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Sigma Model

Sigma model was introduced by Gell-Mann and Levy in 1960

The name o-model comes from a field corresponding to the spinless meson
scalar gintroduced earlier by Schwinger.

Il Nuovo Cimento 16, 705 (1960)

Sigma-Model is a physical system with the Lagrangian

L(P1, Do, ..., Pn) = Z Zﬂij de; N «dd;  Wedge Product

i=1 j=1
fields @, represent map from a base manifold space-time (worldsheet) to

a target (Riemannian) manifold of the scalars linked together by internal
symmetries,

the scalars gij determines linear and non-linear properties.
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V1= Importance of Linear-Sigma Model
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| Fartic|c Fhﬂsics

« LSMis one of lattice QCD alternatives

* |t doesn’t need supercomputers like lattice QCD, you can use

suitable PC and easily computational techniques.

« Various symmetry-breaking scenarios can be investigated in a more

easy way, for instance,

+Various properties of strongly interacting matter can be studied

+ QCD Equation of State T 2o fpditice GUDIE \F
= ff""“ - ~ Quarks and Gluons
I p F = tica
+ Chiral phase structure of masses g |} '\ .‘"m::‘“‘?
1 g 100+ 2 Had %%”’S‘rmn =
+ QGP transport properties 2 " -3 Hadrons
@ % t,}'-» /A,’ Quarkyonlc phase 7
+ ....etc. ) - e st
Nuc \*\b Neutron Stars wndyh i A,‘.
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Chiral symmetry of vector field under unitary transformatio ® — ¢

\

" Axial-vector transformation |

A

0% corresponding to rotational angle and Tl-]‘-l being a matrix generating

transformation.
(
_ Vector transformation |
7 ~ '11 ) . A . f -
Y o= (1-iz0) ¥ V=™ § x (1—1‘)'5-2—) \
U= e im0 § o (l—i'yg;%(;) \/

U —>ct%

b=—=et% & ~ (1+ z‘%é') 7
Dirac Lagrangian describing free Fermion particle of mass m is given by

Lp = P(i7,0" —m*)Y
Int.J.Mod.Phys. E6 (1997) 203

For fermions:
Under vector transformation, the Lagrangian is invariant
But for axialvector transformation, B
Ay m15¢==-6“"5§5mt3¢==(1—i15%§)m¢¢.
— . =,= T
= m Y ¢ —2imi(Pys35¥)
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LSM chiral Symmetries

Lagrangian of massless fermions is invariant under chiral transformations
BUT massive one make an spontaneous symmetry breaking.

Spontaneous symmetry breaking
if Lagrangian symmetry is not realized in the ground state

Minimum energy configuration is given Minimum energy (density) is given by
as shown in the potential energy an any point on the circle (1,1)

Ground state is right in the middle Ground state is away from the
(0,0) and the potential plus ground center. The point at the center is a
state are still invariant under local maximum of the potential and

rotations thus unstable
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== LSM (pseudo)scalar Symmetries

| Fartic|c F]’IBSICS

\
[ \
(scalar Meson) (pseudoscalar Meson)
Sigma like state J° = 0% Pion like state JP = 0~
g = f‘rr",' m= H.rff‘}fﬁt,{l

Gell-Mann & Levy obtained the invariant form if the squares of two states are summed

Ay: m? - m? Ay > n? + 200
0% - o2 02> 0% — 2001

\ J
|

Ay A
(m? + %) <5 @? + o?)

= ub’n.-, O, + — (3 W@”ﬂ + 0,00"0) — gx [(WTa‘TWW + (i)o| — = ( T + o%) — 2

K.E K.E interaction term between nucleons Pion nucleon Potential
Of nucleons Of Mesons and the mesons

Nucleon mass term

Int.J.Mod.Phys. E6 (1997) 203
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U(Nf)r x U(Nf)€ linear-sigma model

Chiral Lagrangian of U(Nf)r x U(Nf)€ linear-sigma model for any Nf flavors
Eﬂhiraf — "E'q -+ Em

Fermionic Part — ‘E’Q — ng(r}(”ﬂﬂ o gTﬂ(Jﬂ + i’:ﬂfﬁﬂa))wf
I

Mesonic Part e L., — Tr(ﬂfcb’fﬂ”@ — THE‘I’JF‘I’) — A1 [TT({I’T{I’)]?
X Tr(®'®)? + c[Det(®) + Det(d")]
+Tr[H(® + @),

¢5 a complex Nf x Nf matrix parameterizing the scalar and pseudoscalar mesons,
Y
o =Yy

where o, are the scalar (JP = 0+) fields and 1T, are the pseudoscalar (J” = 07) fields.

Phys. Rev. D 62, 085008 (2000).
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U(Nf)r x U(Nf)€ linear-sigma model

The NfxNf matrix H breaks the symmetry, explicitly

H =14, hqg

o~ Py

where h, are nine external fields and T,= A, /2 are generators of U(3) with Aa
are Gell-Mann matrices

The T, are normalized such that Tr(7,73) = d45/2 and obey the U(3)
[Tﬂn Tb] =1 fa,bc 1. .
{.ITG.*. Tb} — d&bc 'Tc .

