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In	this	talk	I	will	discuss	the	appearance	of	EW	Sudakov	
logarithms	and	the	necessity	to	resum	them
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Resummation for virtual 
corrections

Adding real radiation at 
to the process

General introduction
to EW Sudakovs

Note that I am not  giving definite results for 100TeV, but 
rather raise some issues we need to think about



Electroweak	Sudakov	logarithms	arise	from	exchanges	of	
electroweak	gauge	bosons
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Consider example of qq production 

Have contributions from virtual and real emission
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FIG. 1: Graphs contributing to the αW correction to the J → qq̄ rate.

⊗

FIG. 2: Virtual correction to J → qq.

⊗ ⊗

FIG. 3: Real radiation from J → qqW .

where σ0 is the tree-level cross section. The − ln2 r and
−3 ln r terms lead to large corrections at high energy.
The real radiation J → qqW arises from the graphs in

Fig. 3, and is

σR =
CFαW

2π
σ0

!
5(1− r2) + (3 + 4r + 3r2) ln r

+ (1 + r)2
"
ln2 r − 4 ln r ln(1 + r) − 4 Li2 (−r)−

π2

3

#$
.

(7)

Expanding in r gives

σR =
CFαW

2π
σ0

!
ln2 r + 3 ln r −

π2

3
+ 5 + . . .

$
. (8)

The total radiative correction is

σT = σR + σV

=
CFαW

2π
σ0

!
3

2
− 2r − 5r2 + (2 + 3r)r ln r

− 2(1 + r)2 [ln r ln(1 + r) + Li2 (−r)]
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FIG. 4: Plot of the real and virtual corrections to J → qq̄.
Plotted are the exact virtual correction (solid blue), the vir-
tual corrections using SCETEW (dashed blue), real radiation
(red), exact total rate (black) and the total rate using the
SCETEW virtual correction (dashed black).

and as r → 0 gives

σT =
3CFαW

4π
σ0 . (10)

The ln2 r and ln r terms cancel between σR,V . The cor-
rection to R in QCD is given by Eq. (10) with the re-
placement αW → αs and CF → 4/3.
The real and virtual corrections are shown in Fig. 4.

Also shown is the virtual correction computed using the
SCETEW result of Eq. (A2). The SCETEW and exact cal-
culations for the virtual correction have only very small
differences, which are below 1% for E > 2MW ∼ 160
GeV, and < 0.5% by 400GeV, whereas the real and
virtual corrections each exceed 5% by the time E >
15MW ∼ 1.2 TeV. This shows that in the regime where
the electroweak corrections are relevant at the LHC, the
SCETEW computation is sufficiently accurate. The fig-
ure also shows that the large real and virtual electroweak
corrections cancel in the total cross section.
The above calculation demonstrates the usual cancel-

lation of the L2 and L terms between real and virtual
graphs for the total cross section summed over all final
states. This cancellation is not guaranteed to hold if
the cross section is modified by restrictions on the final
state. One can impose phase space restrictions on the
kinematics of the emitted gauge boson. Consequences
of doing so were studied in detail in Ref. [6], and lead
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and as r → 0 gives

σT =
3CFαW

4π
σ0 . (10)

The ln2 r and ln r terms cancel between σR,V . The cor-
rection to R in QCD is given by Eq. (10) with the re-
placement αW → αs and CF → 4/3.
The real and virtual corrections are shown in Fig. 4.

Also shown is the virtual correction computed using the
SCETEW result of Eq. (A2). The SCETEW and exact cal-
culations for the virtual correction have only very small
differences, which are below 1% for E > 2MW ∼ 160
GeV, and < 0.5% by 400GeV, whereas the real and
virtual corrections each exceed 5% by the time E >
15MW ∼ 1.2 TeV. This shows that in the regime where
the electroweak corrections are relevant at the LHC, the
SCETEW computation is sufficiently accurate. The fig-
ure also shows that the large real and virtual electroweak
corrections cancel in the total cross section.
The above calculation demonstrates the usual cancel-

lation of the L2 and L terms between real and virtual
graphs for the total cross section summed over all final
states. This cancellation is not guaranteed to hold if
the cross section is modified by restrictions on the final
state. One can impose phase space restrictions on the
kinematics of the emitted gauge boson. Consequences
of doing so were studied in detail in Ref. [6], and lead

For massless gauge boson, get IR divergences in both virtual 
and real that cancel by KLN 



Electroweak	Sudakov	logarithms	arise	from	exchanges	of	
electroweak	gauge	bosons

4

Consider example of qq production 

Have contributions from virtual and real emission

3

⊗ ⊗

b
b

t

t
t

b
W

⊗ ⊗

t

bb

t

t t

W ⊗ ⊗

b

t

t

t

t

b

W

⊗ ⊗

t

b
t

t

t
t

W

FIG. 1: Graphs contributing to the αW correction to the J → qq̄ rate.

⊗

FIG. 2: Virtual correction to J → qq.

⊗ ⊗

FIG. 3: Real radiation from J → qqW .

where σ0 is the tree-level cross section. The − ln2 r and
−3 ln r terms lead to large corrections at high energy.
The real radiation J → qqW arises from the graphs in

Fig. 3, and is

σR =
CFαW

2π
σ0

!
5(1− r2) + (3 + 4r + 3r2) ln r

+ (1 + r)2
"
ln2 r − 4 ln r ln(1 + r) − 4 Li2 (−r)−

π2

3

#$
.

