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The Jordan Frame:

Transformation to the Einstein Frame:
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A journey to observable quantities:

These take on a form independent of the potential in the
"strong coupling" limit
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Evaluate number of e-foldings:

Apply to the expressions for the slow-roll parameters:
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The third term in the integrand of equation (2.10) is actually non-negligible. This can
be seen by considering equation (2.14) which fixes this term to be of order 1/N regardless of
how large ⇠ becomes. This means that, in the strong coupling regime, it is never completely
negligible and when it is included the expression for N becomes
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This extra term can be thought of as altering the precise number of e-foldings that are
considered in the analysis, so that instead of N the equations for the attractor point now
contain N + �N . Following this modification through it is found that

�r = �24�N

N3
= �12

N
�ns . (2.19)

So it is seen that the correction to ns is of order 1/N2 and so ✏ must be included in the
expression for ns when considering the exact location of the Starobinsky point (to first order
in slow-roll parameters). From equation (2.19) it may be expected that the solutions would
fall along this line with some dependence on the particular potential used. However �N is in
fact independent of f(�). This can be seen by using an iterative approach. Taking f(�N )1
to be given by equation (2.14), then
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This now does not depend on the particular form chosen for f(�) since f(�end) is independent
of the functional form of the potential.

This shift of the attractor point can be seen in Figure 1. The trajectories are full
numerical solutions to equation (2.8) and the green circle shows the point given by the
potential-independent iterative method outlined above. The location of this circle becomes
fixed very close to the attractor point even after a only a few iterations. This point is shifted
away from the Starobinsky point, but given the accuracy of current data the shift is not
significant. It could prove to be important if the uncertainty on both ns and N is reduced by
a factor of approximately 10. If this regime became reality then the next order of slow-roll
parameters may have to be considered in the calculation of ns using [10]
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where C ' �0.73 and ⇠SR is the third slow-roll parameter defined as

⇠2SR ⌘ V 0(�)V 000(�)

V 2(�)
. (2.22)

From this the only 1/N2 contributions would come from the ⌘2/3 and the ⇠2SR terms and
these contributions are included in Figure 1. The e↵ect of including these two terms is to shift
the predicted ns� r point for both the Starobinsky and Universal Attractor models but they
do not contribute to the relative di↵erence. There would also be next-order corrections to
expression (2.8), due to the relation between the Hubble and potential slow-roll parameters.
However we did not include these here as there is already a large uncertainty in the value
which N should take and these extra corrections are well within this range. If the accuracy
to which N is known was increased to the level suggested above, then the corrections become
important and can be implemented using the expressions provided in Ref. [11].
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Re-evaluate number of e-foldings:

Apply to the expressions for the slow-roll parameters:
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APPROACHING THE ATTRACTOR

Once a form for the potential is specified, it is possible to quantify 
where Universal Attractor regime is approached:

Two specific cases considered:
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OBSERVATIONAL CONSTRAINTS

The Universal Attractors give r ~ 0.005, but what if we manage to 
put a lower bound on r greater than this value?

2013 Planck Collaboration Data Release and BICEP "inspired"

Edwards and Liddle; June 2014; arXiv:1406.5768[astro-ph.CO]



The more optimistic case, r > 0.05
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Form of potential and coupling:
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The less optimistic case, r > 0.01
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1 Progress this Year

1.1 Completion of Work from First Year

Towards the end of my first year I was in the process of writing a paper detailing some
new results on the Universal Attractor inflationary models [1]. Over the summer this was
completed and was published in JCAP [2]. The period of time required after submission
to make the necessary corrections was longer than anticipated however the referee’s report
was constructive rather than critical and the extra content significantly improved the final
paper.

1.2 Universal Attractors in Two Dimensions

The model that formed the basis of my first year work is just one in a series of related infla-
tionary scenarios suggested by Linde, Kallosh and collaborators in recent years, e.g. [3, 4].
A natural extension of this work is to look at a two (or possibly n) dimensional field space
with some non minimal coupling and see if the Universal Attractor behaviour is found as
has been suggested [5]. The Lagrange density, equation (1), is motivated by appealing to
conformal invariance with the inclusion of the field � as a conformal compensator, called
the ‘conformon’ by Kallosh and Linde.
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Starting point:

Break the conformal symmetry:
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Figure 1: The trajectories followed for two randomly generated potentials. Those trajectories which end moving inwards

are coloured purple and those which do not are coloured green. Left : it is not generically true that the trajectories will tend

to be inward moving which would be the analogous scenario to the one dimensional case. Right : even if a large number of

the trajectories are inwards moving it is not necessarily the case that we see the tight bunching suggested in [5].

This invariance is then broken by gauge fixing the conformon. The way in which this
is fixed can then take the theory to either the Einstein or Jordan frame. The choice
� =

p
6 gives a Lagrange density, equation (2), that is the obvious two field extension of

the models considered in [2] with the coupling set to be the conformal coupling, ⇠ = �1/6.
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In two dimensions it is not obvious that the same behaviour would be recreated as this
would imply that trajectories in the field space generically became only radial and that
there was no movement in the angular direction, so e↵ectively one dimensional, towards
the end of inflation. Even more basic than this, it would imply that the trajectories were
generically inwards moving. Both of these general traits would mean that the behaviour
would model that of the single-field case.

However, investigations so far suggest that neither of these behaviours are particularly
generic. The trajectories for two separate, randomly generated potentials are shown in
Figure 1. In both case the trajectories are chosen to start at a fixed radius and a randomly
generated angle and only successful trajectories (ones which give at least 55 e-foldings of
inflation) are shown. In the lefthand panel it can be seen that, for this particular potential,
almost all the successful trajectories are those which are outward moving. The righthand
panel shows that even if we get inward moving trajectories it is not necessarily true that
they only exhibit radial motion as this would imply a bunching together of trajectories
that is not seen for the group in the top right of the figure. Despite these departures
from the expected behaviour the predicted observed values of the scalar spectral index,
ns, and the tensor-scalar ratio, r, are close to the Universal Attractor point, Figure 2.
There is an interesting structure to the scatter of these points, they are not uniformly
scattered around the Universal Attractor point but seem to form a band that moves away

School of Physics and Astronomy Date: 23-5-15

Now analyse this using transport code of Dias, Frazer and Seery; 
Feb 2015; arXiv:1502.03125[astro-ph.CO] 
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CONCLUSION

• The Universal Attractors do have a universal prediction.
• But it is not the same as predicted by the Starobinsky model (close though!)

• A measurement of non-zero r would allow fairly tight 
constraints on the coupling parameter.

• Wide range of phenomenon to understand in the 2-D case.


