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• In extensions of the Standard Model, other particles can appear

- in the boxes;

- at tree level (flavor-changing neutral currents).

• Observed experimentally for K0, D0, B0, Bs0 systems.

• In the Standard Model, neutral mesons can oscillate into their 
antiparticles via 1-loop “box” diagrams:
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Neutral meson mixing



Oq
1 = b̄↵�µLq

↵ b̄��µLq
�

Oq
2 = b̄↵Lq↵ b̄�Lq�

Oq
3 = b̄↵Lq� b̄�Lq↵

Oq
4 = b̄↵Lq↵ b̄�Rq�

Oq
5 = b̄↵Lq↵ b̄�Rq↵

Õq
1 = b̄↵�µRq↵ b̄��µRq�

Õq
2 = b̄↵Rq↵ b̄�Rq�

Õq
3 = b̄↵Rq� b̄�Rq↵

• By parity of QCD:                                             , leaving 5.

• Lattice calculations of matrix elements ⟨Oq
i⟩ (q=d,s; i=1–5) sufficient to 

characterize  hadronic contributions to B(s)-mixing in SM and beyond.

hB̄q|Õq
i |Bqi = hB̄q|Oq

i |Bqi

• GIM mechanism + Cabibbo suppression → top-quark-loop 
contributions dominant.

• Integrating out (both SM & new) heavy particles above EW scale 
yields 8 (= 5 + 3) local effective operators:
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ΔB=2 effective Hamiltonian



MILC staggered gauge-field ensembles with 3 dynamical quarks (u,d,s).

• 600 - 2200 gauge-field configurations per ensemble

• 4 lattice spacings

• lightest pion mass Mπ = 177 MeV close to physical value

Lattice simulations
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Lattice correlation functions
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2- and 3-point correlators

Bq̅Bq

t0+tx t0+tyt0

t0 t0 + t

Bq Bq

t0
Bq Bq

t0+t

Valence light-quark masses

Relativistic b quarks with Fermilab action.

Light-quark masses (mq) in Bq mesons independent of sea-quark masses 
in gauge-field configurations.

• multiple mq on each ensemble improve extrapolation to physical Mπ.

Renormalize and match lattice operators Oi
q to continuum M̅S̅̅-NDR 

scheme using mostly nonperturbative renormalization.



Chiral-continuum extrapolation

nonanalytic “chiral 
logarithm” terms

from NLO HMrSχPT

analytic terms
of NnLO in χPT

(n=2 in central fit)

heavy-quark
discretization effects

(derived in HQET)

gluon & light-quark
discretization effects
(via Symanzik EFT)

fine tune simulation
b-quark mass

fit O(αs2) terms
to data to 

constrain size

• Simultaneous, correlated fit of all data: 5 operators, valence- & sea-
quark masses, and lattice spacings.
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Fit results for ⟨O1⟩ – ⟨O3⟩

⟨O1⟩

⟨O2⟩

⟨O3⟩

a≈0.06 fm a≈0.09 fm a≈0.12 fma≈0.045 fm



Fit results for ⟨O4⟩ & ⟨O5⟩

⟨O4⟩

⟨O5⟩

a≈0.06 fm a≈0.09 fm a≈0.12 fma≈0.045 fm

χ2aug/dof = 134.9/510



Stability under fit variations
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• fK instead of fπ
• vary operator 

renormalization

• vary data,  χPT 
terms, prior widths

• vary discretization 
terms included

• "dumb" fits

Fit error encompasses uncertainties from perturbative matching, 
truncating the chiral expansion, & discretization errors.

⇠ = (MBd/MBs)
q
hOs

1i/hOd
1i



Results for Standard-Model operator ⟨O1⟩
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• SU(3)-breaking ratio ξ 
~3× more precise than 
previous calculations.

f2

Bd
B̂(1)

Bd
= 0.0518(43)

total

(10)
charm sea

GeV2

f2

Bs
B̂(1)

Bs
= 0.0754(46)

total

(15)
charm sea

GeV2

⇠ = 1.206(18)
total

(6)
charm sea



Full set of ΔB=2 matrix elements

• ETM results from Nf = 2 simulations [JHEP 1403 (2014) 016]; 
uncertainties do not include error from omission of strange sea quarks.

,  :
,  :

ETM

our results
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using determinations of CKM factors |Vtd Vtb
*| and |Vts Vtb

*| from tree-
level processes. [CKMfitter Group (Descotes-Genon, private comm.)]

