Correspondence between Solutions of
Scattering Equations and Scattering
Amplitudes in Four Dimensions

Yi-Jian Du®  Fei Teng®  Yong-Shi Wu®?

*Wuhan University, Wuhan, China
bUniversity of Utah, Salt Lake City, UT, USA

¢Fudan University, Shanghai, China

ICHEP 2016

Reference: arxiv:1603.08158, arxiv:1608.00883

Correspondence
between Solutions
of Scattering
Equations and
Scattering
Amplitudes in Four
Dimensions

Y-J Du, F. Teng,
and Y-S Wu

Scattering equation

CHY formula

New identities

MHV amplitudes for
YM and GR

MHV amplitudes for
EYM



Outline

Introduction

CHY formalism
Scattering equation
CHY formula

The special solution of SE and MHV amplitudes
New identities
MHYV amplitudes for YM and GR
MHV amplitudes for EYM

Summary

Back-up

Correspondence
between Solutions
of Scattering
Equations and
Scattering
Amplitudes in Four
Dimensions

Y-J Du, F. Teng,
and Y-S Wu

Scattering equation

CHY formula

New identities




Backgrounds

Traditional Feynman diagram calculations on multi-particle
scattering amplitudes are highly complicated because there
are

» too many diagrams,
» correlation of color and kinematic factors,
» too many kinematic factors in each diagram.

New formalisms/tools/properties for scattering amplitudes
are required.
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Correspondence
BaCkgrOU ndS between Solutions
of Scattering
Equations and
Scattering
Amplitudes in Four
Dimensions

> In recent decades, many new compact expressions based on

» spinor helicity formalism in 4D Y-J Du, F. Teng,
» color decomposition and Y-5 Wu
have been developed. Introduction

> In 4D, tree-level amplitudes with all same/all but one same
helicity vanish. maximally-helicity-violation (MHV)
configurations with two particles have different helicity from
others are nontrivial and were shown to have unexpected
compact simplicity:

Parke-Taylor

Hodges
SBDW

All these new formulas/methods refreshed our knowledge on the
hidden simplicity of scattering amplitudes.
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Color-ordered YM amplitudes at tree level in MHV et bt
configuration satisfy Parke-Taylor formula

.4
AYM(1+ PN NIITI (i)

i, 7 are two negative helicity gluons



Hodges formula

Correspondence
between Solutions
of Sc?ttering
The gravity amplltude at tree level in MHV configuration has the B
form Amplitudes in Four
Dimensions
MELR(IJrv e 7i )t aj s 7n+) = <Z]>8M(12 cee TL), anzu\'(-l:s'\)-veung'
Where Introduction
» M is given by
M@12...n) = (=1)"" ey uc?? det(pir),
Cijk = Cijk = T .1 -
(i) (jk) (ki)
> The matrix ¢ (Hodges matrix) is given by:
{ab) a4b
[ab]
Pab = [al)(im) {is)
oS ),y
= (al){am)(as)

The diagonal elements ¢,, do not depend on the choice of
the spinors |m) and |s) (gauge invariance).



SBDW formula for MHV EYM amplitudes between Solutons

of Scattering
Single-trace amplitudes for EYM in the MHV configurations Eqsuation§ and
(97g7) and (g~ h~) satisfy SBDW formula PO -
Dimensions
Y-J Du, F. Teng,
<Z]>4 and Y-S Wu

EYM _ P 4
AT an s orihay o ho) <g192><9293>-~~<grg1>s(’J’{h b AeTh

Introduction

> 4, j are negative helicity particles, S is a generating function:

S(h+) = ( H E%f’m) exp[ Z Qnq Z wlnl

meh ni€hy legt

)

X exp[ Z an2’l/)n1n2 exp ( . )]:|

ng€hy am=0
na#ny
where (61} (b5)
_ LAY}
wab - ¢)ab (az) <aj> .

> (h~h~) amplitude vanishes (conjecture).
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Scattering equation (SE) sewen Slsions
of Scattering
Equations and

CHY formula is based on scattering Scattering
. Amplitudes in Four
equatlons Dimensions
n Y-J Du, F. Teng,
ka - kb and Y-S Wu
D=0 (a=1m)
p—1 @ b
b#a
where k are on-shell momenta of external particles. Scattering equation

Properties of SE
> Only (n — 3) are independent:

ko - ky

Oaq — Op

= ) ol fa=0form=0,1,2

a=1

fa

» M0bius covariance: suppose {0} is a solution set, then

¢ _aoq+ B

_'YO— +(S a?ﬂa’yaéec

is also a solution set.
> There are (n — 3)! solutions.