(7)

Expanding in r gives

σR =
CFαW

2π
σ0

!
ln2 r + 3 ln r −

π2

3
+ 5 + . . .

$
. (8)

The total radiative correction is

σT = σR + σV

=
CFαW

2π
σ0

!
3

2
− 2r − 5r2 + (2 + 3r)r ln r

− 2(1 + r)2 [ln r ln(1 + r) + Li2 (−r)]

$
(9)

10.05.02.0 20.03.01.5 15.07.0
E!MW

!0.06

!0.04

!0.02

0.00

0.02

0.04

0.06

FIG. 4: Plot of the real and virtual corrections to J → qq̄.
Plotted are the exact virtual correction (solid blue), the vir-
tual corrections using SCETEW (dashed blue), real radiation
(red), exact total rate (black) and the total rate using the
SCETEW virtual correction (dashed black).

and as r → 0 gives

σT =
3CFαW

4π
σ0 . (10)

The ln2 r and ln r terms cancel between σR,V . The cor-
rection to R in QCD is given by Eq. (10) with the re-
placement αW → αs and CF → 4/3.
The real and virtual corrections are shown in Fig. 4.

Also shown is the virtual correction computed using the
SCETEW result of Eq. (A2). The SCETEW and exact cal-
culations for the virtual correction have only very small
differences, which are below 1% for E > 2MW ∼ 160
GeV, and < 0.5% by 400GeV, whereas the real and
virtual corrections each exceed 5% by the time E >
15MW ∼ 1.2 TeV. This shows that in the regime where
the electroweak corrections are relevant at the LHC, the
SCETEW computation is sufficiently accurate. The fig-
ure also shows that the large real and virtual electroweak
corrections cancel in the total cross section.
The above calculation demonstrates the usual cancel-

lation of the L2 and L terms between real and virtual
graphs for the total cross section summed over all final
states. This cancellation is not guaranteed to hold if
the cross section is modified by restrictions on the final
state. One can impose phase space restrictions on the
kinematics of the emitted gauge boson. Consequences
of doing so were studied in detail in Ref. [6], and lead

3

⊗ ⊗

b
b

t

t
t

b
W

⊗ ⊗

t

bb

t

t t

W ⊗ ⊗

b

t

t

t

t

b

W

⊗ ⊗

t

b
t

t

t
t

W

FIG. 1: Graphs contributing to the αW correction to the J → qq̄ rate.

⊗

FIG. 2: Virtual correction to J → qq.

⊗ ⊗

FIG. 3: Real radiation from J → qqW .

where σ0 is the tree-level cross section. The − ln2 r and
−3 ln r terms lead to large corrections at high energy.
The real radiation J → qqW arises from the graphs in

Fig. 3, and is

σR =
CFαW

2π
σ0

!
5(1− r2) + (3 + 4r + 3r2) ln r

+ (1 + r)2
"
ln2 r − 4 ln r ln(1 + r) − 4 Li2 (−r)−

π2

3

#$
.

(7)

Expanding in r gives

σR =
CFαW

2π
σ0

!
ln2 r + 3 ln r −

π2

3
+ 5 + . . .

$
. (8)

The total radiative correction is

σT = σR + σV

=
CFαW

2π
σ0

!
3

2
− 2r − 5r2 + (2 + 3r)r ln r

− 2(1 + r)2 [ln r ln(1 + r) + Li2 (−r)]

$
(9)

10.05.02.0 20.03.01.5 15.07.0
E!MW

!0.06

!0.04

!0.02

0.00

0.02

0.04

0.06

FIG. 4: Plot of the real and virtual corrections to J → qq̄.
Plotted are the exact virtual correction (solid blue), the vir-
tual corrections using SCETEW (dashed blue), real radiation
(red), exact total rate (black) and the total rate using the
SCETEW virtual correction (dashed black).

and as r → 0 gives

σT =
3CFαW

4π
σ0 . (10)

The ln2 r and ln r terms cancel between σR,V . The cor-
rection to R in QCD is given by Eq. (10) with the re-
placement αW → αs and CF → 4/3.
The real and virtual corrections are shown in Fig. 4.

Also shown is the virtual correction computed using the
SCETEW result of Eq. (A2). The SCETEW and exact cal-
culations for the virtual correction have only very small
differences, which are below 1% for E > 2MW ∼ 160
GeV, and < 0.5% by 400GeV, whereas the real and
virtual corrections each exceed 5% by the time E >
15MW ∼ 1.2 TeV. This shows that in the regime where
the electroweak corrections are relevant at the LHC, the
SCETEW computation is sufficiently accurate. The fig-
ure also shows that the large real and virtual electroweak
corrections cancel in the total cross section.
The above calculation demonstrates the usual cancel-

lation of the L2 and L terms between real and virtual
graphs for the total cross section summed over all final
states. This cancellation is not guaranteed to hold if
the cross section is modified by restrictions on the final
state. One can impose phase space restrictions on the
kinematics of the emitted gauge boson. Consequences
of doing so were studied in detail in Ref. [6], and lead

