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Experimental high-energy physics community searching broadly for direct and indirect signs of 
new particles and forces over wide range of energy scales and areas within particle physics

High-precision measurements sensitive to quantum-mechanical effects of new 
particles that would give rise to tiny deviations from Standard-Model expectations

Revealing���������	
��������������������  new���������	
��������������������  physics���������	
��������������������  requires���������	
��������������������  reliable���������	
��������������������  and���������	
��������������������  precise���������	
��������������������  theory!

Where is the new physics?
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muon anomalous magnetic moment 
sensitive to SUSY, X-dimensions,
dark photons, ...                      2    3
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The lattice-QCD HEP program

U.S. DOE HEPAP Particle Physics Prioritization Panel (P5) identified five “compelling 
lines of inquiry [that] show great promise for discovery over the next 10 to 
20 years:”
(1) Explore the unknown: new particles, interactions,

& physical principles

(2) Use the Higgs boson as a new tool for discovery

(3) Pursue the physics associated with neutrino mass

(4) Identify the new physics of dark matter

(5) Understand cosmic acceleration: dark energy & inflation

Lattice-QCD���������	
��������������������  calculations���������	
��������������������  supporting���������	
��������������������  all���������	
��������������������  of���������	
��������������������  these���������	
��������������������  areas���������	
��������������������  underway!

3

(See appendix slides on the role of lattice QCD for cosmic-frontier experiments)

Lattice high-energy-physics effort aims to reduce QCD uncertainties to at-or-below 
measurement errors to maximize discovery potential of high-precision experiments



Precision lattice QCD

“[An] area of striking progress has been lattice gauge theory. ... It is now possible to 
compute the spectrum of hadrons with high accuracy, and lattice computations have 

been crucial in the measurement of the properties of heavy quarks.  Continuing 
improvements in calculational methods are anticipated in coming years.”

— Snowmass 2013 Executive Summary (1401.6075)
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QCD Lagrangian contains 1 + nf + 1 parameters that can be fixed from equal number of 
experimental inputs

Fundamental parameter                                 Experimental input

Gauge coupling g2                                                       r1, mΩ, Υ(2S-1S), or fπ

nf quark masses mf                                                       mπ, mK, mJ/ψ, mΥ, ...

θ = 0                                                                       neutron EDM (|θ| <10-11)

Once the parameters are fixed, everything else is a prediction of the theory

Calculations of hadronic parameters challenging in practice because low-energy QCD is 
nonperturbative
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Numerical lattice QCD

Systematic method for calculating 
hadronic parameters from QCD first 
principles 

Define QCD on (Euclidean) spacetime 
lattice and solve path integral 
numerically

Recover QCD when lattice spacing 
a→0 and box size L→∞

a

L = N
S
a

L
4
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4
a T = NT a

L 
= 

N
S 

a

Simulate using Monte-Carlo methods and 
importance sampling

Sample from all possible field 
configurations using a distribution given 
by exp(-SQCD)

Run codes upon supercomputers and 
dedicated clusters

Argonne Natl. Lab BG/Q
∼10 PetaFlops peakl
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Modern lattice-QCD simulations

7

Standard simulations include dynamical
u, d, s (& c) quarks in the vacuum 

(Typically���������	
��������������������  sea���������	
��������������������  mu=md)

Control systematic errors using gauge-
field ensembles with different parameters:

Multiple lattice spacings to extrapolate to 
continuum limit (a→0)

Multiple up/down-quark masses to 
interpolate or extrapolate to physical
Mπ =135 MeV

Multiple spatial volumes to estimate finite-
size effects

Most precise results for simple processes 
with single (stable) initial hadron & at 
most 1 final-state hadron
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Modern lattice-QCD simulations

7

Standard simulations include dynamical
u, d, s (& c) quarks in the vacuum 

(Typically���������	
��������������������  sea���������	
��������������������  mu=md)

Control systematic errors using gauge-
field ensembles with different parameters:

Multiple lattice spacings to extrapolate to 
continuum limit (a→0)

Multiple up/down-quark masses to 
interpolate or extrapolate to physical
Mπ =135 MeV

Multiple spatial volumes to estimate finite-
size effects

Most precise results for simple processes 
with single (stable) initial hadron & at 
most 1 final-state hadron

All results presented in 
this talk have complete 
error budgets
(unless explicitly stated otherwise)
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Hadron spectrum from lattice QCD
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© 2012−2014 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

Lattice-QCD predictions 
of Bc mass, D(s) decay 
constants, & D→Klν form 
factor appeared before 
measurements with 
comparable precision

Independent lattice-QCD 
calculations using 
different actions & 
methods provide 
confirmation for matrix 
elements inaccessible by 
experiment 

Demonstrate that 
calculations are reliable 
with controlled errors!

8

Lattice-QCD validation

[update of compilation by Kronfeld in 1203.1204]

Lattice-QCD results agree with experimental measurements for wide variety of hadron 
properties including light- and heavy-hadron spectrum & proton-neutron mass difference



Lattice QCD for particle physics:
recent results & future prospects

“In the last five years lattice QCD has matured into a precision tool. ... 
The ultimate aim of lattice-QCD calculations is to reduce errors in 

hadronic quantities to the level at which they become subdominant 
either to experimental errors or other sources of error.”

— Snowmass 2013 Quark-flavor WG report (1311.1076)



Recent���������	
��������������������  lattice-QCD���������	
��������������������  results���������	
��������������������  for���������	
��������������������  
quark-flavor���������	
��������������������  physics

Explore the unknown: new particles, 
interactions, and physical principles



R.���������	
��������������������  Van���������	
��������������������  de���������	
��������������������  Water Lattice���������	
��������������������  QCD���������	
��������������������  for���������	
��������������������  precision���������	
��������������������  particle���������	
��������������������  physics

Quark-flavor���������	
��������������������  physics

11
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(1) Determination of CKM quark-
mixing matrix elements 
Use tree-level decays unlikely to 
receive substantial new-physics 
contributions

(2) New-physics searches in rare decays & 
mixing
Study (primarily) loop-level processes 
sensitive to beyond-the-Standard-Model 
contributions 

Most Standard-Model extensions have additional sources of flavor & CP violation 
in the quark sector

Lattice-QCD quark-flavor effort has two main thrusts:
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τ
−

ντ

W−b

B−

ū

2.2%

12

b-quark���������	
��������������������  physics���������	
��������������������  in���������	
��������������������  lattice���������	
��������������������  QCD

LQCD B-physics calculations rapidly 
improving precision & expanding scope

For B(s)-meson leptonic decay constants, 
confirmation from several calculations 
[see Rosner, Stone, RV, 1509.02220 
(PDG 2016)]

First fB at physical pion mass 
[HPQCD, PRL110, 222003 (2013)]

For form factors & mixing matrix 
elements, still only 1 or 2 calculations 
with ≳3 dynamical quarks... 