. . . Correspondence
SpeCIal SOlUtlonS n 4D between Solutions
of Scattering
Equations and
Scattering
Amplitudes in Four

In four dimensions, there always exist two rational ones in terms of Dimwmsens
spinor variables: Y-J Du, F. Teng,
and Y-S Wu
S0 _ (ad)(ng) »2 _ laf]né]
¢ {ag)(nd) ¢ [ag]no]

Scattering equation

> The arbitrary spinors |0), |n) and |£) encode the whole
SL(2,C) freedom.

> They were conjectured to correspond to MHV and anti-MHV
amplitudes before (Naculich, 2014), but there were no
explicit proof.

» In addition, it was not clear what role other solutions play in
the MHV and anti-MHV amplitudes.
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CHY formula between Soluions

of Scattering

CHY formula is a formula based on SE: Equations and
Scattering
Amplitudes in Four
dzi---dz Dimensions
An = m Z(k, e 2) ¥-J Du, F. Teng
o ’ and Y-S Wu
Building blocks
> Integrand Z(k, ¢, z) depends on theories, contains information of
external particles.
CHY formula

» The integral measure:

dz1 - -dzn
o e

c#p,q,r

The volume of SL(2,C) are divided and g4p = 04 — 5.

> Support:
n
H fa = ZijRjkRki H 6fa

aF#i,5,k

> jé encloses all the solutions of the SE f, = 0.
o



CHY integrands

CHY integrands Z(k, ¢, z) for YM, GR, EYM are following.

» Color-ordered tree amplitude in YM:

T™(k,e,2) = —— pri(w)

212223 " Znl
» Tree amplitude in GR:

IR(k, e, 2) = [PF' (V)]

> Single-trace color-ordered tree amplitude in EYM:

1

2919279293 """ Fgro1

PE(0y,) Pt (Ppg)
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WU matrix and reduced Pfaffian

W is a 2n X 2n skew-symmetric matrix:
_ (A -CT
(&)

The n x n submatrices A, B and C are

Sab 2€q-€ 2eq-ky
Zab Zab Zab
0 0 T ke
Reduced Pfaffian is define by
/ _ (_1)1+J 3
Pf(T) = - Pf(\IJZ;)

\I/Z means the i-th and j-th row and column of ¥ have been deleted

(i,7€{1,2,...,n}).
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Integrated CHY formula

After integration, amplitude is expressed as a summation of

contributions of each solution:

>

Pt/ ()
det,(q:')0'120'23 s 0Onl

{oq}€Esol.
3 [P’ (V)]
LSl
{ca}€sol. det’(®)
! P03 )P (W)
{oa}Esol. 0919209293 """ Tgran det/(®)
where
det'(®) = L det(q)ijk)
0ijO0jkO0kiOpqOqrOrp pqr

@;J;i is the Jacobian of the delta functions and det’

of the choice of (7, j, k) and (p, q,r).

(®) is independent
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» Can we directly evaluate helicity amplitudes and obtain
simple compact formulas by using the CHY formalism?
CHY formula

> |s there any relation between solutions of SE and helicity
configurations?
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. et Correspondence
N ew Id entltles between Solutions
of Scattering
Equations and
Scattering
Amplitudes in Four

CHY building blocks satisfy following new identities under the RISIECE
special solution Ezgigzgi et

Pt (W) = [F(&,n,0)]" (Pe)*(xy) ' M(12. . .n)
det/(®) = [F(&,71,0)]" (Pe)' M(12...n)
1 } (12)---<n1>
(Pe)?

0'12"'0'n1:|: (

F(&,m,0)

New identities

Mobius covariance are encoded in the factors

Flen0) = 50 p=T] e,

Thus Mobius covariance is separated from gauge invariance.




Outline

The special solution of SE and MHV amplitudes
MHYV amplitudes for YM and GR
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The special solution and MHV in YM/GR

Putting these identities into the CHY formula for YM and
GR, we have:

AYM

1

[F(&,n,0)]" (Pe)*(xy) ' M(12. .. n)

[ 1 ]n<12>«»~(711>

F(&,n,0)
(zy)*

(12) -+ (n1)

(Pe)?

[F(&,7,0)]>"(Pe)*M(12...n)

Parke-Taylor formula

{IF(&,n,0)]™(Pe)*(zy) ' M (12...n)}?

[F(€n, 0)P (Pe) ' M (12 )

(xy)*M(12..

