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0ν ββ Decay

If energetics are right (ordinary β
decay forbidden). . .

and neutrinos are their own
antiparticles. . .

can observe two neutrons turning
into protons, emitting two electrons
and nothing else, e.g. via
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New expts.

But rate also depends on a nuclear matrix element.
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Other Mechanisms Can Contribute

If neutrinoless decay occurs then ν’s
are Majorana, no matter what:
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For light neutrino exchange, there are no WR’s in the
dominant term, and the propagator is roughly propor-
tional to �m��	 / �q	2, where �q	�100 MeV is a typical
virtual-neutrino momentum. Then, instead of Eq. �41�,
we have
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so that the two amplitudes will be approximately equal
when �assuming that MWR

�mR� �Mohapatra 1999; Cir-
igliano et al., 2004�,

mR � MWL
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�m��	
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, �43�

which is on the order of 1 TeV for �m��	���matm
2 . Thus

if the heavy mass scale in left-right symmetric models is
about a TeV or less, it will not be so easy to determine
the mass scale of the light neutrinos from double beta
decay. The same statement is true of many other hypo-
thetical lepton-number-violating models �supersymme-
try, leptoquarks, etc.� because they usually generate
double beta decay in a similar way, through graphs in
which heavy particles of some kind play the role of the
WR’s and heavy neutrinos.

Neutrinoless double beta decay in extra-standard
models gives rise to new nuclear matrix elements. The
presence of a single right-handed lepton current causes
the q��� term in the propagator of Eq. �21� to contribute
to the amplitude, giving rise to derivatives of the neu-
trino potential presented here or forcing one of the elec-
trons into a p state. The outgoing p wave leads to a
different dependence on the angle between the two
emitted electrons that could in principle be exploited to
distinguish between the action of right-handed currents
and the neutrino mass in light neutrino exchange. But
the short-range exchange of a heavy particle will not
always manifest something like the q��� term, and often
the only way to distinguish such a process from
neutrino-mass-induced decay is to exploit the different
nuclear matrix elements that enter. Provided the matrix
elements can be accurately calculated, analysis of mea-
sured lifetimes in several isotopes or to several states in
the same istotope can tell you whether long or short
range is responsible. Of course, as already mentioned,
the accuracy with which nuclear matrix elements can be
calculated is a big issue, and we discuss it later. A more
detailed treatment of the matrix elements governing the
various kinds of double beta decay can be found in Hax-
ton and Stephenson �1984�; Doi et al. �1985�; Tomoda
�1991�; Šinkovic and Faessler �2002�.

The implications of some popular extra-standard
models for ���0�� are discussed below. We close this
section with two general points. First, when the lepton
number is spontaneously broken, as it is in most models
that result in a see-saw mass matrix, there must exist one

or more zero-mass bosons, called Majorons, that could
be emitted along with the two electrons in double beta
decay ����0� ,��� �Chikashige et al., 1981; Gelmini and
Roncadelli, 1981; Georgi et al., 1981�. Apparently, how-
ever, it is difficult for such a process to have a very large
amplitude. Second, even if some exotic lepton-number-
violating physics exists and light neutrino exchange is
not responsible for the decay, the occurrence of ���0��
still implies that neutrinos are Majorana particles with
nonzero mass �Schechter and Valle, 1982�. The reason is
that any diagram contributing to the decay can be in-
serted into a neutrino propagator, with outgoing elec-
tron lines closed appropriately as in Fig. 3. If ���0��
decay is observed, we will know for certain that neutri-
nos are their own antiparticles, even if the possibility of
exotic physics or uncertainty in the nuclear matrix ele-
ments prevents an accurate extraction of the neutrino
mass scale from observation.

IV. DOUBLE BETA DECAY AND NEW PHYSICS

Over the past few decades much has been learned
about the neutrino mixing angles and mass eigenvalues.
Table I summarizes our knowledge of these neutrino pa-
rameters. These results have increased the importance
of ���0�� experiments; in the first subsection below, we
explain why. The other subsections discuss other physics
that might be revealed by ���0��.