In few years, expect <1% fB(s) errors 
and percent-level form factors & 
mixing parameters from finer lattice 
spacings + improved actions at physical mb

In this talk focus on bottom quarks because many new results since ICHEP 2014  
Appendices present details & additional results for light (u,d,s) & heavy flavors (c,b)

2.2%
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13

Lattice-QCD community has mature & successful program to calculate weak matrix 
elements needed to obtain Cabibbo-Kobayashi-Maskawa quark-mixing matrix elements 
(see recent lattice reviews)

Simple processes in LQCD 
enable determinations of all CKM 

elements & phase except |Vtb|

0

BBBBBBBBBBBBB@
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CCCCCCCCCCCCCA

Several new B-meson & and b-baryon semileptonic 
form-factor results since ICHEP 2014 including:
(1) Two independent calculations of B→πlν form 

factors [RBC/UKQCD,PRDD91 (2015) 7, 
074510; Fermilab/MILC [PRDD92 (2015) 1, 
014024]

(2) First three-flavor B→Dlν form factors over 
full kinematic range (nonzero recoil)
[Fermilab/MILC, PRD92, 034506 (2015); 
HPQCD, PRD92, 054510 (2015)]

(3) First three-flavor Λb→plν and Λb→Λclν form 
factors with physical-mass b quarks [Detmold, 
Lehner, & Meinel, PRD92, 034503 (2015)]
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��������������������  Water Lattice���������	
��������������������  QCD���������	
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Implications���������	
��������������������  for���������	
��������������������  |Vub|���������	
��������������������  &���������	
��������������������  |Vcb|

14

B→D*lν

B→Dlν

Λb→plν

Λb→Λ
clν

B→πlν

B→Xulν
& B→Xclν
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ï¿½ 2015 Andreas Kronfeld, Fermi National Accelerator Laboratory
pexcl. = 0.27
68% CL
95% CL

[fit from Kronfeld]

B→D*lν

B→Dlν

Λb→plν

Λb→Λ
clν

B→πlν

B→Xulν
& B→Xclν

|Vub|:

2× smaller error on |Vub| from 
B→πlν

Determinations���������	
��������������������  from���������	
��������������������  inclusive���������	
��������������������  &���������	
��������������������  
exclusive���������	
��������������������  semileptonic���������	
��������������������  B���������	
��������������������  decays���������	
��������������������  
continue���������	
��������������������  to���������	
��������������������  differ���������	
��������������������  by���������	
��������������������  >2σ ...

|Vcb|:

Exclusive |Vcb| from B→Dlν over 
full kinematic range agrees with 
inclusive value

Lattice-QCD calculation of B→D*lν 
at nonzero recoil in progress ... 
perhaps “puzzle” will resolve itself?
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Several new results for b→d & b→s flavor-changing-
neutral current processes sensitive to new physics:
(1) First complete 3-flavor calculation of neutral

Bd,s-mixing matrix elements [Fermilab/MILC, 
PRD93, 113016]

Combination with experimental oscillation 
frequencies ΔMd,s yields CKM combinations
|Vtd Vtb*| & |Vts Vtb*| and constrains apex 
(ρ,̅η)̅ of CKM unitarity triangle

(2) First LQCD result for B→π tensor form factor 
[Fermilab/MILC PRL115, 152002 (2015)]

(3) First lattice-QCD calculation of Λb→Λ form 
factors with relativistic physical-mass b quarks 
[Detmold & Meinel, PRD93, 074501(2016)]
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16
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ICHEP 2014

[figures from E. Lunghi]
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Tension between
measurements growing!

[figures from E. Lunghi]
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18

Theoretical & experimental q2 shapes for B→π(K)µ+µ- differential branching fractions 
consistent, but measurements lie slightly below Standard-Model expectations

Lattice-QCD prediction for dB(B→πμ+μ-)/dq2 appeared before LHCb measurement!
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��������������������  precision���������	
��������������������  particle���������	
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SM���������	
��������������������  expectations���������	
��������������������  for���������	
��������������������  b→(d,s)l+l-���������	
��������������������  decays
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Nonzero baryon spin leads to nontrivial angular distributions for Λb→Λµ+µ- decay

Pattern of measurements can disentangle contributions from individual operators in the b→sll 
effective Hamiltonian

Measurements in [15 GeV2, 20 GeV2] bin above Standard Model
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|Vtq| from Bd,s-mixing ~2-3x more precise, but still limited by hadronic matrix elements

|Vts| from B→Kµµ >2x more precise, with commensurate theory & experimental errors

Implications���������	
��������������������  for���������	
��������������������  |Vtd|���������	
��������������������  &���������	
��������������������  |Vts|
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Determinations from flavor-changing-neutral current processes differ 
by ~2σ from values implied by tree-level processes + CKM unitarity
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Lattice-QCD progress 
on muon g-2

Explore the unknown: new particles, 
interactions, and physical principles
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Muon anomalous magnetic moment (g-2)
Fermilab Muon g-2 Experiment will reduce 
experimental error by 4 to explore ≳3σ tension 
between BNL measurement & Standard Model

22

To fully leverage new measurement, 
must bring Standard-Model theory 
error to commensurate precision

Hadronic contributions are calculable 
(in principle) with lattice QCD[B

lu
m
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t 
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.,

ar
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v:
13

11
.2

19
8 

]

SM 

7σ?

Exp. 

Hadronic
Light-by-Light

        δ(aμHLbL)=25%

Hadronic
Vacuum

Polarization 
δ(aμHVP)=0.6%

QED
+EW

Target���������	
��������������������  hadronic���������	
��������������������  uncertainties���������	
��������������������  are���������	
��������������������  

δ(aμHVP)≲0.2%���������	
��������������������  &���������	
��������������������  δ(aμHLbL)≲10%

http://arxiv.org/abs/arXiv:1311.2198
http://arxiv.org/abs/arXiv:1311.2198
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QCD

µ µγ

HVP 

Lowest-order contribution 
of O(αEM)

Current determination of 

Π(Q2) and aμHVP from

e+e-→hadrons limited by 
experimental uncertainties

23

Lattice-QCD progress on aμHVP

Can calculate nonperturbative vacuum 
polarization function Π(Q2) directly in lattice 
QCD from simple 2-point correlation function of 
EM quark current [Blum, PRL 91 (2003) 052001] 
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400 600 800

a
µ

HVP (x 1010)

(stat. only)
Aubin & Blum 2006

UKQCD 2011

ETMC 2013

ETMC 2011

Mainz 2011

Mainz 2016
(preliminary)

BMW 2013
(preliminary, stat. only)

e+e- (Davier et al. 2011)

u, d, s, c sea

u, d, s sea

u, d sea

HPCQD 2016 2.0%
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Lattice-QCD progress on aμHVP

Can calculate nonperturbative vacuum 
polarization function Π(Q2) directly in lattice 
QCD from simple 2-point correlation function of 
EM quark current [Blum, PRL 91 (2003) 052001] 

Several ongoing lattice efforts yielding new results 
since ICHEP 2014 including:

(1) First calculation of quark-disconnected 
contribution [RBC/UKQCD, PRL116, 232002 
(2016)]

(2)Second complete calculation of leading-order 
aμHVP [HPQCD, arXiv:1601.03071]

❖ First to reach precision needed to observe 
significant deviation from experiment 

~1% total uncertainty by 2018 possible

Sub-percent precision will require inclusion of 
isospin breaking & QED, and hence take longer



R. Van de Water Lattice QCD for precision particle physics

New method combines dynamical QCD gauge-field 
configurations with exact analytic formulae for photon 
propagators [Blum et al., PRD93, 014503 (2016)]

Exploits stochastic methods for position-space sums to 
control computational cost

Obtain ≲10% statistical errors at the physical 
pion mass in ballpark of Glasgow consensus value 
aμHLbL,GC × 1010 = 10.5(2.6)

Full study of systematic errors including lattice-spacing 
and finite-volume effects still needed ... but
initial results encouraging!