.n)

Hodges formula.
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Other solutions do not contribute to MHV

For other solutions

> Pf/(¥) = 0 for the other special rational solution

[a0][né]
[ag][mo]”

» All other solutions make Pf’(¥) vanish.

» Similar result is true for a,(f)

exchange all (...) with [...].

and anti-MHV amplitudes, if we
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The special solution of SE and MHV amplitudes

MHYV amplitudes for EYM
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The special solution and MHV EYM amplitude

For single trace EYM amplitude and the special solution %,

we prove

PEUA)) e det(én)
0919209293 - - Ogrg1 F (PE) (9192)(g293) - - - (grg1) ’

for (¢~¢~) and

Gglgaljg[z\f: Fé~)]Ugr91 ~ (Pg)Q <9192>(<i.;2t$[7§:>ﬁh);] (grg1) ’

for (h~g~). Putting these identities and the identities for Pf’(0),
det’(®), we obtain a compact formula

(ig;)*

4 ( (9192)(9293) - - - {grg1)

o org gy ) o det(dy+)
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Other solutions, (h~h™) configuration

Other solutions make the reduced Pfaffian Pf’/(¥) vanishing.

We prove that the special solution makes Pf[¥}] vanish at
the (h~h~) configuration.

Using the CHY formalism, we have proved analytically that the
(h~h™) MHV amplitudes in EYM are zero.

We can further prove that general EYM amplitudes with gluons
having the same helicity also vanish.
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We derive that the SBDW generating function has a graph theory v b T
- u, F. Teng,

Interpretation: ot 1
1o}
Sthy) = H —— | exp Z an, Z WViny
dam
mehy n1€hy legt
Xexp[ Z anzwnan exp ()]:|
na€hy A =0
na#ny
= Z H wab g\‘("l\)l/ amplitudes for
FeF + \vavp€E(F)
vertices — g|Jh, roots — gt

edge weight — Y45, ]-'g+ — Forests with roots in gJr



Example

A diagram for ABYM(hT hd hd g1, 94, 95,91 ), where we define

h1517 h2527 h3E37 91547 92557 93567

Vertex 6 and 7 are disjoint to all the others due to our gauge choice.

94

=7.
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(ig;)*
(9192)(g293) - - - (grg1)

AEY]W(.

hiorgg gy ) ox det(¢p+)

is equivalent to SBDW since det(¢p+) has exactly the same graph
theory interpretation.

» This formula is much simpler and easier to compute
compared with SBDW.

MHV amplitudes for
EYM

» Same method can prove analytically other important results
(for example, gluon-same-helicity amplitudes).



Summary and Outlook between Solutons

of Scattering
Equations and
Scattering
Amplitudes in Four
Dimensions

In this talk Y-J 3u\,(FS.\'/rveng,
> We directly derived the Parke-Talyor/Hodges formulas in

YM/GR from the CHY formula.

» We derived a much more compact formula for single-trace
EYM MHV amplitudes and proved the equivalence with
SBDW formula.

» We proved the conjecture: single-trace EYM amplitudes
where all gluons have same helicity have to vanish.

» We find further correspondence between other solutions and Summary
configurations beyond MHV recently.



Thank you for your attention!
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Correspondence

Spinor-helicity formalism By
I 4D f W I H . of Scattering
n , one can use tow copy o eyl spinors to express vectors: Eaeifions and
> On-shell momentum k of a massless particle has the form: N pLatioine
mplitudes in Four
Dimensions
ko = (kf : U)ad = |k]a<k|d Y-J Du, F. Teng,
and Y-S Wu

» Polarization vectors ¢* (k) of gluons have the form:

o ldatkla — [Haldle
ad \f[qk] ad \@<L]k>

, |4, {q| : reference spinors
For gravitons egR ~ ei(k)’gi(k).

» Index manipulation: (e!2 = —¢?1 =1, el =22 =)

— caB v aBL
[k|* = "Ikl k)" = e (kly
Back-up
» Spinor inner product:

[kp] = [k]*|pla (kp) = (klalp)®

» The transverse condition and gauge invariance of physical
amplitudes are preserved.



Color-dec

omposition

Color-dressed YM tree amplitude can be decomposed as

MM =" Tr (T T - T% ) ATM[1,0(2) -+ o (n)]

. color-dressed amplitude

Vertices in color-ordered Feynman rules (Feynman gauge)

2 TR

i

3 V2 [nmufz (k1 — k2) s
= + Npops (k2 — k3)uy
+ Nugpr (k3 — k1) o

000000000000

. [
= MupsMuopg — 2 (M1 paMpops + Mot peMus sl

: color-ordered amplitude
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