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Main Features

Subtract each Feynman diagram individually
Local MS-bar subtraction terms for UV, soft and collinear subtractions
Feynman parametrize but do not carry out the loop integral

Contour deformation

oo b0 b

Tested on simple examples
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Subtract Feynman diagrams

The loop integral of a one loop subgraph, with n outgoing momenta

dél ~
L(k1,...,kn) = (27r)d1“(k1,...,kn;l).

With MS renormalization

Tl = lim {0 = [T}

e—0

where

I % Um)" o Jim [er()] .

pole — F(l B 6) c—0

We need local counter term for the UV subtraction free from IR singularities

dél ~
[F]pole - (27-‘-)d FUV(kla SR kn; l)
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L ocal UV counter term

Recall the expression

N(k1,...,kn;l)
(12 +i0) - - - (12 + i0)

D(ki,. .., kn;l)

define the UV divergent part Ny, as

N(k177kn7l) — NUV(k177kn7l)+O(l2n—5) :

define

Nyv (k1,...,kn;l)

PUV(k177kn7l) (l2—u2€>\+10)n

Y

w - is the MS renormalization scale
A: apporpriate constant to get the MS counter term
I'yyv:  free of infrared singularities and tt matches I" for large .

(1)
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L ocal soft counter term

The integrand of a one-loop graph becomes singular when the momentum of an internal
gluon loop line that connects to two external lines becomes soft.

lim ———
lx—0 Ejj (k)
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The figure corresponds to the formula

Sij(Gs ks D1y -« -, pm)) = Bij (L piy pj) Ti - T Hij |G(Gij (G);p1s - pm))
E;;(lg, pi,p;)is the eikonal factor

. Adp; - p;
Ez(lk;;pz;p) :_1g§/~L2€ . . 3
’ ’ (12 +10)((lx + pi)? +10) ((Ix, — p;)? + i0)

Note that this form is UV convergent. Performing the loop integral one gets

soft _ del N O (477)6 ,u2 “ /2
Vit = [ g Ful) = i (_QPi.pj) (— +o<e>) o

we add the integrals of these terms back in the form color correlated tree amplitudes

Z V’L'Sj(')ft(e) TZ Tj ‘Mtree(pla---apm)> . (3)
{e.5}
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| ocal collinear counter terms

One-loop graphs have logarithmic infrared divergences that arise from integration
regions in which the momentum on an internal loop line that connects to an external line
becomes collinear with the momentum of the external line.

lj — xp;

~lj1 — (A—-=x)p; ,

with 0 < = < 1. Singular denominator factor 1/[1%(p; — ;)] with finite coefficient

|fiC’O(G;CIZ;p1,...,pm)> = Ll_i)rgr:lp' ljz- (pi — 15)° ‘E(G;ll,...,ln;p1,...,pm)> :

J

The momentum subtraction away from the collinear limit is defined with the help of a
second light like vector

2pi-w Z li.n;

é’L:—péj’—i— 5 'lU'u, wN: pl]:7 ZC:]
w

k&final state
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£E(Cs25p1, . om)) = | £70 (G501, pm))
1 1

——hmylf (G5y; P15 Pm)) — lim (1— )| (G y;p1,- - 0m)) -
xr y—0 l—2x y—1

1 —ule —p?e
L, i) = = — + :
Jov (sl =pi) = (zg_,ﬂeﬂo (lj — pi)? — p?e +i0

In summary, we subtract from the integrand for each graph G collinear subtraction terms

. B ji]xf( j,l ]91)
Ci(Gi {l},p1,- oo pm)) = (15 +1i0)((pi — 1;)? +i0)

' lj-ni\ | o
></ dx o x — |fZ (G;x;pl,...,pm)> :
0

Pi - Ny
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lim l? (lj - pi)Q

1, —zp;

€ a

2igspt aa’
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I ... summing over all diagrams
(1 —z)p;

= lim . Z = gs,Ll:6 Tgla//

Q
[

(%))

C

()]

