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I discuss recent progress in the determination of
the quark matter equation of state (EOS) and
its applications to the phenomenology of neutron stars (NSs). The current state-of-the-art
matched QCD EOS comes from the work of Kurkela
et al. [1], in which the authors matched chiral effective theory (ChEFT) at low densities to perturbative QCD (pQCD) at high densities. Since then,
the T = 0, massless-quark, pQCD EOS has been
theoretically improved beyond O(g4). I will
discuss these improvements, as well as improvements to the phenomenology of NSs. In particular, I will detail NS phenomenology taking rotation into account, something that was not
done in the original work of Ref. [1]).

NSs: matching
Outer layers of NSs: ChEFT [2] or quantum
Monte Carlo [3] applicable and can yield insights
into static properties (e.g. EOS) and some transport properties of NSs. Currently, low-density calculations valid up to ∼1.1 times the nuclear
saturation density ns ≈ 0.16/fm3, corresponding to a baryon chemical potential of about μB ≈
0.97 GeV [2].
Deep in the core, controlled, direct theoretical
calculations are not possible: densities at the
center of star are not large enough to use pQCD.
In the state-of-the-art pQCD calculations at zero
temperature [4], the errors associated with varying the mass scale reach 30% at around μB =
2.6 GeV. The value of μB in the cores of NSs lie
within a subset of this 0.97 − 2.6 GeV range.
One can hope to reach the intermediate values
of μB by matching the low-density EOS from the
low-energy EFTs to the pQCD results in a thermodynamically consistent way to investigate the
(static) makeup of NSs. This has been carried out
in the work of Kurkela et al. [1] and Fraga et al. [5],
using 2-3 interpolating polytropes. These works
also incorporated the 2M⊙ constraint from [6, 7].
In these works, the authors used their matched
EOSs to analyze non-rotating NSs only.
Here, we used the EOS of [1] in the form P(ϵ),
along with the publicly-available RNS code [8]
to construct NSs with any ω below the massshedding (kepler) limit.
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of all propagators: P ≡ {1, 2, . . . , M},
• Set
of all possible choices of loop
• Set
momenta: S. Each element S ∈ S
r

corresponds to some subset of N indices
from P. The sets Sr are limited only by
momentum conservation.
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mass vs. frequency region for all of the possible EOSs.
The inner, solid region is allowed for every equation of state,
and the outer, checkered band shows where the possible
boundaries are for each EOS. The dashed lines are the outer
boundaries of the mass–frequency regions for three sample
EOSs. Data points for NSs with f > 100 Hz, taken from a table
in Ref. [9], are also plotted.

12

14

16
Req [km]

18

20

mass vs. equatorial radius regions for non-rotating
stars (horizontal stripes) and mass-shedding stars (vertical
stripes). The upper, checkered region is an overlap between
the non-rotating and mass-shedding regions. The lower,
solid region is only accessible to non-mass-shedding, rotating NSs.
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Rotating NSs with matched EOSs: plots
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circumferential, equatorial radius vs. frequency
curves for a 1.4M⊙ star.

A plot illustrating how much the EOS band from Ref. [1]
would be restricted by a hypothetical measurement of
I = 1.5 × 1045 g cm2 with a precision of 10% for PSR J07373039A.

rotating ns results: exclusion regions
non-rotating mass is 2.5M ; rotating is 3.25M
• Maximum
allowed radius is 21 km.
• Maximum
f constraint: upper-right corner of purple region in M vs. f plot: f > 883 Hz will start
• eliminating
EOSs.
NSs could also rule out EOSs if their masses were sufﬁciently low (e.g., f = 716 Hz
• lower-f
starts constraining for M < 1M )
1.4M star, f > 780 Hz will start reducing EOS band.
• For
stringent constraints on EOS band would come from even a relatively imprecise
• Most
measurement of I of the double pulsar PSR J0737-3039A.
⊙

structure in numerator of Feynman
• Nointegral
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propagator is raised to a
• Nopowerindividual
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Simplifying assumptions (which can be relaxed
at the expense of more cumbersome notation
only):

⊙

⊙

⊙

1. vacuum case, the general integral is
∫

N
∞ ∏

−∞ i=1

M
dqi0 ∏
1
,
α 2
2
2π α=1 (r0 ) + Eα

which we prove evaluates to
∑ ∏ 1 ∏
1
2Ei
(r0α (Sr))2
Sr ∈S i∈Sr
α∈P\Sr

+

E2α (Sr) {qi0=iEi}

,

where P \ Sr denotes the propagators that do
not belong to the set Sr and the explicit
forms of the Rα in terms of the momenta are
dictated by Sr. note: Each set Sr ∈ S is
counted only once. Relabellings within Sr
don’t matter.
2. generalization to nonzero density
θ(Ei − μ)
1
→
2Ei
2Ei
for internal fermion lines only, via the
residue theorem. note: Different Sr ∈ S,
imply different numbers of fermionic
momenta and thus different numbers of
θ-function factors
3. connection to original rules:
θ(Ei − μ) = 1 − θ(μ − Ei).

pQCD improvements
Extending state-of-the-art zero-temperature result [4] to higher orders presents a considerable
technical challenge: Part of the problem lies in
understanding how to handle the contributions
of the soft momentum scales to the quantity.
Here, we present a new technical tool for perturbative calculations at T = 0 and μ > 0 that
enables a high-order determination of many important thermodynamic quantities.
useful as there is a vast amount of literature on vacuum amplitudes that can be directly taken over.

cutting rules
Sometimes referred to as the naive real-time
formalism [10], and connected to the much earlier work of Ref. [11], where a connection between
certain statistical-physics quantities and scattering amplitudes was proposed. It has since then
been developed, e.g., in Refs. [12, 13].
statement: At T = 0, the general structure inside
a Euclidean n-point function integral expression
is (for a general function f with no poles):

∫
e
Q

f(q0, q)
=
2
2
q +E

∫

f(q0, q)
−
2
2
Qq +E

∫

θ(μ − E)
f(i Eα , q)
2E
⃗q

general remarks
e integral, there is a shift in the q0
In the Q

• component by an amount i μ. (Standard
notation.)

that the structure is: vacuum +
• Note
matter.
substitution is to be carried out on
• This
every fermionic propagator
This procedure results in a sum over “cuts” of
the original diagram F up to the number of loops
N:
F({Pk}, μ) = F0-cut({Pk}) + F1-cut({Pk}, μ) +
· · · + FN-cut({Pk}, μ).
An important additional rule is that those cuts
that divide the original graph into disconnected pieces are to be thrown out.
The general “naive real-time formalism” has been
proposed only for vacuum diagrams, and even
there no proof to all orders exists. Instead, the validity of the replacement has only been checked
on a case-by-case basis up to partial three-loop
order. In contrast, our proof of the zerotemperature cutting rules covers all euclidean
n-point functions up to an arbitrary order in
perturbation theory.

Then multiply out and rearrange.
crux of the proof lies in step (1), which relies
on the residue theorem, the crucial realization
that we cannot take residues of a set of propagators whose momenta are linearly dependent, and
the independence of the original integral F on the
choice of integration momenta Sr ∈ S.
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