• Differ from measurements
by 2.1σ, 1.3σ, and 2.9σ,
respectively.

• Alternatively, use ΔMq
exp and determine CKM factors (assuming no 

new physics in B(s)
0-meson oscillations...)

Standard-Model B(s)
0-meson oscillation frequencies
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�MSM

d = 0.630(53)
LQCD

(42)
CKM

(5)
other

(13)
charm sea

ps�1

�MSM

s = 19.6(1.2)
LQCD

(1.0)
CKM

(0.2)
other

(0.4)
charm sea

ps�1

✓
�Md

�Ms

◆
SM

= 0.0321(10)
LQCD

(15)
CKM

(3)
other

�M expt

d = 0.5055(20) ps�1

�M expt

s = 17.757(21) ps�1

http://ckmfitter.in2p3.fr/www/results/plots_eps15/ckm_res_eps15.html
http://ckmfitter.in2p3.fr/www/results/plots_eps15/ckm_res_eps15.html


2.0σ 1.2σ 2.1σ

2.0σ 2.9σ

Implications for CKM matrix elements
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Determinations from flavor-changing-neutral-current processes differ 
by ~2σ from values implied by tree-level processes + CKM unitarity. 



Impact on CKM unitarity-triangle fit

Using Fermilab/MILC results for B(s) mixing, |Vcb| from B→Dlν 

[arXiv:1503.07237], and |Vub| from B→πlν [arXiv:1503.07839].

Plot by
E. Lunghi
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Standard Model ratios of Bq
0-meson leptonic decay rates to oscillation 

frequencies BR(Bq
0→μ+μ-)/ΔMq independent of CKM factors |VtqVtb

*|
[Buras PLB566, 115 (2003), Bobeth et al. PRL112, 101801 (2014)]

• combine with ΔMq
exp to obtain BR(Bq

0→μ+μ-)

Agrees with measurement BR(Bs
0→μ+μ-)exp x 109= 2.8(+7,-6)

[LHCb & CMS, Nature 522, 68 (2015), arXiv:1411.4413].

Rare B(s)
0→μ+μ- leptonic decay rates
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B̄(Bd ! µ+µ�)SM ⇥ 1011 = 9.06(87) B̄(Bs ! µ+µ�)SM ⇥ 109 = 3.22(23)

ΔMd

BBd

other

BBs

other

10% error 7% error

http://arxiv.org/abs/hep-ph/0303060
http://arxiv.org/abs/hep-ph/0303060
http://arxiv.org/abs/1311.0903
http://arxiv.org/abs/1311.0903
http://www.nature.com/nature/journal/v522/n7554/full/nature14474.html
http://www.nature.com/nature/journal/v522/n7554/full/nature14474.html


Summary & outlook

First 3-flavor results for full set of ΔB=2 local B(s)-mixing matrix 
elements.

• and first calculation of SM matrix elements ⟨O1
d,s⟩ with all 

systematic errors controlled.
• error on SU(3) breaking ratio ξ reduced by factor of 3.

New matrix elements reveal several ~2σ tensions with Standard Model.
• similar-sized deviations observed in b→d,s FCNC semileptonic 

decays B→π(K)μ+μ- decays.
• emerging tension between tree- and loop-level weak processes?

Working to bring QCD errors to level of experimental measurements.
• analysis of 4-flavor MILC HISQ ensembles with physical u/d-quark 

masses, finer lattice spacings, and charm sea quarks will eliminate 
chiral extrapolation and reduce b-quark discretization errors.

• 4-flavor calculation by HPQCD using NRQCD b quarks also 
underway [arXiv:1411.6989] 18
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details...



Matrix-element results

TABLE XIII. Bq-mixing matrix elements f2
B

q

B
(i)
B

q

in the MS-NDR scheme evaluated at the scale
µ = mb, with total statistical plus systematic uncertainties. The first error is the “Total” error
listed in Table XI and the second is the “charm sea” error listed in the last column of that table.
For operators Oq

2 and Oq
3, results for both the BMU [124] and BBGLN [67, 123] evanescent-operator

conventions are shown. Entries are in GeV2.