Lattice-QCD progress on aμHLbL

24

Lowest-order 
contribution of O(αEM

2)

Current estimate from 
QCD models subjective 
and somewhat 
controversial

[Glasgow consensus, 
Prades, de Rafael, 
Vainshtein, 0901.0306]

µ µ

γHLbL 

QCD

[L. Jin, Lattice 2016; preliminary update of Blum et al.]

aHLbL
µ ⇥ 10

10
=

(
11.60(0.96)stat. connected

�6.25(0.80)stat. disconnected



Lattice-QCD results & prospects
for Higgs physics

Use the Higgs boson as a 
new tool for discovery
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Higgs physics

26

Next-generation high-luminosity colliders will measure Higgs partial widths to sub-
percent precision to look for deviations from Standard-Model expectations

Full exploitation of measurements needs theory predictions with same precision

Parametric errors from mc, mb, & αS are largest sources of  uncertainty in SM 
Higgs partial widths for many decay modes [LHCHXSWG-DRAFT-INT-2016-008]

b,c-quark masses & strong coupling can be calculated to needed precision with lattice QCD

αs
QCD scale +

EW corrections

ΔΓSM(H→gg): 
~6% total err. 

QCD scale +
EW corrections

mc

αs

ΔΓSM(H→cc): 
~6% total err. 

mb

QCD scale +
EW corrections

αs

ΔΓSM(H→bb): 
~3% total err. 
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b,c-quark���������	
��������������������  masses���������	
��������������������  from���������	
��������������������  lattice���������	
��������������������  QCD���������	
��������������������  agree���������	
��������������������  with���������	
��������������������  
non-lattice���������	
��������������������  results���������	
��������������������  with���������	
��������������������  competitive���������	
��������������������  errors

mb error dominated by discretization effects 
➡ anticipate significant improvement with 
simulations using finer lattice spacings

There are several independent lattice-QCD 
methods available to obtain αs

Results consistent, and each is more precise than 
from non-lattice methods

In next few years, increased corroboration from 
independent calculations will reduce αs, mb, & mc 

uncertainties & make lattice-QCD determinations 
very robust

27

Quark masses & strong coupling from LQCD

Obtaining mc, mb, & αs to precisions needed by 
high-luminosity ILC straightforward with existing 

lattice methods + anticipated computing resources
[see Lepage, Mackenzie, & Peskin, 1404.0319]
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Lattice-QCD needs for 
neutrino physics

Pursue the physics associated 
with neutrino mass
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Long-baseline neutrino experiments

29

Aim to improve precision on mass-squared 
splittings & mixing parameters, determine 
the mass hierarchy, and observe CP violation 

Detect neutrinos via scattering off atomic 
nuclei such as carbon (NOνA), oxygen 
(T2K), or argon (DUNE)

➡ Interpretation���������	
��������������������  of���������	
��������������������  measurements���������	
��������������������  
requires���������	
��������������������  knowledge���������	
��������������������  of���������	
��������������������  ν-nucleus���������	
��������������������  
interactions

Underlying processes are ν-proton &
ν-neutron scattering, as modified by the 
presence of nucleon inside atomic nucleus

Nucleon-level matrix elements can be 
calculated with controlled uncertainties in 
lattice QCD

Reaching DUNE sensitivity goals for 
mass hierarchy & δCP requires reduced

ν(ν̅)-Ar X-section uncertainties
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 N-body nucleon currents
Enter effective theories of ν-nucleus 
scattering

(N→N)-nucleon scattering matrix 
elements from lattice QCD can 
constrain nuclear EFT parameters

First LQCD calculations begun this year 
[Savage @ ICHEP 2016]

 Nucleon axial-vector form factor 
Gives dominant contribution to charged-
current quasielastic ν-nucleus scattering

Obtain FA(q2) in lattice QCD from matrix 
element ⟨p(pf)| u̅ γμγ5 d |n(pi)⟩

Nuclear���������	
��������������������  model���������	
��������������������  calculation���������	
��������������������  still���������	
��������������������  needed���������	
��������������������  to���������	
��������������������  
relate���������	
��������������������  nucleon���������	
��������������������  form���������	
��������������������  factor���������	
��������������������  to���������	
��������������������  ν-Ar���������	
��������������������  
cross-section

u

µ−νµ

W

p

ud

d d

n

u pn

W

μ-νμ̅

Useful lattice-QCD calculations for DUNE

30
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http://indico.cern.ch/event/432527/contributions/1071302/
http://indico.cern.ch/event/432527/contributions/1071302/
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 N-body nucleon currents
Enter effective theories of ν-nucleus 
scattering

(N→N)-nucleon scattering matrix 
elements from lattice QCD can 
constrain nuclear EFT parameters

First LQCD calculations begun this year 
[Savage @ ICHEP 2016]

 Nucleon axial-vector form factor 
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Lattice-QCD calculations of hadronic matrix elements will:
• Cleanly separate nucleon & nuclear effects and 

uncertainties
• Provide reliable input to nuclear-theory calculations and 

test nuclear models
• Improve precision & reliability of needed X-sections & 

matrix elements

http://indico.cern.ch/event/432527/contributions/1071302/
http://indico.cern.ch/event/432527/contributions/1071302/
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First gA calculation with physical-mass pions 
& all systematics controlled this year
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2.1σ

Nucleon axial-vector coupling
from lattice QCD

Nucleon axial charge gA = -FA(q2=0)  

benchmark for accuracy of lattice-QCD 
nucleon matrix-element calculations 
and critical milestone on path to form 
factors over full kinematic range

Present LQCD uncertainties over 10× 
larger than experimental errors

Central values mostly lie below 
experimental determinations

In next few years, improved algorithms + 
simulations with larger lattice volumes, 
finer lattice spacings, and physical-mass 
pions will improve precision

In ~5 years, expect percent-level gA 
& few-percent vector and axial-
vector form factors, with independent 
calculations providing checks

31

3.2% error

[PNDME, arXiv:1606.07049]
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Neutrinoless double β-decay experiments

Searching for Majorana neutrinos 
via nuclear emissions of  two 
electrons without neutrinos

32

Bounds���������	
��������������������  on���������	
��������������������  Majorana���������	
��������������������  mass���������	
��������������������  
limited���������	
��������������������  by���������	
��������������������  nuclear���������	
��������������������  matrix-
element���������	
��������������������  uncertainties

[KamLAND-ZEN,
1605.02889]

If Majorana ν’s heavy, 0νββ decay rate 
parameterized by matrix elements of six-
fermion effective operators OΔL=2

First LQCD calculation of hadronic matrix elements 
begun this year [Nicholson @ Lattice 2016]

High-scale 
Theory

ud

νM

p

u

d

d
n

u

d

uu

d

d

u
p

n
W−

W−

e−

e−

n

n
p

p

e−

e−

Low-energy 
Theory

u
d

d
u

e−

e−
O∆L=2

e−

e−

u

u

d

d

https://conference.ippp.dur.ac.uk/event/470/session/1/contribution/369
https://conference.ippp.dur.ac.uk/event/470/session/1/contribution/369


“Progress in science is based on the interplay between theory and experiment, 
between having an idea about nature and testing that idea in the laboratory. Neither 

can move forward without the other.” — Snowmass 2013 Executive Summary

“Lattice QCD has [already] become an important tool in flavor physics. ...The full 
exploitation of the experimental program requires continued support of theoretical 

developments.” — Snowmass 2013 Quark-flavor WG report

Conclusions
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In the quark-flavor sector, lattice QCD already providing reliable computations 
of simplest hadronic matrix elements needed to extract CKM quark-mixing matrix 
elements and for many Standard-Model tests

➡ Recent lattice-QCD results + experimental measurements imply several 2σ “tensions” with 
Standard-Model CKM framework

Ambitious lattice-QCD program in place to meet theory needs of current & future 
worldwide high-energy-physics experimental program by

(1) Increasing precision of present calculations of simplest quark flavor-changing 
matrix elements, quark masses & strong coupling, scalar quark-content of nucleon, ...

