dirac spinor:                (    )  +      (    ) : 4 d.o.f.e ē
A Majorana spinor:          (    )  ”       (    ) : 2 d.o.f.nM n̄M

Possible at all because Lepton number is violated                 

L (n−mass) = (nT NT)
(

0 lv
lvM

)(
n
N

)

⇑⇓ ⇑⇓
⇑⇓ ⇑⇓
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2.                   MAJORANA masses - continuedMi j != 0

Don’t we see 3 neutrinos in                   ? (      = 2.9841(83))Z→ nin̄i Nn

We see 3 interacting neutrinos, in a left helicity state
( active, as opposed to sterile)

Why                                 ?    Because mn << me,mq M >> lv

By diagonalizing the
     mass matrix

By integrating out
      the heavy N’s

nlight = cosan+ sinaN ml ≈ l2v2

M
nheavy =−sinan+ cosaN mh ≈M

a≈ lv
M

= nT(lT v) 1
M

(lv)n

L (n−mass) ≈ nimi jn j m = lT M−1lv2

× ×
n nN

lv lv
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2.                   MAJORANA masses - continuedMi j != 0

Þ Physical parameters (with 3 light neutrinos hereafter):

By going to the physical basis:

Counting intrinsic phases again

Wµēgµn⇒WµēphULV +
n gµnph

(*unlike the (2n -1) of the quark case, because the n-phases 
defined by               )nT mn

dn

= 3 (instead of 1) for n=3 
N(phys.phases) = n2− n(n−1)

2 −n(∗) =
1
2n(n−1)

V = ULV +
n

L lept = L̄ !DL+ ēc !Dec + eTUT
L me

dUT
R ec +nTV T

n mn
dVnn
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The physical parameters precisely defined

3 masses:                   , not by the order (as for charged fermion)
but by

m1,m2,m3

{|Dm2
32|, |Dm2

31| > Dm2
21 > 0

m3 > m2 > m1
m2 > m1 > m3

normal
inverted

3 angles and 1(+2) phases: 

Majorana phases
in WµēV gµn

V = R23(q23)

1
eid

1

R13(q13)R12(q12)

1
eia

eib


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Means to determine the physical parameters
A. Absolute spectrum

2. Cosmological observations
a - Density power spectrum distorted at small scales
b - CMB distorsions

1. Endpoint of b-decay spectrum (Z,A)→ (Z +1,A)+ e+ n̄i

D≡Mi−Mf

Currently (+ info from osc.s:                        )

pni = [(D−Ee)2−m2
i ]

1/2

phase space:

Si|Vei|2m2
i ! (2eV )2

Currently, mostly from a,                         (                           )Simi ! 0.5eV mi|Max ! 0.15eV

mi|Max ! 2eV

dfi µ pniq(D−mi−Ee)dEe

dG
dEe

µ Si|Vei|2pniq(D−mi−Ee)⇒
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only if Majorana, since L violated!
3.           - decay (Z,A)→ (Z +2,A)+2ebb0n

mee = c2
13(c2

12m1 + s12e2iam2)+ s2
13m3e2ib (!?)    

sth(Mnucl) = O(Mnucl)

A µ SiV 2
eimiMnucl ≡ meeMnucl

T1/2 µ
1

|mee|2|Mnucl|2

Currently: a claimed observation at    0.17eV < |mee| < 2.0eV

Means to determine the physical parameters      
(continued)

n p

n p

e

e
xν
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3.         - decay with oscillation and 
cosmological data (current 2004)

bb0n

Simi (eV )

mee
(eV )

(Fogli et al)

inverted

normal

highly non trivial but 
worth trying
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B. Mixing parameters from neutrino oscillations  

up to an irrelevant phase factor
Note: Majorana phases and absolute       ‘s          

                irrelevant to
m2

i| < nlb|nla, t > |

The standard picture: Calculate the amplitude for a           at t=0 
to become a              at time t|nlb >

|nla >

la,b = e,µ,t

|nla, t >= SbYb(t)|nlb >

i d
dt

Y = V EV +Y Ei j = (p+
m2

i
2p

)di j

< nb|nla, t >= Si=1,2,3V ∗
ibViae−im2

i t
2p (!?)

Means to determine the physical parameters      
(continued)

|nla > |nlb >||
t = 0 tR = ct
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(Apparent) Paradoxes of the standard picture  

Suggested framework to address them:
The amplitude of a physical process =

treated in second-order time-dependent perturbation theory (!?)

D = detector
S = source

1. Why is the n-state given a definite p rather then E?

2. If p defined, how about coherence?

3. If p defined,                . Why then t = R/c?

etc...

v1 = p/E1 != v2 = p/E2

Dx = •

A(la)
B(lb)

S D 
Si ni
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Matter effects in ν-oscillations  

n-propagation in matter: like in optics

Þ A modified Schroedinger equation in a medium of electron 
number density Ne

i d
dt

Y = (V EV + +A)Y

Nucleons do not contribute to      (!?)A

0 w z

n−1 = N f (0)
2p
p2

eipz⇒ e(inpw+p(z−w)) ≈ eipz(1+ iwp(n−1))

⇒

eipz⇒ eipz(1+ iwN f (0)
2p
p

)

with               except for                                                 (!?)A = 0 Aee =±√2GNe (+n,−n̄)
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Solving the equation (!?)
(in a simple, but relevant, 2x2 case)

A modifies Schroedinger equation in a medium of electron 
number density Ne

Ematter =±1
2[(Dcos2qv−

√
2GNe)2 +D2 sin2 2qv]−1/2

tan2qm =
Dsin2qv

Dcos2qv−
√

2GNe

D≡ Dm2

2p

Ne

(Smirnov)

small qv

adiabatic 
conditions
lres << DR

DRdV
dr

= DEmin

qv = vacuum angle
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Current knowledge (2004)

A modifies Schroedinger equation in a medium of electron 
number density Ne

|Dm2
32|≈ |Dm2

31|≈ 2 · 10−3eV 2 (Dm2
Atm) Dm2

21 ≈ 8 · 10−5eV 2 (Dm2
Sun)

tan2 q12 = 0.40+0.09
−0.07 (q12 = 320±30)

Current ignorance (2004)

0. Dirac or Majorana?

3.        = ?q13

2. Sign of          (inverted or normal spectrum)Dm2
32

4.  d = ?   Need                to be defined at allq13 != 0

1. Absolute scale?                                          (if cosmo)0.05eV ! mi|Max ! 0.15eV

q23 = 360÷540 ( 90% C.L.)

sin2 q13 < 0.03 ( 90% C.L.)


