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Introduction

We present an effective model for low-energy QCD thermodynamics which provides a microscopic
interpretation of the transition from a gas of hadron resonances to the quark- gluon plasma by
Mott dissociation of hadrons and compare results with data from lattice QCD simulations. We
consider the thermodynamics of the Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model
within the self consistent approximation scheme of the Φ-derivable approach. This allows us to
obtain the Generalized Beth-Uhlenbeck (GBU) equation of state. Our approach goes beyond the
mean-field description of quark matter by taking into account hadronic correlations (bound and
scattering states) [1] as well as their backreaction on the propagator of constituents. The next step
in our work is to include more hadronic degrees of freedom than just the low-lying pseudoscalar
mesons. For that purpose we discuss a model for the generic behavior of hadron masses and phase
shifts at finite temperature which shares basic features with recent developments within the PNJL
model for correlations in quark matter.

Φ−-derivable approach and generalized Beth-Uhlenbeck EoS

For the thermodynamic potential of quark-hadron matter we suggest to employ an ansatz in the
spirit of the Φ−derivable approach [2, 3], where besides the full propagator for quarks (q) also
those for the diquarks (d), mesons (M) and baryons (B) as quark composites appear

Ω =
∑

i=q,d,M,B

ci
2
[
Tr ln(G−1

i )− Tr(ΣiGi)
]

+ Φ [{Gi}] + U [φ;T ] + Ωpert. (1)

The approximation for the 2-particle irreducible Φ functional contains all two-loop diagrams of
the "sunset" type, and it generates the corresponding selfenergies. In Fig. 1 we show this diagram
choice and the resulting quark selfenergies. This is a cluster virial expansion for quark matter [12]
leading to a generalized Beth-Uhlenbeck equation of state [14]. For details, see [7].
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Figure 1: Upper line: Diagram choice for the Φ functional in the non-perturbative sector of low-energy QCD where
strong correlations in the mesonic (dashed line), diquark (double line) and baryonic (triple line) channels are present.
Lower line: Quark selfenergies corresponding to the Φ functional of the upper line.

Mott hadron resonance gas model

For the total pressure of the model, we have

Ptotal(T ) =
∑
i=M,B

Pi(T ) + P ∗PNJL(T ) + Ppert(T ) , (2)

where the first term describes a Mott hadron resonance gas (MHRG) as ideal mixture of hadronic
bound and scattering states in the channels i that follow ideal gas-like behavior

Pi(T ) = T ni(T ) , i = {M}, {B}, (3)

with the generalized scalar density in the hadronic channel i,

ni(T ) =
∫ ∞

0

dM̂

π
ns,i(M̂)[δi(M̂ 2)− 1

2
sin 2δi(M̂ 2)]. (4)

This separability of the hadronic contributions holds at two-loop order for the Φ functional diagram
choice [16, 17]. The Mott dissociation effect is encoded in the temperature-dependent hadron phase
shifts δi(M̂ 2) in (4). The sinus term in (4) marks a difference with the traditional Beth-Uhlenbeck
approach [18, 19, 20, 1] that does not have this term which leads to a "squared Breit-Wigner"
spectral shape instead of a Breit-Wigner one [17, 21]. The scalar density of a hadronic degree of
freedom with mass M is

ns,i(M̂) = diT
3
∫ ∞

0

dp̂ p̂2

2π2
M̂√

p̂2 + M̂ 2
fi(
√
p̂2 + M̂ 2) ,

with di being the degeneracy of the state i and fi(x) = [ex− ci]−1 the corresponding distribution
function; M̂ = M/T , p̂ = p/T .
The underlying quark and gluon thermodynamics is divided into a perturbative contribution
Ppert(T ) which is treated as virial correction in two-loop order following Ref. [22] and a nonper-
turbative part described within a PNJL model in the form

P ∗PNJL(T ) = P ∗FG(T ) + U [φ;T ] , (5)

where the Polyakov-loop potential U [φ;T ] takes into account the nonperturbative gluon back-
ground in a meanfield approximation using the polynomial fit of Ref. [23]. The asterix denotes
that we go beyond the standard meanfield level and introduce a quasiparticle picture

P ∗FG(T ) = 4Nc

∑
q=u,d,s

∫
dp p2

2π2

∫
dω

π
fφ(ω)