(2) Providing first reliable QCD calculations of more challenging quantities such as 
quark-flavor-changing decays to resonances or multi-hadron final states, hadronic 
contributions to muon g-2, ν-nucleon scattering form factors & matrix elements, ...

Future���������	
��������������������  measurements���������	
��������������������  combined���������	
��������������������  with���������	
��������������������  anticipated���������	
��������������������  lattice-QCD���������	
��������������������  improvements���������	
��������������������  will���������	
��������������������  
sharpen���������	
��������������������  precision���������	
��������������������  tests���������	
��������������������  of���������	
��������������������  the���������	
��������������������  Standard���������	
��������������������  Model

If���������	
��������������������  deviations���������	
��������������������  from���������	
��������������������  Standard-Model���������	
��������������������  expectations���������	
��������������������  are���������	
��������������������  seen,���������	
��������������������  correlations���������	
��������������������  between���������	
��������������������  
measurements���������	
��������������������  will���������	
��������������������  provide���������	
��������������������  information���������	
��������������������  on���������	
��������������������  new���������	
��������������������  particle���������	
��������������������  masses���������	
��������������������  and���������	
��������������������  couplings!

Summary & outlook

34
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QCD is everywhere

muon-nucleus 
cross sections 

neutrino-nucleus 
cross-sections Parton distribution functions

dark-matter-nucleus 
cross sections 

hadronic vacuum 
polarization &

light-by-light scattering

Hadronic���������	
��������������������  physics���������	
��������������������  is���������	
��������������������  ubiquitous���������	
��������������������  throughout���������	
��������������������  high-energy���������	
��������������������  physics���������	
��������������������  experiments

Reliable theoretical predictions are needed on same time scale as 
measurements with commensurate uncertainties

35

Decay constants, form factors,
& mixing parameters
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Decay constants, form factors,
& mixing parameters

Continued support for lattice-QCD hardware & software is 
essential to achieve scientific goals and fully capitalize on enormous 

investments in the HEP (and NP) experimental programs!
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Further reading

36

Local Organising

Committee

Gert Aarts (Swansea)

Jonathan Flynn (Southampton)

Andreas Jüttner (Southampton)

Kurt Langfeld (Plymouth, Liverpool)

Biagio Lucini (Swansea)

Antonio Rago (Plymouth)

Chris Sachrajda (Southampton)

Mike Teper (Oxford)

Christopher Thomas (Cambridge)

Matthew Wingate (Cambridge)

34th International

Symposium on

Lattice Field Theory

24–30July

2016
LATTICE
SOUTHAMPTON UK

International Advisory

Committee

Constantia Alexandrou (Cyprus)

Norman Christ (Columbia)

Gilberto Colangelo (Bern)

Will Detmold (MIT)

Heng-Tong Ding (CCNU Wuhan)

Robert Edwards (Jefferson Lab)

Elvira Gamiz (Granada)

Leonardo Giusti (Milano-Bicocca)

Jeff Greensite (San Francisco)

Anna Hasenfratz (Colorado)

Sandor Katz (Budapest)

Yoshio Kikukawa (Tokyo)

Andreas Kronfeld (Fermilab)

Yoshinobu Kuramashi (Tsukuba)

Laurent Lellouch (Aix-Marseille)

David Lin (NCTU Hsinchu)

Agostino Patella (CERN, Plymouth)

Owe Philipsen (Frankfurt)

Kari Rummukainen (Helsinki)

Junko Shigemitsu (Ohio State)

Hiroshi Suzuki (Kyushu)

Mithat Ünsal (NCSU)

James Zanotti (Adelaide)

Algorithms and Machines

Applications Beyond QCD

Chiral Symmetry

Hadron Spectroscopy and Interactions

Hadron Structure

Nonzero Temperature and Density

Physics Beyond the Standard Model

Standard Model Parameters and Renormalization

Theoretical Developments

Vacuum Structure and Confinement

Weak Decays and Matrix Elements

http://www.southampton.ac.uk/lattice2016/

lattice2016@soton.ac.uk

Particle Data Group reviews:

✤ “Lattice Quantum Chromodynamics”
(Laiho, Sharpe, Hashimoto)

✤ “Leptonic Decays of Charged Pseudoscalar 
Mesons: 2015” (Rosner, Stone, RV)

Flavor Lattice Averaging Group report:

✤ 2016 “Review of lattice results concerning low-
energy particle physics”

Snowmass working-group reports:

✤ “Charged Leptons”

✤ “Higgs Working Group Report ...” 

✤ “Lattice field theory ... Scientific goals and 
computing needs”

✤ “Report of ... QCD Working Group”

✤ “Report of ... Quark Flavor Physics Working Group”

See Lattice 2016 website for 
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•  Identify the new physics of dark matter

•  Understand cosmic acceleration:
dark energy and inflation

Lattice QCD for the 
cosmic frontier
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Experiments searching for dark-matter particles scattering off  detector nuclei 
via exchange of a new or Standard-Model particle

Next-generation experiments will improve X-section limits & hope to make measurements!

Errors on DM X-section predictions limited by QCD uncertainties ➜ must���������	
��������������������  reduce���������	
��������������������  
theory���������	
��������������������  errors���������	
��������������������  to���������	
��������������������  fully���������	
��������������������  exploit���������	
��������������������  measurements
If mediator is scalar particle, cross-sections depend upon scalar matrix elements of quark 
contents of proton & neutron: ⟨N|q̅q|N⟩ with q=u, d, s, (& c)

Hadronic matrix elements can be calculated with controlled uncertainties in lattice QCD

Direct dark-matter detection
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[S. Collins @ Lattice 2016]

Summary of sigma terms and fTq

Leinweber et al. (2000)
Leinweber et al. (2003)

Procura et al. (2004)
Procura et al. (2006)

JLQCD (2008)
ETMC (2009)

Thomas & Young (2009)
PACS-CS (2009)

Martin-Camalich et al. (2010)
BMW-c (2012)

Shanahan et al (2012)
QCDSF (2012)

Ren et al. (2012)
Alvarez-Ruso et al. (2013)
Alvarez-Ruso et al. (2013)

Lutz & Semke (2013)
Ren et al. (2014)
Lutz et al. (2014)

ETMC (2014)
ETMC (2014)

BMW-c (2015)
PACS (2015)

QCDSF (2012)
�QCD (2015)
ETMC (2016)
RQCD (2016)
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Pavan et al. (2002)

Alarcon (2012)
Chen et al. (2013)