For massive W,  IR divergences turn into log(mW2/s), and 
generally have two powers per power of alpha

Both virtual and real sensitive to log(mW2/s)



The	numerical	effect	of	EW	Sudakov	logarithms	becomes	
large	at	high	energies
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The	cancella?on	between	virtual	and	real	correc?ons	is	very	
different	from	the	usual	story	in	QCD
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Look at “Drell-Yan” production
of a SU(2) singlet state

Q

Q

S

S

𝜎Vuu+dd = 𝜎B ( 1 - 3/2 𝛼 L2)

𝜎Vud+du = 0

𝜎Ruu+dd = 𝜎B 1/2 𝛼 L2

𝜎Rud+du = 𝜎B 𝛼 L2

𝛼 = 𝛼EW/2𝜋 L = log(m2/s)
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The	cancella?on	between	virtual	and	real	correc?ons	is	very	
different	from	the	usual	story	in	QCD
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Look at “Drell-Yan” production 

V R V+R

uu+dd ( 1 - 3/2 𝛼 L2) 1/2 𝛼 L2 ( 1 - 𝛼 L2)

ud+du 0 𝛼 L2 𝛼 L2

uu+dd
+ud+du ( 1 - 3/2 𝛼 L2) 3/2 𝛼 L2 0

Cancellation for completely inclusive observables (KLN)



The	cancella?on	between	virtual	and	real	correc?ons	is	very	
different	from	the	usual	story	in	QCD
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Look at “Drell-Yan” production 

V R V+R

uu+dd ( 1 - 3/2 𝛼 L2) 1/2 𝛼 L2 ( 1 - 𝛼 L2)

ud+du 0 𝛼 L2 𝛼 L2

uu+dd
+ud+du ( 1 - 3/2 𝛼 L2) 3/2 𝛼 L2 0

1.Most experimental analyses are not inclusive over 
initial states

2.Averaging over initial states is impossible, since 
beams are not SU(2) symmetric

Cancellation only happens if 
we include both real and 
virtual corrections, and 

average over initial states



9

Resummation of EW Sudakov 
logarithms for virtual corrections



Sudakov	logarithms	in	EW	processes	have	been	studied	for	a	
while,	and	resumma?on	techniques	are	available

10

The existence of large Sudakov style logarithms of the 
ration m^2/s has been known for quite some time …

Ciafaloni, Comelli (’99, ’00)
Fadin et al (’99)

Melles et al (’99, ‘00)

… and the leading logs were known to exponentiate

Using IR evolution equations, higher logarithms have been 
resummed as well Kühn et al (‘01)



Effec?ve	field	theories	are	a	great	tool	to	derive	resummed	
expression	to	arbitrary	order	in	the	logarithmic	resumma?on
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𝜇≃Q

𝜇≃mV

Full theory

SCET with mV≪Q
Unbroken SU(2)
A3   A+  A-  A0

SCET with 𝜇≪mV

Only 𝛾
Broken SU(2)

Match onto SCET
no logarithms

Integrate out W, Z
(almost) no logarithms

Renormalization group 
between Q and mV 
resums Sudakov logs



The	advantage	of	using	effec?ve	field	theories	is	that	the	
calcula?ons	are	considerably	easier
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𝜇≃Q

𝜇≃mV

Full theory

SCET

SCET𝛾

•For the calculation in SCET can 
use unbroken SU(2)

•Can set all masses to zero, 
which makes life much easier

•Factorization of amplitudes 
allows to write completely 
generic result in terms of 
collinear and soft functions

•Completely general results 
available
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Adding real radiation at fixed order



Most	observables	are	not	fully	inclusive,	such	that	EW	
Sudakov	logarithms	remain

14

Process GV GR GR - GV

Inclusive 
ff(V) N CF N CF 0

Any fermion 
ff N CF 0 -N CF

Specified f’s 
fifj(V) 1/2(1 - δij/N) CF δij 1/2(1 - N δij)

4

to incomplete cancellation of the logarithms if the phase
space cuts restrict the soft or collinear radiation. One
can also investigate the possibility that, because elec-
troweak charge is an experimental observable, one can
separate the total cross section (J → tt, bb, ttZ, bbZ,
tbW−, btW+) into sub-processes tagged by the final state
particles, without restricting phase space. This is useful
because the different channels have different experimen-
tal signatures, and are often measured separately [40].
The second possibility is studied below, and is comple-
mentary to the non-cancellation of logarithmic terms due
to phase space restrictions, and due to electroweak non-
singlet initial states [1–3].
The real and virtual cross sections are modified if one

does not sum over all final states. In the simple example
we are considering with degenerate fermions and bosons,
the only change is that Eqs. (6,8) are modified by the
replacement of the group theory factor NCF (N = 2) by
GV and GR, which need not be equal, so that the total
cross section

σT =
αW

2π
(GR −GV ) !σ0

"
ln2 r + 3 ln r + . . .