{
δq(ω)− 1

2
sin[2δq(ω)]

}
, (6)

where the generalized Fermi distribution function of the PNJL model for the case of vanishing
quark chemical potential considered here is defined as fφ(ω) = [φ(1 + 2Y )Y + Y 3]/[1 + 3φ(1 +
Y )Y + Y 3] , with Y = exp(−ω/T ). The quark phase shift due to the scattering off hadrons is
taken as

δq(ω) = πH(ω,Ep, γ) , H(x, y, z) = 1/2 + (1/π) arctan [(x− y)/z] , (7)

where Ep =
√
p2 + m2

q is the quark dispersion relation (q = u, d, s) and the parameter γ stands
for the collisional broadening [24]

γ(T ) =
∑
i=M,B

σ ni(T ) , (8)

where for the cross section we adopt a universal value of σ = 35 mb that is guided by the
asymptotic nucleon-nucleon cross section.

For the case of vanishing width parameter the usual Fermi gas expression for the quark pressure
of the PNJL model is reproduced. We are solving the standard gap equation for the traced
Polyakov loop φ(T ) with the quark masses ml(T ) and ms(T ) as an input, where l = u, d denotes
the degenerate light quark flavors. The temperature dependence of the quark masses is obtained
using LQCD data for the behaviour of the continuum extrapolated chiral condensate ∆l,s(T ) [11].
In such a way it is possible to go beyond the meanfield and include effects of hadronic resonances
consistently. For the temperature dependence of light quark mass m(T ) we assume

m(T ) = [m(0)−m0]∆l,s(T ) + m0 , (9)

with m0 = 5.5 MeV and for the strange quark mass we adopt ms(T ) = m(T ) + ms −m0 , with
ms = 100 MeV.
For the hadron masses Mi(T ) and widths Γi(T ) we make the ansatz

Mi(T ) = Mi(0) + Γi(T ) , (10)
Γi(T ) =

√
a (T − TMott,i) + b (T − TMott,i)2 Θ(T − TMott,i) , (11)

where Mi(0) are the hadron masses according to the particle data group, for the parameters we
choose a = 2.5 GeV and b = 8.0 [25]. For hadrons that are unstable at T = 0 already we use the
linear fit (b = 0), with negative Mott temperature.
The Mott temperatures TMott,i can be determined from the condition

Mi(TMott,i) = mthr,i(TMott,i) , (12)

where the temperature dependent continuum threshold for a hadron species i containing Ni

valence quarks is determined by the temperature dependent quark masses via

mthr,i(T ) = (Ni −Ns)m(T ) + Nsms(T ) , (13)

where Ns = 0, 1, . . . , Ni is the number of strange quarks in hadron i with Ni = 2 for mesons
(i = M) and Ni = 3 for baryons (i = B). The resulting mass spectrum is shown in the left panel
of Fig. 2.

Figure 2: Left panel: Temperature dependence of the light hadron masses and the corresponding 2-quark and 3-quark
continuum thresholds (solid lines). Right panel: Temperature and s-dependence of the pion phase shift according to
the generic hadron phase shift model of Eq. (14).

For the hadronic phase shifts we adopt the generic function

δi(ŝ) = π F
(
ŝ/Γ̂2

i

)
H(ŝ, M̂ 2

i , M̂iΓ̂i) {Θ(ŝthr,i − ŝ)

+
[
ŝmax,i − ŝ

ŝmax,i − ŝthr,i

]
Θ(ŝ− ŝthr,i)Θ(ŝmax,i − ŝ)

}
, (14)

where ŝ = s/T 2, M̂i = Mi/T , Γ̂i = Γi/T . The auxiliary function F (x) = [sin(x)Θ(π/2 − x) +
Θ(x− π/2)] has been introduced to ensure that the phase shift at s = 0 is always zero, even at
higher temperatures, where large values of the width parameter in the Breit-Wigner like ansatz
could otherwise spoil this constraint. Above the continuum threshold sthr,i = m2

thr,i the phase
shift drops towards zero which is reached at smax,i = sthr,i + N 2

i Λ2, where Λ is the range of the
nonpertubative interaction in momentum space. In the right panel of Fig. 2 we illustrate the
temperature and energy dependence encoded in this formula for the case of the pion. Note the
similarity to the prototype phase shift in [26] that fulfils the basic requirement of the Levinson
theorem while encoding the behaviour of a resonance.
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Figure 3: Phase shift of pions within MHRG model (left panel) and within PNJL model (right panel) as function of the
energy for different temperatures from T = 150 MeV to (350)400 MeV.