Hoferichter et al. (2015)

20 40 60 80 100 120

Latt. Feynman-Hellmann

Latt. Direct

⇡-N scattering

�

⇡N

[MeV]

Nf = 2
Nf = 2+1

Nf = 2+1 +1

JLQCD (2008)
Thomas and Young (2009)

BMW-c (2012)
Shanahan et al. (2012)

QCDSF (2012)
Ren et al. (2012)

JLQCD (2012)
Lutz & Semke (2013)

Jung (2013)
Junnarkar & Walker-Loud (2013)

Lutz et al. (2014)
Ren et al. (2014)

BMW-c (2015)
PACS (2015)

QCDSF (2012)
Freeman and Toussaint (2012)
Freeman and Toussaint (2012)

ETMC (2012)
Engelhardt (2012)

JLQCD (2013)
�QCD (2013)
�QCD (2015)
ETMC (2016)
RQCD (2016)

0 0.05 0.1 0.15 0.2 0.25

Feynman-Hellmann

Direct

f

Ts

Nf = 2
Nf = 2+1

Nf = 2 + 1 + 1

Values from phenomenological analyses of fi-N scattering tend to be higher.

[Hoferichter,1506.04142] ‡fiN = 59.1(3.5) MeV.

[Hoferichter,1602.07688] request for a lattice computation of fiN scattering lengths.

Also interesting: ‡fiN(Q2 = ≠2m2
fi) ≠ ‡fiN(0) æ scalar radius from form factor.

44 / 49

Summary of sigma terms and fTq

Leinweber et al. (2000)
Leinweber et al. (2003)

Procura et al. (2004)
Procura et al. (2006)

JLQCD (2008)
ETMC (2009)

Thomas & Young (2009)
PACS-CS (2009)

Martin-Camalich et al. (2010)
BMW-c (2012)

Shanahan et al (2012)
QCDSF (2012)

Ren et al. (2012)
Alvarez-Ruso et al. (2013)
Alvarez-Ruso et al. (2013)

Lutz & Semke (2013)
Ren et al. (2014)
Lutz et al. (2014)

ETMC (2014)
ETMC (2014)

BMW-c (2015)
PACS (2015)

QCDSF (2012)
�QCD (2015)
ETMC (2016)
RQCD (2016)

Gasser et al. (1991)
Pavan et al. (2002)

Alarcon (2012)
Chen et al. (2013)

Hoferichter et al. (2015)

20 40 60 80 100 120

Latt. Feynman-Hellmann

Latt. Direct

⇡-N scattering

�

⇡N

[MeV]

Nf = 2
Nf = 2+1

Nf = 2+1 +1

JLQCD (2008)
Thomas and Young (2009)

BMW-c (2012)
Shanahan et al. (2012)

QCDSF (2012)
Ren et al. (2012)

JLQCD (2012)
Lutz & Semke (2013)

Jung (2013)
Junnarkar & Walker-Loud (2013)

Lutz et al. (2014)
Ren et al. (2014)

BMW-c (2015)
PACS (2015)

QCDSF (2012)
Freeman and Toussaint (2012)
Freeman and Toussaint (2012)

ETMC (2012)
Engelhardt (2012)

JLQCD (2013)
�QCD (2013)
�QCD (2015)
ETMC (2016)
RQCD (2016)

0 0.05 0.1 0.15 0.2 0.25

Feynman-Hellmann

Direct

f

Ts

Nf = 2
Nf = 2+1

Nf = 2 + 1 + 1

Values from phenomenological analyses of fi-N scattering tend to be higher.

[Hoferichter,1506.04142] ‡fiN = 59.1(3.5) MeV.

[Hoferichter,1602.07688] request for a lattice computation of fiN scattering lengths.

Also interesting: ‡fiN(Q2 = ≠2m2
fi) ≠ ‡fiN(0) æ scalar radius from form factor.

44 / 49

�⇡N =
mu +md

2
hN |uu+ dd|Ni [MeV] fs

N ⌘ ms

mN
hN |ss|Ni

Quark content of nucleon from lattice QCD
Several new results since ICHEP 2016 including first calculations at the physical pion 
mass [BMW, PRD116, 172001 (2016); χQCD, 1511.09089]
In next few years, increased computing resources + improved algorithms will continue to 
improve precision

Increased corroboration from independent calculations will make determinations robust
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~25-30%
~10%



Appendix:
Many more quark-flavor results!

✦ Light flavors (u,d,s)

✦ Heavy flavors (b,c)
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General reviews:

✤ “Lattice Quantum Chromodynamics” (Laiho, Sharpe, Hashimoto, PDG 2015)

✤ 2016 “Review of lattice results concerning low-energy particle physics”
(Flavor Lattice Averaging Group)

✤ “Leptonic Decays of Charged Pseudoscalar Mesons: 2015”
(Rosner, Stone, RV, PDG 2015)

Pion & kaon physics:

✤ “Light flavour physics” (Jüttner, Lattice 2015)

✤ “CP violation & Kaon weak matrix elements from LQCD”
(Garron, Chiral Dyn. 2015)

Heavy flavor physics:

✤ “Progress and prospects for heavy flavour physics on the lattice”
(Pena, Lat. 2015)

✤ “Testing the Standard Model under the weight of heavy flavors”
(Bouchard, Lat. 2015)

Lattice-QCD flavor-physics references
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(Experiment) = (known) x (CKM factors) × (Hadronic Matrix Element)

Compute nonperturbative QCD parameters 
(decay constants, form factors, B-parameters,...) 
numerically with Lattice QCD

�m(d,s) ,

d�(B ! ⇡`⌫)
dq2

,
d�(B ! D(⇤)`⌫)

dw
, . . .

Determination of CKM elements

42

µ
−

νµ

W−

pion

dd

meson
B

b

d d

u

vertex ∝ Vub

Measure flavor-changing processes 
involving hadrons

Infer CKM elements within Standard 
Model by comparing experimental 
measurements of flavor-changing 
interactions with theory predictions

Absorb nonperturbative QCD 
dynamics into hadronic 
parameters
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CKM summary

43

I

I

CKM element process LQCD input |Vq1q2 | % error

|Vud| ⇡ ! `⌫ f⇡ 0.9764 (1.3)
LQCD

(0.0)
exp

(0.1)
EM

|Vus| K ! `⌫ fK 0.2255 (0.3)
LQCD

(0.1)
exp

(0.1)
EM

K ! ⇡`⌫ fK⇡
+

(0) 0.22310 (0.3)
LQCD

(0.2)
exp

|Vus|/|Vud| K ! `⌫/⇡ ! `⌫ fK/f⇡ 0.2314 (0.2)
LQCD

(0.1)
exp

(0.1)
EM

|Vub| B ! ⇡`⌫ fB⇡
+

(q2
) 3.72⇥ 10�3

(⇠ 3.4)
LQCD

(⇠ 2.8)
exp

B ! `⌫ fB 4.12⇥ 10

�3

(2.2)
LQCD

(9.0)
exp

|Vcd| D ! `⌫ fD 0.217 (0.5)
LQCD

(2.3)
exp

D ! ⇡`⌫ fD⇡
+

(0) 0.2140 (4.4)
LQCD

(1.3)
exp

|Vcs| Ds ! `⌫ fDs 1.007 (0.5)
LQCD

(1.6)
exp

Ds ! K`⌫ fDK
+

(0) 0.9746 (2.5)
LQCD

(0.7)
exp

|Vcb| B ! D⇤`⌫ F (1) 38.9⇥ 10

�3

(1.3)
LQCD

(1.3)
exp

(0.5)
QED

B ! D`⌫ fBD
+

(w) 40.7⇥ 10�3
(⇠ 1.2)