where f, . and d,,. are the standard antisymmetric and symmetric structure constants
of SU(Nf ), respectively, and
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The complex N;x N, matrix reads D =Tq0q =Tq (04 + i7g)
By using Pauli and Gell-mann Matrices, we find
For N; = 2, For N¢ =3,
(Hordd TR
! 0 1 0
Taga = —= \/5 _\/§ 1 1 0 , Taga = ﬁ a(] \/5(104'@0'84'\/?0'0 | K
\/§ ) ﬁUU - ﬁao K- K0 —%Ug%— 700
1 1.0 + L0 Loy Lo + +
T - i ﬁﬂ—ﬂ + Wﬂ- T 1 \/j“ + \/6“8 + V3 0 T K
ara - 110" Tumy = — T — Ll L+ Ly K"
V2 T 50— 5T 7% ATt Emt
2 V2 K- KO _2 .1
ﬁxg—{— =70
For N; =4,
e‘—"+"?"+£+ﬂ 3l k' DY LN I} i g o
e 5ol e EF ol
g ST Dy oo R BLA g >
o AR, oL ! ERh
ala® R =0 a0 x5 2
- %00 00 15 208 D+ \/? K K rn, m == Dé
V2 2( o s oo o5
=0 nl  3nl
=10 " o0 3015 D D* D; —_-—
D D; D [ B
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To calculate the grand potential in mean-field approximation, we start from the partition
function.

In thermal equilibrium, the grand-canonical partition-function can be defined by using a
path integral over the quark, antiquark and meson field.

Z = Trexp[—(H - ) _ usNy)/T)
/

- / UDUGDWG / Dy Dipexp /m (£+Zf:ﬂf%5f70¢f) :

where fx — ifol/Tdf fV d3x and f“"f It the chemical potential
ForN;=2,f=u,d, ifN;=3,f=u,dandsand ifNi=4f=u,d,sandc
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Mean-field approximation

Thermodynamic potential density

ForNg=2, () — Z/{(gb, gb*) —1—U(O’g) + Qqq(gba Qb*;o'l)*
ForN =3, () = Z/((éjé*)+U(UZ,US)‘|‘Q(jq(¢7¢*70_l70_8)'
Z/{(én é*) + U(Ulngsn OC) T Q@Q(én (b*aUhOS?UC)'

N n n

Polyakov-loop Pure mesonic quarks and antiquarks
Potential potential potential
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For N; = 2,

For N; =3,

For N; =4,

Pure mesonic potential

U(o) = 2(02 — v2)? — co .

where g, A, v, and c, are model parameters

Phys.Rev.D76:074023,2007

mt(of +0) coto, Mote? (2 +h)of . (A +Xg)o!
) o) 2 3 4

where my, h, h, A, A,, ¢, and g are model parameters

Ulo,05) = =Moy = hsog +

Phys.Rev. D81 (2010) 074013

|
U(oy, 05, 0) = - (-thoc+2)tloc4+2 Ay 004-8h101+411002012+2)Llol4+12014-
8

2 (4hs+cc7C 012) os+d ) (002+012) 052+2 (A +4y) os,4+4m2 (0C2+012+052))
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Quarks-antiquarks potential

~ P e . o
Qgq(0,9%,04) = —QTZ/ { [1+3(¢+¢ e f) x e TT 43T f]

E;+ Ec+ E¢+
+1n {1+3(¢*+¢e— fT”f) we Tt o3 fT”f”,

where the dispersion relation 7, = \/15'2 + m?,

Phys. Rev. D 77, 114028 (2008).

Mass of the quark flavors couples to the sigma field via Yukawa coupling g

Foer=2,f:|:u,d ml:go-l

For N,=3,f=u,dands ml:gol/Qandmszgas/\/i
ForN,=4f=u d s andc My = §o1/2, mg = gog/v2 and m, = go.//?2
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Polyakov-loop Potential

Polyakov-loop potential introduces the gluons degrees-of-freedom and the
dynamics of the quark-gluon interactions to the QCD matter.

Polynomial-logarithmic parameterization of the Polyakov-loop potential,
they even included higher-order terms,

U olyLo *T —a(l’ % % % - k]
PolyLog 0.0 1) _ a()oo+MTNﬂﬁ6@o+4w3+@53w¢¥}

T4 2
o) . | .
I
2
o(T) = ot 2 TU/T) ¥ 25 (TO/T) H(T) = bo (TO/T)" (1= =TT,
14 23 (T0/T) + 24 (TO/T)
where the coefficients x=a, ¢ and d Phys. Rev. D 88, 074502 (2013).
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AT 'z Chiral and deconfinement order-parameters
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The thermodynamic potential

0 = U0,0") +Uloy, 05,0.) + Va0, 0", 01,05, 7).

has the parameters

4 chiral condensates 01,04,0

+ deconfinement order-parameters (P and (P*

The analysis of the order parameters is given by minimizing the real part of
thermodynamic potential Re ()

The solutions of these equations can be determined by minimizing the real

potential at a saddle point, 50 o 992 90 90

e — —_— — = :D
Do, O, 06, Od 0o

TMLLTL

The behavior of the chiral condensate 91> 9s:%9¢  and the Polyakov-loop

expectation values ¢ and ¢* as functions of T and p shall be presented
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Results
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%
At p =0, the (thermal) expectation values of Polyakov-loops are identical, i.e. ¢ = ¢

Constituent quark mass
m, ~ 300 MeV,

m, ~433 MeV, and
mc ~ 1750 MeV.
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1.2

Results of | and s condensates at finite mu
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e Results of Polyakov-loop variables at finite mu
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Summary and Outlook

» Constructing PLSM Lagrangian in SU(2), SU(3) and SU(4)

» Introducing Ployakov-Loop Corrections to LSM

» Constructing SU(4) PLSM formalism at finite T and mu

» Estimating T- and mu-dependence of chiral and deconfinement

order-parameters

» Estimate T- and mu-inmedium effects on hadrons with c-quarks
» Comparing with lattice QCD simulations

» Electromagnetic effects at finite T and mu
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