#
(11)

can have large corrections at high energy. The depen-
dence of the cross section on ln2 r+3 ln r is characteristic
of the IR structure of a vector current [41].
To study this non-cancellation, we tabulate the group

theory factors GV,R in Table I for some possible choices
of final state, for an SU(N) gauge theory. In Eq. (11),
σ0 = N!σ0 is the total tree-level rate, so that σ̂0 is N -
independent. The different cases are:

1. Any fermion with or without any gauge bosons, i.e.
the full inclusive rate.

2. Any fermion but no gauge boson, e.g. tt̄, bb̄, but
not tt̄Z, bbZ, tb̄W−, bt̄W+.

3. Specify one fermion with or without any gauge
bosons, e.g. t+X , with X = t̄, t̄Z, b̄W−.

4. Specify one fermion and no gauge bosons, e.g. t+X ,
with X = t̄.

5. Specify both fermions (labeled by i, j) with or with-
out any gauge bosons, e.g. i = j = 1 is ttX ,
i = 1, j = 2 is tbX , etc.

6. Specify both fermions and require no gauge bosons.
Same as the previous case but X cannot contain
gauge bosons.

One can see that for cases 1 and 3, the logarithmic
terms are absent, while for all other cases, the logarithms
survive and give rise to large corrections at high energies.

IV. HEAVY QUARK PRODUCTION

In this section, we study the real and virtual cor-
rections to heavy quark production via gluon fusion,

Case GR GV GR −GV

1 NCF NCF 0

2 0 NCF −NCF

3 CF CF 0

4 0 CF −CF

5 1

2
− 1

2N
δij CF δij 1

2
− N

2
δij

6 0 CF δij −CF δij

TABLE I: Group theory factors for real and virtual emission
for an SU(N) gauge theory. CF = (N2 − 1)/(2N). The
different cases are described in the text.

FIG. 5: Tree-level graphs for gg → qq̄. The first and second
graphs have singularities for forward and backward scattering,
respectively.

gg → qq̄. The tree-level graphs are given in Fig. 5. The
real radiation is computed by numerical integration using
MadGraph5 aMC@NLO [42]. The virtual corrections
use the SCET results of Ref. [9]. Since the real emis-
sion rate is a fixed order result, the virtual correction
is expanded out to order αW to study the real-virtual
cancellation.
The gg → qq̄ total cross-section has a t-channel singu-

larity for forward scattering, and a u-channel singularity
for backward scattering, from the graphs in Fig. 5. To
avoid these singularities, we impose rapidity cuts. We re-
quire the particle with highest transverse momentum to
have |η| < 1 or |η| < 3. We will refer to these as |η| < 1, 3
cuts, respectively. We also require that the particle with
second highest pT satisfy |η| < 5. These cuts allow for
collinear and soft W emission from energetic quarks, but
avoid the forward and backward singularities. They are
applied to both the gg → qq̄ and gg → qq̄W rates.
The scattering cross section can depend on the collision

energy s = E2
CM, the rapidity cut η, and the particle

masses {M}. If the cross section is infrared finite as
{M} → 0, then it cannot contain ln s/M2 terms. The
Sudakov logarithms are a sign that the cross section is
divergent in the massless limit. In the gg → qq̄ case,
the real and virtual corrections have Sudakov logarithms
which cancel in the total rate.
We study the gg → qq̄, qq̄W rates for three cases:

1. q = u, d

2. q = t, b with mb=100GeV and mt = 173GeV

Furthermore, since initial pp state not SU(2) singlet, EW 
Sudakov logs don’t cancel even in fully inclusive case



Most	of	the	literature	has	focussed	on	Sudakov	logarithms	
from	virtual	correc?ons
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Additional radiation of EW gauge bosons leads to mostly 
distinct experimental signatures (extra high pT leptons, extra 

jets etc)

No IR divergences arise, so exclusive cross-section are 
physical observables

Improving techniques for loop calculations have allowed 
many advances



However,	most	experimental	signatures	are	in	fact	not	fully	
exclusive	over	extra	real	radia?on	of	W	and	Z	bosons

16

Often, measurements are inclusive over the number of 
leptons or jets, such that additional vector bosons are 

included in the event samples

Extra Z bosons decaying to neutrinos are very hard to reject

So we need to include real radiation in any sensible 
study of EW Sudakov logarithms



One	should	study	the	effect	of	real	radia?on	on	the	size	of	EW	
correc?ons

17

To get a feeling of the size of these effects, we have 
considered a toy model, which should closely 

resemble the real situation

• Consider gg→tt in a theory with only a broken SU(2)
• This gets rid of complications of adding the U(1)
• gg initial state is SU(2) singlet

• Let’s only look at partonic scattering 
• Allows us to see directly dependence on s

CWB, Manohar, Shotwell, Turcyk (’14)



One	should	study	the	effect	of	real	radia?on	on	the	size	of	EW	
correc?ons

18
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FIG. 7: Plot of real and virtual corrections to gg → qq̄ for
q = t, b for mb = 100GeV with an |η| < 1 cut. All rates
have been normalized to the tree-level gg → uū rate. The
points are: virtual correction gauge corrections (blue dots),
virtual Higgs corrections (brown dots), tb̄W− (red squares),
tt̄Z (orange squares), bb̄Z (green squares), tt̄H (cyan squares)
and bb̄H (purple squares).

cancels, but there can be constant terms left over.
It is important to note that for initial states that are

not electroweak singlets, such as for qq̄ → qq̄, the real
and virtual corrections have different L2, L dependence,
and the large corrections persist in the total cross section.
This non-cancellation persists even at the hadron level.
The pp → tt̄ rate has large corrections from the qq̄ →
qq̄ channel, since the u and d quark distributions in the
proton are not the same.