A. Neutrino mass

If neutrinos are Majorana particles, they will mediate
���0�� at a rate proportional to the square of �m��	, Eq.
�22�. The known values of the mixing-matrix elements in
Eq. �18� allow us to predict the rate of ���0�� under
several scenarios for the neutrino’s mass spectrum. If we
ignore the LSND result �see Sec. IV.C� the oscillation
data are consistent with only three such masses, but
their spectrum can still take four possible forms:

�i� Normal hierarchy Dirac: The two masses with the
smaller splitting indicated by �msol

2 are smaller
than the third mass. The neutrinos are Dirac.

�ii� Inverted hierarchy Dirac: The two masses with
the smaller splitting indicated by �msol

2 are larger
than the third mass. The neutrinos are Dirac.

�iii� Normal hierarchy Majorana: The two masses with
the smaller splitting indicated by �msol

2 are smaller
than the third mass. The neutrinos are Majorana.

�iv� Inverted hierarchy Majorana: The two masses
with the smaller splitting indicated by �msol

2 are
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FIG. 3. Majorana propagator resulting from ���0�� amplitude
�Schechter and Valle, 1982�.
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but light neutrinos may not drive the decay:

Exchange of heavy right-handed neutrino
in left-right symmetric model.

Amplitude of exotic mechanism:

Zheavy
0ν

Z light
0ν

≈
(

MWL

MWR

)4( 〈q2〉
meff mN

)
〈q2〉≈104 MeV2

≈ 1 if mN ≈ 1 TeV and meff ≈
√
∆m2

atm

So exotic exchange can occur with roughly the same rate as
light-ν exchange. Untangling would seem to require several
expts and accurate nuclear matrix elements for all processes.

But apparently, LHC should either see many such things
or rule them out as competition to light-ν exchange.
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Light-ν-Exchange Matrix Element

M0ν = MGT
0ν −

g2
V

g2
A

MF
0ν + . . .

with

MGT
0ν = 〈F| |

∑
i, j

H(rij)σi · σj τ
+
i τ

+
j |I 〉+ . . .

MF
0ν =〈F |

∑
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H(rij) τ
+
i τ

+
j |I 〉+ . . .

H(r) ≈ 2R
πr

∫∞
0

dq
sin qr

q + E − (Ei + Ef)/2
roughly ∝ 1/r

Contribution to integral peaks at q ≈ 200 MeV inside nucleus.
Corrections are from “forbidden” terms, weak nucleon form
factors, many-body currents . . .



Nuclear-Structure Methods in One Slide

Density Functional Theory & Related Techniques: Mean-field-like
theory plus relatively simple corrections in very large single-particle
space with phenomenological interaction.

Shell Model: Partly phenomenological interaction in a small
single-particle space — a few orbitals near nuclear Fermi surface —
but with arbitrarily complex correlations.

Ab Initio Calculations: Start from a well justified two-nucleon +
three-nucleon Hamiltonian, then solve full many-body Schrödinger
equation to good accuracy in space large enough to include all
important correlations. At present, works pretty well in systems
near closed shells up to A ≈ 50.

Interacting Boson Model: Model for collective states (as bosonic
excitations).

...

New!

Has potential to combine and ground virtues of
shell model and density functional theory.
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Level of Agreement So Far

Significant spread.
And all the models
could be missing
important physics.

Uncertainty hard
to quantify.

More computing power and new many-body methods responsible
for major recent progress in ab initio theory.

Theorists are organizing; should be able to do better now.
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Traditional Shell Model
Starting point: set of single-particle orbitals in an average potential.

protons neutrons

QRPA

Shell
Model

protons neutrons

QRPA

Shell
Model

Shell model neglects all but a few orbitals around the Fermi
surface, uses phenomenological Hamiltonian.
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Ab Initio Nuclear Structure in Heavy Nuclei
Typically starts with chiral effective field theory; degrees of
freedom are nucleons and pions below the chiral-symmetry
breaking scale.

+... +... +...

+...