Bd–B̄d Bs–B̄s

BMU BBGLN BMU BBGLN

f2
B

q

B
(1)
B

q

(mb) 0.0342(29)(7) 0.0498(30)(10)

f2
B

q

B
(2)
B

q

(mb) 0.0285(26)(6) 0.0303(27)(6) 0.0421(27)(8) 0.0449(29)(9)

f2
B

q

B
(3)
B

q

(mb) 0.0402(77)(8) 0.0399(77)(8) 0.0576(77)(12) 0.0571(77)(11)

f2
B

q

B
(4)
B

q

(mb) 0.0390(28)(8) 0.0534(30)(11)

f2
B

q

B
(5)
B

q

(mb) 0.0361(35)(7) 0.0493(36)(10)

TABLE XIV. Correlations between the matrix-element results in the MS-NDR-BBGLN scheme
presented in Table XIII. Correlations between the BMU-scheme results di↵er by < 1%. The
entries of the correlation matrix are symmetric across the diagonal. The contributions from the
“charm sea” error are not included in this table, because they are not as well quantified as the
other uncertainties.

f2
B

d

B
(1)
B

d

f2
B

d

B
(2)
B

d

f2
B

d

B
(3)
B

d

f2
B

d

B
(4)
B

d

f2
B

d

B
(5)
B

d

f2
B

s

B
(1)
B

s

f2
B

s

B
(2)
B

s

f2
B

s

B
(3)
B

s

f2
B

s

B
(4)
B

s

f2
B

s

B
(5)
B

s

f2
B

d

B
(1)
B

d

1 0.378 0.070 0.336 0.287 0.968 0.395 0.089 0.346 0.305

f2
B

d

B
(2)
B

d

1 0.212 0.348 0.255 0.394 0.961 0.230 0.365 0.277

f2
B

d

B
(3)
B

d

1 0.134 0.065 0.079 0.207 0.980 0.137 0.071

f2
B

d

B
(4)
B

d

1 0.404 0.371 0.391 0.162 0.955 0.426

f2
B

d

B
(5)
B

d

1 0.309 0.281 0.084 0.404 0.962

f2
B

s

B
(1)
B

s

1 0.455 0.117 0.419 0.359

f2
B

s

B
(2)
B

s

1 0.253 0.453 0.339

f2
B

s

B
(3)
B

s

1 0.186 0.107

f2
B

s

B
(4)
B

s

1 0.471

f2
B

s

B
(5)
B

s

1
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Bag-parameters results

TABLE XV. Upper panel: B
(i)
B

q

(µ) in the MS-NDR scheme evaluated at the scale µ = mb with
evanescent operator scheme specified by BMU or BBGLN. Errors shown are from the matrix
elements in Table XIII and from the decay constants, respectively. Lower panel: ratios of bag
parameters B

(i)
B

q

(mb)/B
(1)
B

q

(mb) (i=2–5). Errors are from the matrix elements in Table XIII, and
include correlations between the chiral-continuum fit and r1/a errors on the bag parameters in the
numerator and denominator. The remaining subleading errors added after the chiral-continuum
fit are treated as uncorrelated between the bag parameters. In both panels, the error on the bag
parameters due to the omission of the charm sea is considered to be negligible.

Bd–B̄d Bs–B̄s

BMU BBGLN BMU BBGLN

B
(1)
B

q

(mb) 0.913(76)(40) 0.952(58)(32)

B
(2)
B

q

(mb) 0.761(68)(33) 0.808(72)(35) 0.806(52)(27) 0.859(55)(29)

B
(3)
B

q

(mb) 1.07(21)(5) 1.07(21)(5) 1.10(15)(4) 1.09(15)(4)

B
(4)
B

q

(mb) 1.040(75)(45) 1.022(57)(34)

B
(5)
B

q

(mb) 0.964(93)(42) 0.943(68)(31)

B
(2)
B

q

/B
(1)
B

q

0.838(81) 0.885(73) 0.849(56) 0.902(59)

B
(3)
B

q

/B
(1)
B

q

1.18(24) 1.17(24) 1.16(16) 1.15(16)

B
(4)
B

q

/B
(1)
B

q

1.14(10) 1.073(68)

B
(5)
B

q

/B
(1)
B

q

1.06(11) 0.990(75)

63

TABLE XV. Upper panel: B
(i)
B

q

(µ) in the MS-NDR scheme evaluated at the scale µ = mb with
evanescent operator scheme specified by BMU or BBGLN. Errors shown are from the matrix
elements in Table XIII and from the decay constants, respectively. Lower panel: ratios of bag
parameters B

(i)
B

q

(mb)/B
(1)
B

q

(mb) (i=2–5). Errors are from the matrix elements in Table XIII, and
include correlations between the chiral-continuum fit and r1/a errors on the bag parameters in the
numerator and denominator. The remaining subleading errors added after the chiral-continuum
fit are treated as uncorrelated between the bag parameters. In both panels, the error on the bag
parameters due to the omission of the charm sea is considered to be negligible.