B. t, b Quark Production with mb = 100GeV

We now consider the case of gg → tt̄, bb̄ for mt =
173GeV and mb = 100 GeV. An unphysical b mass has
been chosen, so that the t → bW decay is forbidden.
The case of unstable top is discussed in Sec. IVC. The
virtual corrections for tt̄ and bb̄ production are given
in Eq. (12). The real rates are computed using Mad-

Graph5 aMC@NLO. All rates are divided by the corre-
sponding gg → uū rate to remove an overall 1/s normal-
ization factor. The tree-level rates gg → tt̄ and gg → bb̄
are essentially equal to gg → uū except very close to tt̄
threshold, so each of these tree-level rates are 1 in the
normalization of the plot, and have not been shown.
The real and virtual corrections are shown in Fig. 7 for

the |η| < 1 cut. The |η| < 3 plots are very similar, with a
small offset from the |η| < 1 curves, as for the u, d case in
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rate. The total rate levels off beyond 30TeV.

Fig. 6. The tb̄W− emission rate is the sum of the rates for
transversely and longitudinally polarized gauge bosons.
The rate for transversely polarized gauge bosons at high
energies is the same as that for ud̄W− production, since
fermion mass effects are power suppressed. The rate for
longitudinally polarized gauge bosons is the same as for
emission of the unphysical scalar (by the equivalence the-
orem), and is related to the Higgs emission rate. The real
and virtual rates can be written in terms of the ud̄W−

rate and the rate σS to emit a scalar with unit Yukawa
coupling,

σ(tb̄W−) → σ(ud̄W−) + 2(y2t + y2b )σS

σ(tt̄Z) →
1

2
σ(ud̄W−) + 2y2t σS

σ(bb̄Z) →
1

2
σ(ud̄W−) + 2y2bσS

σ(tt̄H) → 2y2tσS

σ(bb̄H) → 2y2bσS

σV (tt̄) → (vW + 3vt + vb)σ(uū)

σV (bb̄) → (vW + vt + 3vb)σ(uū) (15)

The σ(ud̄W−) terms in σ(tb̄W−), etc., are for transverse
W and Z emission and the σS terms are for longitudinal
W and Z emission.2 One can verify that the real emission
curves in Fig. 7 satisfy Eq. (15), so that five curves are
given in terms of two quantities, σ(ud̄W−) determined

2 Remember that Z = W 3 since we are in a pure SU(2)W the-
ory. Otherwise, the Z rates would have additional factors of
1/ cos2 θW .
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3. q = t, b with mb=4.7GeV and mt = 173GeV.

Case (1) allows us to explain the structure of the gauge
corrections without worrying about mass effects and
Higgs corrections. Case (2) also involves Higgs radiative
corrections, but has a stable t quark sincemt < mb+mW .
Finally case (3) is the physical case with an unstable t,
which can decay via t → bW decay.
The virtual corrections can be computed from the re-

sults in Ref. [9] (including also the yb terms), and are ob-
tained by averaging the electroweak corrections for left-
and right-handed quarks. The virtual corrections to the
cross sections are

σV (gg → tt) = σ0,t {vW + 3vt + vb}
σV (gg → bb) = σ0,b {vW + vt + 3vb} (12)

where

vW =
CFαW

4π

!
−L

2 + 3L
"
,

vt = −
y2t

32π2
L,

vb = −
y2b

32π2
L (13)

σ0,t = σ(gg → tt̄), and σ0,b = σ(gg → bb̄) are the corre-
sponding tree-level rates, CF = 3/4 for SU(2), and yt,b
are the quark Yukawa couplings. The corrections for u, d
quarks are given by yt,b → 0. The tree-level cross section
σ0 depends on the η cut. The virtual rates depend on the
η cut in the same way as the tree-level rates. The reason
is that the virtual electroweak corrections for gg → qq̄
do not depend on the kinematic variables (such as the
scattering angle) in this case, so the radiative correction
is an overall multiplicative factor. In other cases, such
as qq → qq̄, the virtual electroweak corrections depend
on kinematic variables, and have to be integrated over
phase space. The gauge radiative corrections have both
L2 and L terms, whereas the Higgs radiative corrections
are linear in L.

A. u, d Quark Production

The tree-level processes are gg → uū and gg → dd̄, and
the real radiation processes are gg → uūZ, gg → dd̄Z,
gg → ud̄W− and gg → dūW+. Since we are work-
ing in an SU(2)W theory (with Z = W 3), custodial
SU(2) implies that the σ(uū) = σ(dd̄), and σ(ud̄W−) =
σ(dūW+) = 2σ(uūZ) = 2σ(dd̄Z).
Figure 6 shows the real and virtual corrections to the