LQCD

(⇠ 2.1)
exp

(0.5)
QED

|Vtd| �Md fBd(B̂Bd)
�1/2 8.00⇥ 10�3

(4.1)
LQCD

(0.3)
exp

(0.4)
other

|Vts| �Ms fBs(B̂Bs)
�1/2 39.0⇥ 10�3

(3.1)
LQCD

(0.0)
exp

(0.5)
other

|Vtd|/|Vts| �Md/�Ms ⇠ 0.2052 (1.5)
LQCD

(0.2)
exp

(0.0)
other

(⇢̄, ⌘̄) ✏ ˆBK – (1.3)BK [cf . (0.7)✏,exp]

I
I

I

New since 
ICHEP 2014!
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CKM summary
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I

CKM���������	
��������������������  errors���������	
��������������������  still���������	
��������������������  limited���������	
��������������������  in���������	
��������������������  most���������	
��������������������  
cases���������	
��������������������  by���������	
��������������������  lattice-QCD���������	
��������������������  uncertainties!���������	
��������������������  ���������	
��������������������  ���������	
��������������������  ���������	
��������������������  ���������	
��������������������  ���������	
��������������������  ���������	
��������������������  ���������	
��������������������  ���������	
��������������������  

New since 
ICHEP 2014!
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Light hadron spectrum
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[BMW, Science 322 (2008) 1224-1227 ]

Light hadron masses primarily due to energy stored in gluon field and to quarks’ kinetic 
energy -➡ tests nonperturbative QCD dynamics

Also calculation of neutron-proton mass difference [BMW, Science 347, 1452, 2015]) 

http://dx.doi.org/10.1126/science.1257050
http://dx.doi.org/10.1126/science.1257050
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Pion & kaon decay constants

46

Decay-constant ratio fK/fπ can be computed to sub-% precision with lattice QCD:

Statistical fluctuations correlated between numerator & denominator
fK=fπ in SU(3) limit ms=mud, so some systematics suppressed by (ms-mud)/ΛQCD

µ
+

νµ

W+u

π
+

d̄

µ
+

νµ

W+u

K+

s̄

Combination with experimental 
decay rates enables |Vud| /|Vus| 

determination [Marciano]

0.2%



R. Van de Water Lattice QCD for precision particle physics

K→πlυ semileptonic form factor

47

Combination with experimental 
rate enables |Vus| determination

Zero-recoil form factor
f+(q2=0) highly constrained by 
SU(3)f and chiral symmetries:

f+(0) = 1 in SU(3) limit ms=mud

Leading-order correction to 
unity is known function of {mπ, 
mK, fπ} [Leutwyler & Roos]

f2=-0.023 numerically small 
because second-order in (mK

2-
mπ

2) [Ademollo-Gatto]

Lattice-QCD calculation does 
not require renormalization

µ
+

νµ

W+

π
−

ūs̄

K0

dd

} q2=(mK
2+mπ

2-2mKEπ)2

0.3%
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~2σ tension between leptonic π & K 
decays, semileptonic K decays, β-decay, 
and CKM unitarity [see e.g. Rosner, Stone, 
& RV (PDG), 1509.02220]

Unitarity test using |Vus| from Kl3 decay 
[FLAG 2015 prel. + Moulson, 1411.5252]
and |Vud| from superallowed β-decay 
[Hardy & Towner, 1411.5987]
limited by error on: |Vud|2:

➡  Can |Vud| from β-decay be improved?

Implications for 1st-row CKM unitarity

48

0.9484 0.9488 0.9492 0.9496

|Vud|
2

0.0492

0.0496

0.05

0.0504

0.0508

|V
us
|2

fK+/f
π+

(FNAL/MILC)

Kl3
(FNAL/MILC)

nuclear 
β-decay

unitarity prediction

|Vud|2 +|Vus|2 +|Vub|2 -1 =

-0.0021(29)Vus(41)Vud
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Combination with measurement of 
indirect CP violation in kaon 

system (εK) constrains CKM phase

Percent-level lattice-QCD 
calculation of BK enabled by:

Chiral fermion actions

Nonperturbative 
renormalization

Kaon mixing constrains scale of 
new physics with generic O(1) 
flavor couplings to ≳ 10,000 TeV 
[Isidori, Nir, Perez (2010)]

Lattice-QCD results for matrix 
elements of all possible ΔS=2 
BSM operators available for 
model building

Neutral kaon mixing parameter
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Brod & Gorbahn [PRL108 (2012) 121801] give following error breakdown for |εK| in the 
Standard Model:

(1) Largest individual uncertainty is from
~10% parametric error in ∝|Vcb|4

(2) ηcc and ηct are both known to
3-loops (NNLO)

(3) Error from BK only fourth-largest
individual contribution

Lattice community moving on to other
more challenging kaon-physics quantities
such as K→ππ and Δ(MK)...

Status of the |εK| band

50

BK
3%

ηct
6%

ηcc
24%

other
34%

Vcb
32%

|✏K | = (1.81 ± 0.14⌘cc ± 0.02⌘tt ± 0.07⌘ct ± 0.05LD ± 0.23parametric)⇥ 10�3



R. Van de Water Lattice QCD for precision particle physics

K→ ππ decays

Describe ΔS=1 FCNC
transitions with
effective Hamiltonian

Short-distance effects factorized in Wilson coefficients → continuum perturbation theory

Long-distance effects factorized in matrix elements ⟨ππ|Qi|K⟩ → lattice QCD
New physics above EW scale modifies Wilson coefficients, but hadronic matrix elements 
remain the same
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• Sensitive to new particles, 
interactions, sources of CP 
violation

• “ΔI=1/2 rule”: empirically 
observe enhancement 
ReA0/ReA2 ≃ 22.5

ū
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π
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π
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d
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ud̄
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New! K → ππ matrix elements (2015)

Lattice complication: additional Lüscher formalism needed to relate amplitudes calculated 
in Euclidean box to physical observables in Minkowski space [Briceño review, PoS 
LATTICE2014 (2015) 008]
First complete three-flavor K → ππ amplitudes with controlled errors using domain-
wall (chiral) fermions
Also first Wilson-fermion results from Ishizuka et al. [PRD92, 074503 (2015)] with 
heavy, zero-momentum pions

52

ΔI=1/2 amplitude (A0)
[RBC/UKQCD, PRL115, 212001 (2015)]

170 MeV pions with physical kinematics

Small spatial volume mπL≈3.2 and single 
lattice spacing a~0.14 fm 

→ ~35% error on Re(A0)

Will be reduced with higher statistics, 
larger volumes, continuum limit, ...

