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- consistent treatment of axial charge production, non-abelian gauge fields as
  dynamical degrees of freedom.

Fermions: Challenging!
Solving Dirac operator equation
in mode-function expansion

→ extremely costly (~N6)
→ big obstacle so far and many attempts at reducing price (e.g. 'low-cost' techniques, Borsányi and Hindmarsh 2009)
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→ converge in a limited number of cases, hopeless in many others, 
     especially for anomalous dynamics!

Our approach: - tree-level operator improvements (Eguchi and N. Kawamoto 1984)

- Wilson-averaging

→ works extremely well, convergence already on small lattices 16x16x16 for smooth gauge fields

Computational Ressources: 
Check arXiv:1612.02477 for the current state-of-art

for real-time fermion simulations! 
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2. Real-time simulations

Chiral Magnetic and Chiral Separation Effect
NM, Schlichting, Sharma, PRL 117 (2016) 142301; Mace, NM, Schlichting, Sharma, arXiv:1612.02477 

B

abelian magnetic 
field along z

Initially: Vacuum (no fermions, no axial charge)

Chiral Magnetic Effect: Electric current generated due to axial 
charge produced

Chiral Separation Effect: Axial current generated due 
to electric charge

→ Emergence of the Chiral Magnetic Wave 5
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Simulating chiral fermions in real-time: Overlap fermions
arXiv:1612.02477,  arXiv:1701.03331

Benchmark:

Wilson-fermions vs. Overlap fermions

- mass matters! chiral instabilities
  helicity transport: heavy ions and
  astrophysics!
  (Yamamoto, Akamatsu, Kaplan, Reddy, Sen, Dvornikov...)

- real-time evolution beyond early time
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3. Conclusions

- I have shown you real-time classical statistical simulations of fermion 
  production during sphaleron transitions in background magnetic fields

- Axial anomaly realized in lattice simulations using Wilson fermions

- Chiral Magnetic and Chiral Separation Effect emerge dynamically

- Observation of the Chiral Magnetic Wave

 - Have investigated finite mass and magnetic field dependence.
   Finite quark mass plays an important role: 
   dissipation of anomalous currents

- Simulated chiral lattice fermions in real-time – overlap fermions!

- relativistic chiral kinetic theory from world-lines (with R. Venugopalan)
  arXiv:1701.03331 & arXiv:1702.01233
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Backup
A. Classical Statistical Simulations 

Exact description via modefunctions up to 24x24x64 lattices 

(see for example Kasper et al. Phys.Rev. D90 (2014) 2, 025016)

typical situation: large coherent or highly occupied gauge fields 
→ correspondence principle 

- initial stages of a heavy ion collision: A ~ 1/g
- colliding laser beams → large and coherent fields

The classical-statistical approximation is a systematic
expansion of the 'quantum' fields around the 'classical' fields

Fermions are never “classical”

 

'classical' 'quantum'



Backup
B. Algorithmic Improvements

Improved operators (NM, S.Schlichting, S.Sharma, arXiv:1606.00342, arXiv:1612.02477 )

Fermions: Exact description via modefunctions 
up to 24x24x64 lattices 

Wilson-averaging (M.Mace, NM, S.Schlichting, S.Sharma, arXiv:1612.02477 )

→ improvement of chiral properties
→ extremely important for larger fermion masses
→ average fermionic observables over Wilson parameters with opposite sign
→ leading order errors in the anomaly equation cancel



Backup
C. Magnetic Fields on the lattice

Magnetic fields break translation invariance → magnetic translation group

- Magnetic fields on a torus very non-trivial 
  (see Al-Hashimi & Wiese “Accidental Symmetries”, also Bali et al.)

- Intriguing lattice artefacts!

→ spoil the low-cost method 
     --- while there probably are field configurations where low-cost works,
         this is certainly not the case in magnetic fields

  



Backup
D. Anomaly Realization on the Lattice

Chiral Symmetry + Fermion doubling + Chiral Anomaly 
= “one of the prettiest connections I have ever seen” 

- The axial anomaly and the fermion doubling 
problem are intimately related

- Lattice theory regularized on the basis of the 
action already

- Anomaly comes from the non-trivial continuum 
limit of any regulator you put in  to remove 
doublers

preliminary
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