2N Force 3N Force 4N Force

LO

(Q/⇤�)
0

NLO

(Q/⇤�)
2

NNLO

(Q/⇤�)
3

N3LO

(Q/⇤�)
4

Figure 1: Hierarchy of nuclear forces in ChPT. Solid lines represent nucleons and dashed lines pions. Small dots, large solid
dots, solid squares, and solid diamonds denote vertices of index � = 0, 1, 2, and 4, respectively. Further explanations are
given in the text.

The reason why we talk of a hierarchy of nuclear forces is that two- and many-nucleon forces are created
on an equal footing and emerge in increasing number as we go to higher and higher orders. At NNLO, the
first set of nonvanishing three-nucleon forces (3NF) occur [70, 71], cf. column ‘3N Force’ of Fig. 1. In fact, at
the previous order, NLO, irreducible 3N graphs appear already, however, it has been shown by Weinberg [52]
and others [70, 127, 128] that these diagrams all cancel. Since nonvanishing 3NF contributions happen first
at order (Q/⇤�)3, they are very weak as compared to 2NF which start at (Q/⇤�)0.

More 2PE is produced at ⌫ = 4, next-to-next-to-next-to-leading order (N3LO), of which we show only
a few symbolic diagrams in Fig. 1. Two-loop 2PE graphs show up for the first time and so does three-pion
exchange (3PE) which necessarily involves two loops. 3PE was found to be negligible at this order [57, 58].
Most importantly, 15 new contact terms ⇠ Q4 arise and are represented by the four-nucleon-leg graph with
a solid diamond. They include a quadratic spin-orbit term and contribute up to D-waves. Mainly due to
the increased number of contact terms, a quantitative description of the two-nucleon interaction up to about
300 MeV lab. energy is possible, at N3LO (for details, see below). Besides further 3NF, four-nucleon forces
(4NF) start at this order. Since the leading 4NF come into existence one order higher than the leading 3NF,
4NF are weaker than 3NF. Thus, ChPT provides a straightforward explanation for the empirically known
fact that 2NF � 3NF � 4NF . . . .

4. Two-nucleon interactions

The last section was just an overview. In this section, we will fill in all the details involved in the ChPT
development of the NN interaction; and 3NF and 4NF will be discussed in Section 5. We start by talking

19

π

c3, c4 cD

And comes with consistent weak current.
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Ab Initio Shell Model
Because un-doctored ab initio calculations far from closed shells still difficult

Partition of Full Hilbert Space

P̂HP̂ P̂HQ̂

Q̂HP̂ Q̂HQ̂

P Q

P

Q

Shell model done here.

P = valence space
Q = the rest

Task: Find unitary transformation to
make H block-diagonal in P and Q,
with Heff in P reproducing most
important eigenvalues.

For transition operator M̂, must apply
same transformation to get M̂eff.

As difficult as solving full problem. But idea is that N-body ef-
fective operators should not be important for N > 2 or 3.
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Method 1: Coupled-Cluster Theory
Ground state in closed-shell nucleus:

|Ψ0〉 = eT |ϕ0〉 T =
∑
i,m

tm
i a†mai +

∑
ij,mn

1
4

tmn
ij a†ma†naiaj + . . .

m,n>F i,j<F

States in closed-shell + a few constructed in similar way.

Slater determinant

Construction of Unitary Transformation to Shell Model:

1. Complete calculation of low-lying states in nuclei with 1, 2, and 3
nucleons outside closed shell (where calculations are feasible).

2. Lee-Suzuki mapping of lowest eigenstates onto shell-model space,
determine effective Hamiltonian and decay operator.
Lee-Suzuki maps lowest eigenvectors to orthogonal vectors in shell model space
in way that minimizes difference between mapped and original vectors.