uū, dd̄ production rate, as a function of ECM, for |η| <
1, 3 cuts. All rates have been normalized by dividing
by the tree-level gg → uū rate for the corresponding η
cut. This removes the overall 1/s dependence of the cross
sections. The graph clearly shows that the virtual and
real cross sections become large at high energy, and the
L2 dependence is reflected in the quadratic shape of the
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q = u, d. All rates have been normalized to the tree-level
gg → uū rate. The virtual correction to gg → qq̄ is shown as
blue dots. The gg → qq̄W real emission rate as a function of
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curves. The virtual correction is independent of the η cut,
and as is typical of Sudakov effects, is negative. The real
correction depends on the η cut. The L2, L corrections
arise from soft and collinear radiation; the real radiation
kinematics for the final state quarks in gg → qq̄W is
similar to that for the tree-level gg → qq̄ process. As
a result, the L2, L terms do not depend on the η cut,
and only the constant L0 term does. This is reflected in
the figure by the fact that the difference in cross sections
between the two values of the η cut remains constant as
ECM is changed.
The L2, L terms cancel in the total cross section, as is

evident by the curves for the total rate becoming horizon-
tal for large energy, and only the constant terms survive.
The electroweak corrections to the total cross section are
at the 10% level. At partonic center-of-mass energies of
about one TeV, the individual corrections from the real
and virtual corrections are also at the 10% level, but they
rise quickly as ECM is increased.
For a 100 TeV machine, partonic center-of-mass ener-

gies can exceed 10TeV, and the corrections become large
(factors of 2). For most experimentally relevant processes
there is never a complete cancellation of the logarithms
(since one is typically not measuring a totally inclusive
rate, and furthermore the initial state is not an SU(2)
singlet), the resummed expressions are needed.
The cancellation between real and virtual corrections

is

3σ(ud̄W ) + 2vWσ(uū) → 0 (14)

using the isospin relations mentioned earlier and
Eqs. (12,13), where → 0 means that the L2, L dependence
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gg → ud̄W− and gg → dūW+. Since we are work-
ing in an SU(2)W theory (with Z = W 3), custodial
SU(2) implies that the σ(uū) = σ(dd̄), and σ(ud̄W−) =
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The L2, L terms cancel in the total cross section, as is

evident by the curves for the total rate becoming horizon-
tal for large energy, and only the constant terms survive.
The electroweak corrections to the total cross section are
at the 10% level. At partonic center-of-mass energies of
about one TeV, the individual corrections from the real
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rise quickly as ECM is increased.
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gies can exceed 10TeV, and the corrections become large
(factors of 2). For most experimentally relevant processes
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(since one is typically not measuring a totally inclusive
rate, and furthermore the initial state is not an SU(2)
singlet), the resummed expressions are needed.
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SU(2) implies that the σ(uū) = σ(dd̄), and σ(ud̄W−) =
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curves. The virtual correction is independent of the η cut,
and as is typical of Sudakov effects, is negative. The real
correction depends on the η cut. The L2, L corrections
arise from soft and collinear radiation; the real radiation
kinematics for the final state quarks in gg → qq̄W is
similar to that for the tree-level gg → qq̄ process. As
a result, the L2, L terms do not depend on the η cut,
and only the constant L0 term does. This is reflected in
the figure by the fact that the difference in cross sections
between the two values of the η cut remains constant as
ECM is changed.
The L2, L terms cancel in the total cross section, as is

evident by the curves for the total rate becoming horizon-
tal for large energy, and only the constant terms survive.
The electroweak corrections to the total cross section are
at the 10% level. At partonic center-of-mass energies of
about one TeV, the individual corrections from the real
and virtual corrections are also at the 10% level, but they
rise quickly as ECM is increased.
For a 100 TeV machine, partonic center-of-mass ener-

gies can exceed 10TeV, and the corrections become large
(factors of 2). For most experimentally relevant processes
there is never a complete cancellation of the logarithms
(since one is typically not measuring a totally inclusive
rate, and furthermore the initial state is not an SU(2)
singlet), the resummed expressions are needed.
The cancellation between real and virtual corrections

is

3σ(ud̄W ) + 2vWσ(uū) → 0 (14)

using the isospin relations mentioned earlier and
Eqs. (12,13), where → 0 means that the L2, L dependence
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already in Sec. IVA, and σS . The Higgs emission curves
σ(tt̄H),σ(bb̄H) are linear, which means they contain L

terms but no L2 terms.
The sum of all the real radiation rates, as well as the

total cross section, are shown in Fig. 8. The total cross
section levels out at high energy (we have verified this by
continuing the plot to even higher center of mass ener-
gies), which shows numerically that the L2 and L terms
cancel between the real and virtual corrections. The total
real emission rate is

σR = 2σ(tb̄W−) + σ(tt̄Z) + σ(bb̄Z) + σ(tt̄H) + σ(bb̄H)

→ 3σ(ud̄W−) + 8(y2t + y2b )σS (16)

and the total virtual rate is

σV = σV (tt̄) + σV (bb̄) = (2vW + 4vt + 4vb)σ(uū) (17)

The cancellation σR + σV → 0 implies that

3σ(ud̄W−) + 8(y2t + y2b )σS + (2vW + 4vt + 4vb)σ(uū) → 0.
(18)

The gauge and Higgs parts cancel separately. The gauge
part cancels using Eq. (14), and

8(y2t + y2b )σS + (4vt + 4vb)σ(uū) → 0. (19)

From Eq. (13), we see that vt,b are linear in L, which
explains the linearity of the Higgs emission cross section
σS .