ΔI=3/2 amplitude (A2)
[RBC/UKQCD, PRDD91, 074502 (2015)]

Physical-mass pions, continuum limit, 
and approximately physical kinematics  

→ ~10% errors on Re(A2), Im(A2)

Dominant uncertainty from perturbative 
truncation error in continuum Wilson 
coefficients
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Anticipate reduction of QCD error to experimental size within few years with improved 
operator matching & data at finer lattice spacing (C. Kelly @ Lattice 2016)

-5 0 5 10 15 20

Re(ε’/ε) x 104

NA48 + KTeV (PDG 14)

RBC/UKQCD 15
u, d, s sea

experiment

Implications���������	
��������������������  for���������	
��������������������  ΔI=1/2���������	
��������������������  rule���������	
��������������������  and���������	
��������������������  Re(ε’/ε)
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Re(ε’/ε)
•First complete lattice-QCD calculation of direct CP 

violation in K → ππ decays
•2.1σ tension with Standard Model

ΔI=1/2 rule

• Empirically observe 
ΔI=1/2 amplitude (A0) 
~20× larger than ΔI=3/2 
amplitude (A2)

• Emerging���������	
��������������������  understanding���������	
��������������������  
from���������	
��������������������  lattice���������	
��������������������  QCD: 
significant cancellation 
between dominant 
contributions to Re(A2) 
not present for Re(A0)

https://conference.ippp.dur.ac.uk/event/470/session/15/contribution/380
https://conference.ippp.dur.ac.uk/event/470/session/15/contribution/380
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Tests lattice methods for charm & bottom quarks, which often rely on effective theories

Heavy-hadron spectrum

55
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Most precise mc and mb obtained by fitting moments of correlation functions of the 
quarks’ electromagnetic current to O(αS3) perturbative expressions 
Moments can be obtained from experimental e+e- annihilation data, and also computed 
numerically with lattice-QCD simulations with negligible statistical uncertainties

Heavy-quark masses
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Most precise mc and mb obtained by fitting moments of correlation functions of the 
quarks’ electromagnetic current to O(αS3) perturbative expressions 
Moments can be obtained from experimental e+e- annihilation data, and also computed 
numerically with lattice-QCD simulations with negligible statistical uncertainties

Heavy-quark masses

0.6% 0.5%

Agree with non-lattice 
determinations with 
competitive errors
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Fermilab/MILC [PRD90 (2014) 7, 074509] recently obtained first four-flavor results for 
fD & fDs with physical pions

HISQ action for u,d,s, and c quarks and fine lattice spacings eliminates 
renormalization error and leads to small discretization errors

Errors ~2–4× smaller than previous best results

57

D(s)-meson decay constants (2014)

0.5% 0.5% 0.3%
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Errors on |Vcd| & |Vcs| from leptonic D(s) 
decays limited by experimental branching 
fractions [Rosner, Stone, & RV (PDG), 
1509.02220]

Some tension with CKM unitarity

➡ Reaching precision where need estimate of 
hadronic structure-dependent EM 
contributions to D(s) leptonic decay rates0.044 0.046 0.048 0.05

|Vcd|
2

0.95

1

1.05

|V
cs
|2

fD+ (FNAL/MILC)

fDs
(FNAL/MILC)

unitarity prediction

Implications for 2nd-row CKM unitarity

|Vcd| = 0. 217(1)LQCD(5)expt

|Vcs| = 1.007(4)LQCD(16) expt

|Vcd|2 + |Vcs|2 + |Vcb|2 -1 = 0.064(36)
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1.9%

Enter rates for leptonic decays 
B→τν and Bd,s→μ+μ-

Most precise fB+ calculation employs  
physical-mass pions [HPQCD, 
PRL110, 222003 (2013)] 

➡ No chiral-extrapolation error

Most precise fBs uses highly-improved 
staggered (HISQ) b-quark action 
[HPQCD, PRD85, 031503 (2012)]

Lattice axial current absolutely 
normalized ➡ no renormalization 
error

Confirmation from several independent 
calculations using different gauge-field 
configurations, light-, and b-quark 
actions [see PDG review by Rosner, 
Stone, & RV, arXiv:1509.02220]

B(s)-meson decay constants

59

2.2%
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-0.3 -0.2 -0.1 0 0.1 0.2 0.3
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q2 (GeV2)

BaBar untagged (2012)
BaBar untagged (2011)
Belle tagged B0 (2013)
Belle tagged B+ (2013)
Belle untagged (2011)|Vub| (1-q2/mB*) f+

New! B→πlν form factors (2015)
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~3.5%
f+ error

Two independent calculations 
last year!

First RBC/UKQCD f+ & f0  

[PRDD91 (2015) 7, 074510]

New FNAL/MILC f+ with 
more statistics & finer lattice 
spacings, and first f0
[PRDD92 (2015) 1, 014024]

Extend lattice results to 
q2≲16 GeV2 using model-
independent z-expansion

f+(q2) shape consistent with 
measured B→πlν dB/dq2

Obtain |Vub| from joint z-fit to 
lattice + experimental data Use of all experimental & theoretical 

information minimizes error on |Vub|

z-expansion
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New! Λb→plν &Λclν form factors (2015)

First three-flavor Λb→p form factors with 
relativistic b-quark at physical mass; first 
three-flavor Λb→Λc form factors
[Detmold, Lehner, & Meinel, PRD92, 
034503 (2015)]
Combine chiral-continuum extrapolation 
with q2 fit via modified z-expansion

➡ 5.3% LQCD error on |Vub| /|Vcb|

61

Combination with ratio of experimental rates enables 
determination of |Vub| /|Vcb| → first from baryon decay!
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VI. PREDICTIONS FOR THE ⇤b ! p `�⌫̄` AND ⇤b ! ⇤c `�⌫̄` DECAY RATES

In this section, we present predictions for the ⇤b ! p `�⌫̄` and ⇤b ! ⇤c `�⌫̄` di↵erential and integrated decay rates
using our form factor results. Including possible right-handed currents with real-valued ✏Rq , the e↵ective Hamiltonian
in Eq. (2) leads to the following expression for the di↵erential decay rate in terms of the helicity form factors,
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, (84)

where, as before, X = p, ⇤c denotes the final-state baryon, and

s± = (m⇤b ± mX)2 � q2. (85)

Expressions for the individual helicity amplitudes and the angular distributions can be found in Refs. [27, 28, 65]. By
combining experimental data with our form factor results, novel constraints in the (V L

qb, ✏Rq ) plane can be obtained.

In the following, we consider the Standard Model with V L
qb = Vqb and ✏Rq = 0. Our predictions of the ⇤b ! p `�⌫̄`

and ⇤b ! ⇤c `�⌫̄` di↵erential decay rates for ` = e, µ, ⌧ are shown in Figs. 14 and 15. The central values, statistical
uncertainties, and systematic uncertainties have been calculated using Eq. (83); all baryon and lepton masses were
taken from Ref. [1]. Our results are most precise in the high-q2 region, where the form factor shapes are most tightly
constrained by the lattice QCD data. We obtain the following partially integrated decay rates

1

|Vub|2
Z q2

max

15 GeV2

d�(⇤b ! p µ�⌫̄µ)

dq2
dq2 = (12.32 ± 0.93 ± 0.80) ps�1, (86)