<L

5 R\



... Integrating theloop momentum

> CilGipi,- s pm)”

GeC

d?l; Lislj — pi ! Lj -
— J fUV(], J Pi) )/ dx 5(33— s 0 )igs pn Ty,
0 _

(2m)d (15 +1i0)((ps — 15)% +1i0

2—x 2 0
X{|:( ) __——:| gs,ueTcadM(pla"')pi)'"7pm)d}

x x 1—=x
d?l; fov(l,l; —ps)
_ i 20 26/ J 727 ? M e Dy mb
8Ol | BT 4 10)((ps L2 Fa0) B oPin oo pm)
Qs (4mr)€ 1 b
= Lo, (2106 M. pis e pm)?
. Ar(l_e)( _+ (6)) (P1,--5p Pm)

Summing over all graphs the collinear subtraction terms associated with an external
gluon line with label 7, we get a simple singular factor times the tree level amplitude M.
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Summary

$® We generate local subtraction terms for the integrands of every graphs. The
subtraction terms are designed to have the same effect as standard MS
renormalization. The UV, collinear and soft divergences of the integrals are
removed.

® Sum over the subtracted terms of all graphs, carry out the loop integral and add
back the answer which has the form as a result one gets

IV(E)‘Mtree (p1,--,Pm))

where
as (4m)€ 1 u? R
I (e) = (— T T (———— ) == v
_ 2 I\ _on..m. v ’
47 T'(1 —€) \ € 5= 2p; - € —
177
where the ~; factors are
3 11 4
/VQZ'YC?:_CF ) ’Yg:—CA—— RNMf .

2 6 6
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o = O_LO{m—nI} + O_NLO{m—l—l—nI} + O_NLO{m—nI} e AO_NLO{m—nI} -

sub sub

NLO{m—n m—mn m—n d4l
Osub ! = Z/d@ g F§ I>(p1,...,pm) ) X 2Re{
G

(Miree (p1, - -, pm) |G(G; {1};p1, -, pm))
—(Meree (P1, -+ pm) [R(G5 {1} 1, -, pm))

- Z <Mtree (pl;---;pm) ‘grLJ(G, {l};pl,...,pm)>
{i,7}els(G)

— Z <Mtree(p1,...,pm) ‘@(G;{l};pl,...,pm)>} :

1€lc (@)
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AO’NLO{m_nI} = /dcbm_nI Fﬁm—nI)(p17 s 7pm)

X2 615% </\/ltree (p1,---yPm) |IV(6) + IR(€)|Mtree (p1,---sPm) > .

Does it work??

® Integration countour for loop integral ?
® Efficient sampling?

® Sum over virtual graphs numerically?
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4 + N dimensional approach

1:F(N)/Oldx1---/01de5(in—1) /d4l [;Vg L%i%ﬁv |

where

1 o
N (Z) = - > atal S,
(]

with (using >~ z* = 1)

L

Sij = (Qi — Q)% —mi —mj.

Do not perform the momentum integral analytically. It would produce many terms.
Singular surface at the zeros of one quadratic funtion

Subtraced functions have no singularities but have peaks around the original
singular regions.

Obtain smooth functions with contour deformations
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Pinch singularities

°

oo o0

No UV divergence or anomalous thresholds. Subtracted function is convergent as

| — oo

Singularities come from the [ integral at [ = 0 when A?(Z) = 0. These can be
avoided taking [ — [, + ik

If A2(&) = 0 along the boundary of the z-integration region( one or more of the z*
vanishes) we get end point singularities

soft singularities: all but one z*vanish
collinear singularities: all but two adjacent z* vanish
expand A?(Z) around the soft and collinear region

Deform also the contour of the x-integration so that A?(x) does not vanish except
at the boundaries
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Toy example

® Order (as) QCD correction to the et e~ annihilation to hadrons. You get the
answer numerically in two minutes with 1% accuracy.

® We are just working on three jet production. One numerical solutions was already
worked out by Dave Soper

® Ourfirst test is encouraging
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