We are now in the situation to discuss the results for the QCD thermodynamics as captured
by our model in Eq. (19), where the different components are defined above. In the left panel
of Fig. 4 we show the result for the temperature dependence of the partial pressure of pions
and kaons obtained in the above MHRG model, within different approximations. In the right
panel of Fig. 4 we compare the total pressure of the present model (Ptotal) with LQCD data
from Ref. [9, 10]. We show also the partial pressure contributions from the hadronic correlations
(PMHRG), the nonperturbative (P∗PNJL) and the perturbative (Ppert) quark-gluon models. With
the present schematic model, we can quantify the transition temperature from hadron dominance
to quark-gluon dominance at Ttrans = 156 MeV, where both partial pressures are equal. This
falls in the range of the pseudocritical transition temperature found in LQCD simulations, which
is also reflected in the temperature dependence of the chiral condensate and our fit thereof. At
the same time the scaled pion and kaon pressure components both peak at the temperature of
T = 153 MeV, related to the Mott dissociation of these states. Furthermore one can identify
the asymptotic limits, the pion gas limit at low temperatures T < 100 MeV and the quark-gluon
plasma limit at high temperatures above T ∼ 250 MeV.
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Figure 4: Left panel: Temperature dependence of the pressure for the pion and kaon component of the MHRG. We
compare the results for the standard PNJL model (dotted lines) where the Mott temperature is around 250 MeV for
both species with the model phase shift results in the standard Beth-Uhlenbeck form (dashed lines) and the generalized
Beth-Uhlenbeck form (solid lines). Right panel: Temperature dependence of the total pressure of the present model
(black solid line) compared to the LQCD results of Ref. [9, 10]. For comparison, the hadron (blue dash-dotted line),
quark-gluon (green dashed line) and perturbative QCD contributions (violet dash-double-dotted line) are shown.

Note that we have found that the account of both effects, the collisional width due to quark-hadron
scattering in P ∗FG(T ) and the virial corrections by parton rescattering to order αs in Ppert(T )
together are important for obtaining an excellent approximation to QCD thermodynamics in the
whole domain of temperatures sampled by the recent LQCD results. Without these contributions
there remain strong discrepancies, as demonstrated recently in Ref. [?]. The perturbation O(αs)
corrections to the pressure Ppert(T )

Ppert(T ) = P quark
pert (T ) + P gluon

pert (T ) (15)

This way an overcounting of degrees of freedom shall be avoided and the perturbative corrections
to O(αs) take the form

P quark
pert (T ) = −16παs

2π2 T 4
∫ ∞
λ/T

dxx

expx +1
− 96παs

(2π2)2T
4
(∫ ∞

λ/T

dxx

expx +1

)2
−→λ/T−→0 −

5π
6
αsT

4 (16)

P gluon
pert (T ) = −96παs

(2π2)2T
4
(∫ ∞

λ/T

dxx

expx +1

)2
−→λ/T−→0 −

2π
3
αsT

4 (17)

To summarize the total perturbative QCD correction

Ppert(T ) = −8
π
αsT

4(I+
λ + 3

π2((I+
λ )2 + (I−λ )2) , I±λ = dxx

expx±1
(18)

In this work an effective model is constructed which is capable of reproducing basic physical
characteristics of the hadron resonance gas at low temperatures and embody the crucial effect
of hadron dissociation by the Mott effect. The generalized Beth-Uhlenbeck form of the partial
pressures is constructed for each hadronic channel. Numerical results show that the simplifying
ansatz for the temperature dependence of both, the mass spectrum and the phase shifts of hadronic
channels give results in quantitative agreement with recent ones from LQCD [27]. To achieve this
it was essential to realize a calculational scheme that is inspired by the Φ−derivable approach of
Baym and Kadanoff.