Bd–B̄d Bs–B̄s

BMU BBGLN BMU BBGLN

B
(1)
B

q

(mb) 0.913(76)(40) 0.952(58)(32)

B
(2)
B

q

(mb) 0.761(68)(33) 0.808(72)(35) 0.806(52)(27) 0.859(55)(29)

B
(3)
B

q

(mb) 1.07(21)(5) 1.07(21)(5) 1.10(15)(4) 1.09(15)(4)

B
(4)
B

q

(mb) 1.040(75)(45) 1.022(57)(34)

B
(5)
B

q

(mb) 0.964(93)(42) 0.943(68)(31)

B
(2)
B

q

/B
(1)
B

q

0.838(81) 0.885(73) 0.849(56) 0.902(59)

B
(3)
B

q

/B
(1)
B

q

1.18(24) 1.17(24) 1.16(16) 1.15(16)

B
(4)
B

q

/B
(1)
B

q

1.14(10) 1.073(68)

B
(5)
B

q

/B
(1)
B

q

1.06(11) 0.990(75)

63
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Bag-factor definitions



Two- and three-point correlator fits
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• Constrained fits to correlation 
functions with wide priors that 
cover spread of data.

,  : data, fit region
,  : prior, fit result

MBq vs. t

• Fit 3-point dependence on both 
Bq- & Bq̅-meson locations tx & ty.

% error in ⟨O2⟩



Renormalize and match lattice operators to continuum M̅S̅̅-NDR scheme 
using mostly nonperturbative renormalization (mNPR): 

• nonperturbative ZVqqs remove wave-function factors, tadpoles, and 
some vertex corrections.

• remaining factor ρij is close to unity and computed at 1-loop in lattice 
perturbation theory.

• 2-loop perturbative corrections incorporated in chiral-continuum fit.

Operators O1,2,3 & O4,5 mix under renormalization.

Operator matching & renormalization

Oi = ZV 4
bb
ZV 4

dd
⇢ijOj +O(↵sa, a

2)
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Stability of ⟨O4⟩under fit variations

• fK instead of fπ
• vary operator 

renormalization

• vary data,  χPT 
terms, prior widths

• vary discretization 
terms included

• "dumb" fits

12



Approximate breakdown of fit error

TABLE IX. Breakdown of the chiral-continuum fit error. The labels and estimation procedure are
described in the text. Entries are in percent.

statistics inputs  tuning matching chiral LQ disc HQ disc fit total

hOd
1i 4.2 0.4 2.1 3.2 2.3 0.6 4.6 7.7

hOd
2i 4.6 0.3 1.1 3.7 2.6 0.6 4.6 8.0

hOd
3i 8.7 0.2 2.1 12.6 4.8 1.2 9.9 19.0

hOd
4i 3.7 0.4 1.7 2.2 1.9 0.5 3.9 6.4

hOd
5i 4.7 0.5 2.5 4.7 2.7 0.8 4.9 9.1

hOs
1i 2.9 0.4 1.5 2.1 1.6 0.4 3.2 5.4

hOs
2i 3.1 0.3 0.8 2.5 1.6 0.4 3.1 5.5

hOs
3i 5.9 0.3 1.4 8.6 3.0 0.7 6.9 13.0

hOs
4i 2.7 0.4 1.2 1.6 1.3 0.3 2.9 4.8

hOs
5i 3.4 0.4 1.8 3.4 1.9 0.5 3.6 6.7

⇠ 0.8 0.4 0.3 0.5 0.4 0.1 0.7 1.4

matrix elements, the resulting errors are slightly smaller than for the base fit, indicating
that additional terms are needed to saturate the error. Our second fit variation includes
the two O(↵sa) terms and the three at O(a2). Di↵erences between the results of this fit,
which are labeled “HQ O(↵sa, a

2) – only”, and the base fit are imperceptible. Although in-
cluding heavy-quark terms through O(↵sa, a

2) already saturates the error from heavy-quark
discretization e↵ects, we include a sixth term of O(a3) in the base fit because it appears
formally at the same order in the heavy-quark expansion as the other five.