3. Use these operators in shell-model for ββ-decaying nucleus.
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Method 2: In-Medium Similarity Renormalization Group

Flow equation for effective Hamiltonian.
Shell-model space asymptotically decoupled.

d
ds

H(s) = [η(s),H(s)] , η(s) = [Hd(s),Hod(s)] , H(∞) = Heff

d = diagonal od = off diagonal
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Figure 7: Decoupling for the White generator, Eq. (41), in the Jπ = 0+ neutron-
neutron interaction matrix elements of 40Ca (emax = 8, ~ω = 20 MeV, Entem-Machleidt
N3LO(500) evolved to λ = 2.0 fm−1). Only hhhh, hhpp, pphh, and pppp blocks of the
matrix are shown.

mechanism. A likely explanation is that the truncation of the commutator (49) to one-
and two-body contributions only (Eqs. (50), (51)) causes an imbalance in the infinite-
order re-summation of the many-body perturbation series. For the time being, we have to
advise against the use of the Wegner generator in IM-SRG calculations with (comparably)
“hard” interactions that exhibit poor order-by-order convergence of the perturbation
series.

5.4. Decoupling

As discussed in Sec. 4.1, the IM-SRG is built around the concept of decoupling the
reference state from excitations, and thereby mapping it onto the fully interacting ground
state of the many-body system within truncation errors. Let us now demonstrate that
the decoupling occurs as intended in a sample calculation for 40Ca with our standard
chiral N3LO interaction at λ = 2.0 fm−1. Figure 7 shows the rapid suppression of the
off-diagonal matrix elements in the Jπ = 0+ neutron-neutron matrix elements as we
integrate the IM-SRG(2) flow equations. At s = 2.0, after only 20–30 integration steps
with the White generator, the Γpp′hh′(s) have been weakened significantly, and when we
reach the stopping criterion for the flow at s = 18.3, these matrix elements have vanished
to the desired accuracy. While the details depend on the specific choice of generator, the
decoupling seen in Fig. 7 is representative for other cases.

With the suppression of the off-diagonal matrix elements, the many-body Hamiltonian
is driven to the simplified form first indicated in Fig. 2. The IM-SRG evolution not only
decouples the ground state from excitations, but reduces the coupling between excitations
as well. This coupling is an indicator of strong correlations in the many-body system,
which usually require high- or even infinite-order treatments in approaches based on the
Goldstone expansion. As we have discussed in Sec. 3, the IM-SRG can be understood as
a non-perturbative, infinite-order re-summation of the many-body perturbation series,
which builds the effects of correlations into the flowing Hamiltonian. To illustrate this,
we show results from using the final IM-SRG Hamiltonian H(∞) in Hartree-Fock and
post-HF methods in Fig. 8.

After the same 20–30 integration steps that lead to a strong suppression of the off-
diagonal matrix elements (cf. Fig. 14), the energies of all methods collapse to the same
result, which is the IM-SRG(2) ground-state energy. By construction, this is the result
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Hergert et al.

Development about as far along as coupled clusters.



Related Issue Facing All Calculations: “gA”

40-Year-Old Problem Particularly Important in ββ Decay:
Effective gA needed for two-neutrino decay in shell model and IBM

One obtains gA,eff
IBM-2~0.6-0.5. 

The extracted values can be parametrized
 

as
A similar analysis can be done for the ISM 
for which gA,eff

ISM~0.8-0.7.

2 0.2
, 1.269IBM

A effg A−=

0.12
, 1.269ISM

A effg A−=

Effective axial vector coupling constant in nuclei from 2νββ

F. Iachello, MEDEX’13 meeting

If 0ν matrix elements quenched by same amount, experiments
will be less sensitive; rates go like fourth power of gA.



We Should Resolve the Issue Soon

Problem must be due to some combination of:

1. Truncation of model space.
Should be fixable in ab-initio shell model, which compensates
effects of truncation via effective operators.

2. Many-body weak currents.
Size still not clear, particularly for 0νββ decay, where current
is needed at finite momentum transfer q.

Leading terms in chiral EFT for finite q only recently worked
out. Careful determination and use in decay computations will
happen in next year or two.
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Finally. . .

Existence of topical collaboration will speed progress in next few
years on this and other fronts:

Uncertainty quantification
Other mechanisms for ββ decay, short-range physics

...

Goal is accurate matrix elements with quantified uncertainty by
end of collaboration (5 years from now).

That’s all.
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