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Introduction

# evaluation of the one-loop amplitudes is the bottleneck
for efficient calculations of multi-particle cross sections
at NLO
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Introduction

# evaluation of the one-loop amplitudes is the bottleneck
for efficient calculations of multi-particle cross sections
at NLO

# main difficulties are enormous sizes of expressions
produced by conventional methods and numerical
Instabilities

® sizes becomes less important as computer
memory/speed increases, as long as numerical
behaviour can be controlled

#» = suitable methods should be numerically robust and
easy to automate
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hep-ph/0504267 [Binoth, Guillet, GH, Pilon, Schubert]

# valid for an arbitrary number N of external legs

# valid for massless and massive particles
(uses dimensional regularisation for IR poles)

# designed to be numerically robust and fast due to a
combination of semi-numerical and algebraic
approaches
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Tensor integrals

N
Gi=k+ri, rj=rj-1=pj, 2;2P =0
advantages of this representation:

# combinations ¢; = k + r; appear naturally (e.g. fermion
propagators)

# allows for a manifestly shift invariant formulation
Lorentz structure carried by difference vectors
Affj = fr’,f‘ — 7"? and ¢
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Lorentz structure and form factors
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important: kinematic matrix S: S;; = (r; — r;)* — m? — m?

i g
n N N n_
mes) = (~)NT(V — 5)/Hdzz-é(l - _a) (R?)?
1=1 =1
1 N
R2 — —5 Z ) Sz'jz]' — 120
i,j=1

associate matrix S with set S of propagator labels

matrix corresponding to integral with propagator qu — m?

missing is denoted by SU, corresponding to set 5\ {j}
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Reduction: |. scalar integrals

r (g —my)
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|f Z bZ(S) S@'j =1 then

€S
Itin(S) = —B(S) (N —n—1)Iy™(S)
B(S) = Y bi(S), BdetS=(-1)""detG
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Reduction: Il. tensor integrals

Iy t(ar, ... a0 8) =
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Reduction: Il. tensor integrals

[ﬁn
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solving the defining equation for arbitrary N

If S Is invertible, i.e. for N < 7 (non-exceptional kinematics):

Z Cio(S)Si; = A,

A Cfa(S) — Z(S—l)ijA?a
JE€S

Otherwise use pseudo-inverse H;; to Gram matrix

ct, = — Z Hij A +WE i€ S\ {a}

=
S =
(=

[

|
<3
S
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The case N > 5

Important:

Vi'=0and 74", =0 for N > 5

= NO higher dimensional integrals for N > 5!

[]T\L;Iulmlur(ala cce 7aT;S) — —C";L;r X}ui Mr—l(ab o 7a’7°_1;s\{j})

case N = 5 more tricky, proof relies on 7", =2Vt V) /B

result:
# no higher dimensional integrals 737%™ (m > 0) for N > 4

® no Inverse Gram determinants
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N=5 rank 2 example
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N=6 rank 1 example

I5*" (a3 S) = ZC I5(S\{j})

JE€S

:_Z AL l]1zb{3}
71,leS keS
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meS\{7,k}
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basis integrals

3 3
3G, njr) = T (3_3) /017;1:[1%5(1_;2[) <—%Z.Z§.;'_Z‘ig)3_n/2
n 13 3 .
23y = —F(Q—E) : i—HldM(l_z—lel) (—%z-s.;_i(s)z—n/z
n 1 4_ 4— . .
20, ge) = r(3—§)/0 ljldzié(l—lzlzl) <—%z.§,;'_”ig)3_n/2
b s .
Gy = r(2—§)/0 Hdzi5(1—;zl) (—%z-s.;1_¢5)2—n/2

and scalar I3, 132 1772 1744 important: rmax = 3

two alternatives:
1. direct numerical evaluation (contour deformation)

2. further algebraic reduction to scalar integrals
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algebraic reduction: example N=4

algebraic reduction re-introduces inverse Gram
determinants ~ 1/B

s = é{bzIZ“(SH% S ST BE\ D -5 Y bﬂ;(z;s\{j})}

jES jeS\{l}

# does not pose a problem in most regions of phase
space

® allows fast evaluation

# = use numerical method only in regions where 1/B
becomes small
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numerical behaviour

test process p; + ps — p3 + pg With p? = p2 = M?

p1 = (E(x),0,0, M z)

po = (F(x),0,0,—M x)

ps = FE(x)(1,0,sin6,cosb)

pe = FE(x)(1,0,—sinf, — cosd)

E(x) = M1+ x?
det(G) = 32M6 (1 + 22)% 22 sin* 4
Exceptional configurations:
f=0,rand xz =0
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numerical behaviour
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solid line: numerical implementation

dashed: numerical behaviour of algebraic representation
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schematic overview
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treatment of basis integrals: N=3

I3(141|71, J2ld15 G2, 53), T8T2(151)

explicit
functions

numerical analytic

v yes Y
Y
direct algebraic
evaluation reduction

Y I3(1),13(1)
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treatment of basis integrals: N=4

IZ+2(1|j1‘j1aj2‘jl)j27j3)> IZ+4(1‘JI)

numerical

analytic

direct algebraic
evaluation reduction
Y (1), 13(1), I3(1)

@
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Summary

formalism valid for arbitrary N
massive and massless particles
efficient isolation of IR divergences
manifestly shift invariant

no inverse Gram determinants

basis integrals: representation very suitable for
numerical integration

© o o o o @

°

further algebraic reduction optional

°

= balance between numerical robustness and speed

A complete formalism for one-loopmulti-leg amplitudes — p.22



	Contents
	Introduction
	
	Tensor integrals
	Lorentz structure and form factors
	
	Reduction: I. scalar integrals
	Reduction: II. tensor integrals
	Reduction: II. tensor integrals
	solving the defining equation for arbitrary N
	The case $Ngeq 5$
	N=5 rank 2 example
	N=6 rank 1 example
	basis integrals
	algebraic reduction: example N=4
	numerical behaviour
	numerical behaviour
	schematic overview
	treatment of basis integrals: N=3
	treatment of basis integrals: N=4
	Summary