1

|Vcb|2
Z q2

max

7 GeV2

d�(⇤b ! ⇤c µ�⌫̄µ)

dq2
dq2 = (8.39 ± 0.18 ± 0.32) ps�1, (87)

and their ratio

|Vcb|2
|Vub|2

R q2
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15 GeV2

d�(⇤b!p µ�⌫̄µ)
dq2 dq2

R q2
max

7 GeV2

d�(⇤b!⇤c µ�⌫̄µ)
dq2 dq2

= 1.470 ± 0.115 ± 0.104, (88)

where the first uncertainty is statistical and the second uncertainty is systematic. Together with experimental data,
Eqs. (86), (87), and (88) will allow determinations of |Vub|, |Vcb|, and |Vub/Vcb| with theory uncertainties of 5.0%,
2.2%, and 5.3%, respectively. The predicted total decay rates for all possible lepton flavors are

�(⇤b ! p e�⌫̄e)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1 (89)

�(⇤b ! p µ�⌫̄µ)/|Vub|2 = (24.8 ± 2.8 ± 4.2) ps�1, (90)

�(⇤b ! p ⌧�⌫̄µ)/|Vub|2 = (17.5 ± 1.5 ± 1.9) ps�1, (91)

�(⇤b ! ⇤c e�⌫̄e)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (92)

�(⇤b ! ⇤c µ�⌫̄µ)/|Vcb|2 = (21.1 ± 0.8 ± 1.4) ps�1, (93)

�(⇤b ! ⇤c ⌧�⌫̄µ)/|Vcb|2 = (7.13 ± 0.17 ± 0.29) ps�1. (94)

Motivated by the R(D(⇤)) puzzle [14], we also provide predictions for the following ratios:

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c e�⌫̄µ)
= 0.3378 ± 0.0079 ± 0.0085, (95)

�(⇤b ! ⇤c ⌧�⌫̄µ)

�(⇤b ! ⇤c µ�⌫̄µ)
= 0.3388 ± 0.0078 ± 0.0085. (96)

QED corrections to the decay rates, which may be relevant at this level of precision, have been neglected here.
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Eqs. (86), (87), and (88) will allow determinations of |Vub|, |Vcb|, and |Vub/Vcb| with theory uncertainties of 5.0%,
2.2%, and 5.3%, respectively. The predicted total decay rates for all possible lepton flavors are
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Comparison of |Vub| determinations

62
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|Vub| × 103

UTFit 2014
(CKM unitarity)

BLNP 2004 + HFAG 2014
(B → Xulν)

Detmold 15 + LHCb 15
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HPQCD 06 + HFAG 14
(q2 > 16 GeV2)

Imsong 14 + BaBar 12 + Belle 13
(LCSR)

RBC/UKQCD 15 + BaBar + Belle

FNAL/MILC 08 + HFAG 14

FNAL/MILC 15 + BaBar + Belle
B→

πl
ν

O
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Only need one normalization point from lattice QCD ➜ choose zero recoil (w=1) 
where it can be computed most precisely

F(1)→1 in the static limit (mb=mc→∞) [Isgur & Wise], and Luke’s theorem ensures 
that the leading heavy-quark corrections to F(1) are of O(1/mb

2,1/mc
2)

Can compute form factor using double ratio of lattice three-point correlation 
functions in which statistical and systematic errors largely cancel 

New FNAL/MILC calculation with increased statistics, lighter quark masses, & finer 
lattice spacings ➜ 1.4% precision on F(1) [FNAL/MILC, PRD89 (2014) 11, 114504]
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B→D*lν form factor @ zero recoil (2014)

!
+
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W+

D(∗)−

cb

B0

dd  F(1) = 0.906(4) stat(12) sys

Combination with experimental 
rate enables |Vcb| determination

(w ≡ vB·vD*)
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New! B→Dlν form factors (2015)

64

Comparing theory & experiment at 
w=1 ➜ large experimental errors in
|Vcb| because decay rate suppressed

First three-flavor form-factor results 
over full kinematic range [Fermilab/
MILC, PRD92, 034506 (2015); HPQCD, 
PRD92, 054510 (2015)]

Independent calculations agree
Shapes consistent with experiment

Joint lattice + experiment fit using 
w>1 data reduces error on |Vcb|
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|Vcb| determination
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Comparison of |Vcb| determinations
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1.9%

37 38 39 40 41 42 43 44
|Vcb| × 103

UTFit 2014 (CKM unitarity)

Alberti et al. 14 (B → Xclν)

FNAL/MILC 14 + HFAG 14 
(B→D*, w=1)

FNAL/MILC 15 + HFAG 14
(B→D, w=1)

FNAL/MILC 15 + BaBar 09
(B→D, w>1)

HPQCD 15 + BaBar 09
(B→D, w>1)

LQCD + BaBar 09 + Belle 15
(B→D, w>1)

B→
D

(*
) lν

O
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2 B
∗ )

 f T
(q
2 )

q2 (GeV2)

B→π tensor form factor
[PRL115, 152002 (2015)]

New! B→πll & B→Kll form factors (2015)

B→K form factors consistent with HPQCD results obtained with different b-quark action 
[PRD88, 054509 (2013)] and LCSR at q2=0 [JHEP 1009, 089 (2010)]

New lattice-QCD B→π and B→K form factors enable calculations of B→π(K)l+l-, B→π(K)νν̅, 
and B→πτν observables with fewer assumptions than previously possible!
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First lattice result for B→π
tensor form factor!

B→K form factors
[Fermilab/MILC, PRD 93, 025026 (2016)]

f T
(q
2 )

q2 (GeV2)

0

0.5

1

1.5

2

2.5

3

0 5 10 15 20

f T

q2(GeV2)

fT

f
T

HPQCD 13 (LQCD)
Khodjamirian 10 (LCSR)

f +
,0
(q
2 )

q2 (GeV2)

0.5

1

1.5

2

2.5

3

0 5 10 15 20

f +
,
0

q2(GeV2)

f+
f0

f+
f0

HPQCD 13 (LQCD)
Khodjamirian 10 (LCSR)



R. Van de Water Lattice QCD for precision particle physics

µ+

u, c, t

sb

Λ0
b

uu

d d

Λ0

W−

µ−

γ

Λb0 Λ0

Enable calculations of 
Λb→Λ l+l- observables in 
the Standard Model and 

beyond

New! Λb→Λll form factors (2016)

First Λb→Λ form factors with 
relativistic, physical-mass b-quark 
[Detmold & Meinel, PRD93, 
074501(2016)] 
Joint chiral-continuum extrapolation 
and q2 fit via modified z-expansion

More precise than light-cone-sum-
rule determinations [Wang & 
Shen, JHEP 1602, 179 (2016)]
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Light-cone sum rules [arXiv:1511.09036]
Lattice QCD [arXiv:1602.01399]
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W W

Neutral B-meson mixing

Ratio of Bd to Bs oscillation frequencies (Δmq) 
determines apex of UT (ρ̅,η̅) via
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Ratio of  Bd- to Bs-mixing 
hadronic matrix elements 
can be computed precisely 
in lattice QCD because:

Statistical fluctuations 
correlated

Matrix elements equal in 
SU(3) limit ms=mud, so some 
systematic errors suppressed 
by (ms-mud)/ΛQCD
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Significant Fermilab/MILC 
update of 2012 ξ calculation 
with increased statistics, finer 
lattice spacings, better 
treatment of chiral 
extrapolation

➜ Error on ξ reduced from ~5% 
to 1.6%!

✦ Also present individual Bd- 
and Bs-mixing matrix elements

✦ ... and first three-flavor 
results for all five local 
operators that contribute 
to neutral B-meson mixing 
in and beyond the 
Standard Model

New! B-mixing matrix elements (2016)
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