The heavy-quark discretization terms depend upon a cut-o↵ scale ⇤HQ, which is fixed in
the chiral-continuum fit. Reasonable variations in this parameter are absorbed by changes
in the fitted coe�cients and therefore do not a↵ect our results.

B. Errors considered after the base chiral-continuum fit

For some sources of uncertainty, we estimate the error contributions to the matrix ele-
ments and ⇠ after the chiral-continuum extrapolation. To do so, we perform additional fits
and compare the results to that of the base fit. This includes the errors from the relative
scale r1/a and finite-volume e↵ects. Further, although we include the indirect contributions
of the error from the physical scale r1 through its e↵ects on physical input parameters in
the chiral-continuum fit, here we consider its impact on the final conversion of the matrix
elements from r1 units to GeV. The error contributions from these uncertainty sources are
listed in Table XI and our methodology for their estimation is described below. We add
these errors to the fit error a posteriori to obtain the “Total” error in Table XI.

1. Finite-volume e↵ects

Our base fit employs the finite-volume expressions for the NLO chiral logarithms [55],
which are sums over the discrete momenta allowed with periodic boundary conditions. We
estimate the error due to omitted higher-order finite-volume corrections by performing a
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Total error budget

TABLE XI. Total error budget for matrix elements converted to physical units of GeV3 and for
the dimensionless ratio ⇠. The error from isospin breaking, which is estimated to be negligible at
our current level of precision is not shown. Entries are in percent.

Fit total FV r1/a r1 EM Total Charm sea

hOd
1i/MB

d

7.7 0.2 2.5 2.1 0.2 8.3 2.0

hOd
2i/MB

d

8.0 0.3 2.8 2.1 0.2 8.8 2.0

hOd
3i/MB

d

19.0 < 0.1 2.5 2.1 0.2 19.3 2.0

hOd
4i/MB

d

6.4 < 0.1 2.1 2.1 0.2 7.1 2.0

hOd
5i/MB

d

9.1 < 0.1 2.2 2.1 0.2 9.6 2.0

hOs
1i/MB

s

5.4 0.1 1.9 2.1 0.2 6.1 2.0

hOs
2i/MB

s

5.5 0.1 2.1 2.1 0.2 6.2 2.0

hOs
3i/MB

s

13.0 < 0.1 1.9 2.1 0.2 13.3 2.0

hOs
4i/MB

s

4.8 < 0.1 1.7 2.1 0.2 5.5 2.0

hOs
5i/MB

s

6.7 < 0.1 1.8 2.1 0.2 7.2 2.0

⇠ 1.4 < 0.1 0.6 0 0.04 1.5 0.5

D. Error summary

In this subsection we present a summary of all systematic errors in our lattice-QCD
calculation, and then combine them to obtain the total errors in the matrix elements and ⇠.
Our base chiral-continuum fit function includes higher-order terms constrained with Bayesian
priors to account for the dominant sources of systematic error. As illustrated in Figs. 12–13,
we consider over a dozen fit variations to study residual truncation e↵ects for the dominant
sources of uncertainty in our lattice calculation, including chiral extrapolation, light- and
heavy-quark discretization, and renormalization e↵ects. We conclude that the fit error
from our base chiral-continuum fit properly accounts for these e↵ects. Table IX gives an
approximate breakdown of the chiral-continuum fit error into separate contributions for each
matrix element and the ratio ⇠ as described in Sec. VIIIA. We then add in quadrature to
the “fit total” error all the significant contributions that are not already included in the
chiral-continuum fit uncertainty (i.e., those from finite-volume e↵ects, r1/a uncertainties,
the physical scale r1, and electromagnetic e↵ects) to obtain the “Total” error in Table XI.
Errors associated with isospin breaking are estimated to be negligible. In summary, the
“Total” error of Table XI includes all significant contributions to the matrix elements and
⇠ after all possible sources of uncertainty have been considered with the exception of our
estimate of dynamical charm e↵ects (discussed in Sec. VIII C), which is listed separately in
the last column of the table. This separation will enable the errors on our results to be easily
adjusted in the future if more reliable estimates of the size of charm sea-quark contributions
become available.

IX. RESULTS

Here we present our final results with total uncertainties that include all contributions
to the errors considered in the preceding section. As discussed there, we report the charm-
sea error separately from the total of the statistical and all other systematic uncertainties.
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