C. t, b Quark Production with mb = 4.7GeV

Finally, we study the case of a physical b quark with
mb = 4.7GeV and an unstable t quark. The virtual cor-
rections are still given by Eq. (12). There is, however, an
important change in the tb̄W− decay rate because the
process gg → tt̄ followed by t̄ → b̄W− contributes to
this rate. The tb̄W− differential decay rate has a singu-
larity when (pb̄ + pW−)2 = m2

t , and the cross section
diverges when integrated over final state phase space.
The standard way to resolve this singularity is to reg-
ulate it by the t-quark width using the replacement (the
narrow width approximation, which is what is used in
MadGraph5 aMC@NLO)

1

p2 −m2
t + iϵ

→
1

p2 −m2
t + imtΓt

(20)

for the t-quark propagator, where Γt is the t-quark width.
This is equivalent to summing a class of diagrams, the
imaginary parts of W corrections to the t-quark propa-
gator, shown in Fig. 11. This is not gauge invariant, and
also formally mixes different orders in the αW expansion,
since the t-quark width is O(αWmt). The cut in the sec-
ond graph of Fig. 1 is the same cut as occurs in summing
the imaginary parts of Fig. 11, and the two cuts can-
not be treated separately, as is done in the narrow width
approximation.
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FIG. 9: Same as Fig. 7, but for mb = 4.7GeV.
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FIG. 10: Same as Fig. 8, but for mb = 4.7GeV.

If the t → bW− decay is kinematically forbidden, the
tbW− real emission rate is order αW . When the decay is
kinematically allowed, the tbW− rate becomes order 1.
The reason is that in the resonance region, the rate is en-
hanced by a factor of 1/Γt. The total tbW− rate includes
what, in the kinematically forbidden case, is the O(1) tt̄
rate. Once the tbW− decay is kinematically allowed, the
approximation Eq. (20), while getting the correct O(1)
rate, does not get the correct O(αW ) piece.

To understand how the infrared divergence cancella-
tion occurs for an unstable t quark, consider the simpler
case of tt̄ production by a current J , as in Sec. III. The
αW correction to the total rate can be computed from
the imaginary part of the vacuum polarization graphs in
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If the t → bW− decay is kinematically forbidden, the
tbW− real emission rate is order αW . When the decay is
kinematically allowed, the tbW− rate becomes order 1.
The reason is that in the resonance region, the rate is en-
hanced by a factor of 1/Γt. The total tbW− rate includes
what, in the kinematically forbidden case, is the O(1) tt̄
rate. Once the tbW− decay is kinematically allowed, the
approximation Eq. (20), while getting the correct O(1)
rate, does not get the correct O(αW ) piece.

To understand how the infrared divergence cancella-
tion occurs for an unstable t quark, consider the simpler
case of tt̄ production by a current J , as in Sec. III. The
αW correction to the total rate can be computed from
the imaginary part of the vacuum polarization graphs in



For	true	understanding	of	EW	Sudakov	effects,	need	to	
understand	exactly	what	event	selec?on	is
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Consider gg → t tbar production

Important question that needs to be asked:

What is the actual experimental signature?
Is extra radiation of gauge bosons included?

Most likely:      tt+(Z→𝜈𝜈)   tb+(W→l𝜈)
Maybe:           tt+(Z→qq?)   
Likely not:       tt+(Z→ )   bb    bbZ

Most of the time, real radiation is partially included



One	should	study	the	effect	of	real	radia?on	on	the	size	of	EW	
correc?ons
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7

already in Sec. IVA, and σS . The Higgs emission curves
σ(tt̄H),σ(bb̄H) are linear, which means they contain L

terms but no L2 terms.
The sum of all the real radiation rates, as well as the

total cross section, are shown in Fig. 8. The total cross
section levels out at high energy (we have verified this by
continuing the plot to even higher center of mass ener-
gies), which shows numerically that the L2 and L terms
cancel between the real and virtual corrections. The total
real emission rate is

σR = 2σ(tb̄W−) + σ(tt̄Z) + σ(bb̄Z) + σ(tt̄H) + σ(bb̄H)

→ 3σ(ud̄W−) + 8(y2t + y2b )σS (16)

and the total virtual rate is

σV = σV (tt̄) + σV (bb̄) = (2vW + 4vt + 4vb)σ(uū) (17)

The cancellation σR + σV → 0 implies that

3σ(ud̄W−) + 8(y2t + y2b )σS + (2vW + 4vt + 4vb)σ(uū) → 0.
(18)

The gauge and Higgs parts cancel separately. The gauge
part cancels using Eq. (14), and

8(y2t + y2b )σS + (4vt + 4vb)σ(uū) → 0. (19)

From Eq. (13), we see that vt,b are linear in L, which
explains the linearity of the Higgs emission cross section
σS .