EoS for PNJL model

Within the standard PNJL model, the total pressure be comes a sum of the mean-field part and
the fluctuation parts related to these modes,

Ptotal(T ) =
∑
i=M

Pi(T ) + PPNJL(T ) , (19)

where PPNJL(T ) = PCond(T ) + PPNJL,vac + PFG(T ) + U [φ;T ] , (20)

with condensate and vacuum terms

PCond(T ) = − 1
4G

σf , PPNJL,vac = 2Nc

∫
d3p

(2π)3Ef(p) , (21)

PFG(T, µ) = +2
∫

d3p

(2π)3

(
ln
[
1 + 3Φ̄Y + 3ΦY 2 + Y 3

]
+ ln

[
1 + 3ΦȲ + 3Φ̄Ȳ 2 + Ȳ 3

])
, (22)

where Y = e−β(Ef−µf) and Ȳ = e−β(Ef+µf). The fluctuation part in spectra function
representation has the form Beth-Uhlenbeck (BU) formula [1]

ΩX,BU(T, µ) = −dX

∫
d3q

(2π)3

∫
dω
2π

[1− n−X(ω) + n+
X(ω)]δX(ω,q) ,

with Bose distribution function n±X = 1/[exp[(ω ± µX)/T ] − 1]. The scattering phase
shift is introduced as δX(q) = −Im lnS−1

X (ω − µX + iε,q) , where hadronic propagator S−1
X =

G−1 − ΠX(ω − µX + iε,q) with the polarization function [4]
ΠX
ff ′(ω + µf − µf ′ + iη) = 4

{
If1 (T, µf) + If

′

1 (T, µf ′)
−
[
(ω + µf − µf ′)2 − (mf −mf ′)2] Iff ′2 (ω, T, µf − µf ′)

}
,

where I1 and I2 standard one loop integrals.
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Figure 5: and pseudoscalar mesons as a function of temperature (black solid line) and its components for the cases
µ/T = 0, 2. For the case µ/T = 0 (first plot) the total pressure compared to the lattice QCD results.

A possible explanation of the "horn effect"

We suggest that the transition from baryon to meson dominated entropy density may explain
the position of the peak for the K+/π+. On basis of the present approach to in in-medium
phase shift for quark-anti-quark scattering in hot, dense quark matter and the resulting mesonic
contributions to the thermodynamics described within BU approach we consider the ratio of the
scalar densities of kaons and pions at freezeout

nK±

nπ±
=
∫
dM

∫
d3p(M/E)gK±[1 + gK±]δK±(M)∫

dM
∫
d3p(M/E)gπ±[1 + gπ±]δπ±(M)

,

where temperature and baryochemical potential are related to the collision energy √sNN . The
nonequilibrium pion chemical potential is chosen as µπ = 120 MeV. With this prescription we
obtain the energy scan for the ratios K+/π+ and K−/π− shown Fig. 2. In order to highlight the
possible role of the anomalous low-energy states for explaining the "horn effect" we show by thin
lines the same ratios with- out these states.
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Figure 6: Left panel: Phase diagram with rescaling points of the specific collision energy from the freeze-out line to
PNJL critical line by keeping the ratio mu/T. Right panel: Ratio of yields K+/π+ and K−/π− with and without the
anomalous low-energy states as a function of nucleon-nucleon center of mass energy √sNN in heavy-ion collisions.

Conclusion

In this work we discribe the hadron-quark-gluon matter in framework of the (G)BU approach
where main role play the phase shift. The (G)BU equation include an interaction between bound
and scattering states in the medium, at the Mott transition where the bound state transforms to
a resonance in the continuum. This transition is manifested in a vanishing of the binding energy
as well as a jump by π of the phase shift at threshold in accordance with the Levinson theorem.
Thus the hadronic pressure expressed in the (G)BU form is melting. The MHRG give results in
quantitative agreement with recent ones from LQCD. To achieve this it was essential to realize
a calculation scheme that is inspired by the Φ-derivable approach of Baym and Kadanoff. A
significant result of work was obtained already at the present level of description and has recently
been submitted for publication. It consists in the 2+1 flavor case of the model where a possibility
to explain the "horn" effect for the K+/π+ ratio in heavy-ion collisions has been discussed. It is
obtained through the anomalous mode of the positive kaon occurring at finite temperature and
density.
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