C. t, b Quark Production with mb = 4.7GeV

Finally, we study the case of a physical b quark with
mb = 4.7GeV and an unstable t quark. The virtual cor-
rections are still given by Eq. (12). There is, however, an
important change in the tb̄W− decay rate because the
process gg → tt̄ followed by t̄ → b̄W− contributes to
this rate. The tb̄W− differential decay rate has a singu-
larity when (pb̄ + pW−)2 = m2

t , and the cross section
diverges when integrated over final state phase space.
The standard way to resolve this singularity is to reg-
ulate it by the t-quark width using the replacement (the
narrow width approximation, which is what is used in
MadGraph5 aMC@NLO)

1

p2 −m2
t + iϵ

→
1

p2 −m2
t + imtΓt

(20)

for the t-quark propagator, where Γt is the t-quark width.
This is equivalent to summing a class of diagrams, the
imaginary parts of W corrections to the t-quark propa-
gator, shown in Fig. 11. This is not gauge invariant, and
also formally mixes different orders in the αW expansion,
since the t-quark width is O(αWmt). The cut in the sec-
ond graph of Fig. 1 is the same cut as occurs in summing
the imaginary parts of Fig. 11, and the two cuts can-
not be treated separately, as is done in the narrow width
approximation.
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FIG. 9: Same as Fig. 7, but for mb = 4.7GeV.
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FIG. 10: Same as Fig. 8, but for mb = 4.7GeV.

If the t → bW− decay is kinematically forbidden, the
tbW− real emission rate is order αW . When the decay is
kinematically allowed, the tbW− rate becomes order 1.
The reason is that in the resonance region, the rate is en-
hanced by a factor of 1/Γt. The total tbW− rate includes
what, in the kinematically forbidden case, is the O(1) tt̄
rate. Once the tbW− decay is kinematically allowed, the
approximation Eq. (20), while getting the correct O(1)
rate, does not get the correct O(αW ) piece.

To understand how the infrared divergence cancella-
tion occurs for an unstable t quark, consider the simpler
case of tt̄ production by a current J , as in Sec. III. The
αW correction to the total rate can be computed from
the imaginary part of the vacuum polarization graphs in

CWB, 
Manohar, 
Shotwell, 

Turcyk (’14)
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FIG. 14. Ratio of the t̄tV and the LO t̄t cross section as a function of the transverse momentum

of the t quark. The solid (dashed) curve shows the result for t → bℓν (t → bjj). The cuts imposed
are discussed in the text.

For the W → jj and t → bjj mass resolutions I assume σW = 7.8 GeV and σt =
13.4 GeV [74]. Only t and t̄ resonant diagrams are included in the calculation. Diagrams
where the W or Z boson is emitted from one of the t or t̄ decay products are not taken into
account.

The t̄tV to LO t̄t cross section ratio as a function of the transverse momentum of the t
quark is shown in Fig. 14. The transverse momentum distributions for t̄ → b̄ℓν and t̄ → b̄jj
are equal to those for semileptonic and hadronic t decays and therefore are not shown. For the
cuts imposed, and with an integrated luminosity of 300 fb−1, it should be possible to observe
top quarks from t̄t production with a transverse momentum of up to 1 TeV at the LHC.
Since gluon fusion does not contribute to t̄tW production, the inclusive t̄tV cross section is
dominated by pp → t̄tZ. Below a transverse momentum of about 400 GeV, the cross section
ratios for semileptonic (t → bℓν) and hadronic top decays (t → bjj) are essentially identical.
For larger values of pT , the cross section ratio for t → bℓν grows significantly faster. The
different behavior for semileptonic and hadronic top quark decays for pT (t) > 400 GeV can
be traced to the separation cut imposed on the final state particles (see Eq. (26)). The
separation cut is crucial for identifying t̄t → ℓνb̄bjj events. For top quarks with very high
transverse momenta, the decay products are highly boosted and thus almost collinear. This
makes it increasingly difficult to satisfy Eq. (26). Since there is no separation cut imposed
on the neutrino in t → bℓν, the ∆R cut is affecting the decay t → bjj more significantly.

30

U Baur (’06)



These	effects	can	be	quite	large,	and	it	is	very	important	to	
get	this	correct
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FIG. 5. The relative correction with respect to the LO eν cross section at the LHC as a function

a) of the eν transverse mass and b) the electron pT . The solid curve shows the result if only the
O(α) corrections of Ref. [16] are taken into account. The dashed blue (red) curve shows Reν in

the e+ν (e−ν) channel if O(α3) eνV production with V → jj and Z → ν̄ν is included in addition.
The definition of Reν and the cuts imposed are described in the text.
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U Baur (’06)
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Adding real radiation at fixed order



How	can	we	resum	logarithms	that	arise	from	integra?ons	
over	phase	space?	

24

Logarithms from virtual corrections are related to 
the UV divergences in factorized cross-sections

1

✏

✓
µ2

m2
V

◆✏

=
1

✏
+ ln

µ2

m2
V

But naively there are no UV divergences in real emission 
diagram, such that it is not clear how the renormalization 

group can be used to resum logarithms



Should	be	able	to	resum	real	Sudakovs	using	effec?ve	
theories,	but	I	am	s?ll	working	out	the	details
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Since we are inclusive over final state, can perform OPE
for forward scattering

In fully inclusive event samples, only logs from initial
state remain

Renormalizing the resulting operators should resum
the leftover logs from initial state

Need to figure out how to deal with partially inclusive 
quantities next

CWB, N Ferland, in preparation 
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Electroweak corrections can become 
very large at 100TeV collider. Might 
have to rethink EW perturbation 

theory


