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The	  product	  of	  	  1st	  order	  scalar	  perturbations

The	  2nd	  order	  vector/tensor	  modes

Weak	  lensing	  signals

Can	  we	  observe	  the	  2nd	  order	  signals?
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1. 	  Cosmological	  perturbation	  theory
The	  success	  of	  the	  standard	  cosmology

Inflation	  
(Generation	  of	  fluctuations)

Perturbation	  theory	  
(Evolution	  of	  fluctuations)

CMB,	  LSS,	  …	  
(Observations	  of	  fluctuations)
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Figure 8. Points with errors show our measurement of P̂halo(k). We show
√

Cii as error bars; recall that the points are positively correlated. We plot
the best-fitting WMAP5+LRG ΛCDM model (Ωm,Ωb, ΩΛ, ns, σ8, h) = (0.291, 0.0474, 0.709, 0.960, 0.820, 0.690) with best-fitting nuisance parameters
a1 = 0.172 and a2 = −0.198 (solid curve), for which χ2 = 40.0; the dashed line shows the same model but with a1 = a2 = 0, for which χ2 = 43.3.
The BAO inset shows the same data and model divided by a spline fit to the smooth component, Psmooth, as in Fig. 4 of P09. In Section 5.1 we find the
significance of the BAO detection in the P̂halo(k) measurement is∆χ2 = 8.9.

WMAP5 are used, our constraint on the BAO scale provides a much
more precise determination of DV at the effective redshift of the
survey than the shape information alone.

In more extended models than we have thus far considered,
we may expect the additional shape information to allow tighter
constraints. The cosmological parameters most closely constrained
by the broad P (k) shape are those which affect the shape di-
rectly or which affect parameters degenerate with the shape: these
are expected to be the power spectrum spectral slope ns, its run-
ning dns/d ln k, neutrino mass mν , and the number of relativis-
tic species Neff . Thus far in our analysis, we have assumed
dns/d ln k = 0,mν = 0, and Neff = 3.04.

One intuitively expects the measurement of P̂halo(k) to im-
prove constraints on the primordial power spectrum. In a ΛCDM
model where both running of the spectral index and tensors are
allowed, WMAP5 still places relatively tight constraints on the pri-
mordial power spectrum: ns = 1.087+0.072

−0.073 and d ln ns/d ln k =
−0.05 ± 0.03. The measurement reported in this paper probes

at most ∆ ln k ∼ 2 and covers a range corresponding to ℓ ∼
300−3000; this range overlaps CMB measurements but extends to
smaller scales. Over this k-range and for this model, WMAP5 con-
strains the P (k) shape to vary by ∼ 8% from variations in the pri-
mordial power spectrum. Due to the uncertainties in the relation be-
tween the galaxy and underlying matter density fields, our nuisance
parameters alone allow Phalo(k,p) to vary by up to 10−14% over
this region. Therefore we do not expect significant gains on ns or
d ln ns/d ln k from our measurement.

The effect of massive neutrinos in the CMB power spec-
trum is to increase the height of the high ℓ acoustic peaks: free
streaming neutrinos smooth out perturbations, thus boosting acous-
tic oscillations. In the matter power spectrum instead, neutrino
free streaming gives a scale-dependent suppression of power on
the scales that large scale structure measurements currently probe
(Lesgourgues & Pastor 2006). This makes these two observables
highly complementary in constraining neutrino masses with cos-
mology.
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1.1 	  1st	  order	  cosmological	  perturbation	  theory

Vector  mode Tensor  mode

1st  order
Planck?Decaying  mode

Scalar  mode

•  Density	  fluctuations	  
•  CMB	  fluctuation	  

•  Magnetic	  fields	  
•  CMB	  B-‐mode	  

•  Gravitational	  waves	  
•  CMB	  B-‐mode	  

OK

The	  success	  of	  the	  standard	  cosmology	  
	  ＝	  The	  success	  of	  the	  cosmological	  scalar	  perturbation	  theory

In	  the	  1st	  order	  theory,	  …	  
1.  each	  mode	  evolves	  independently.	  
2.  the	  vector	  mode	  is	  neglected.	  
3.  the	  tensor	  mode	  is	  provided	  an	  upper	  limit.	  
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1.2 	  2nd	  order	  cosmological	  perturbation	  theory

Scalar  mode Vector  mode Tensor  mode

•  Secondary  CMB
•  Non-‐‑‒Gaussianity

•  Secondary  CMB
•  Generation  of  PMF
Ø  Secondary  lensing

•  Secondary  CMB
•  Secondary  GWs	  

1st  order

Scalar  mode

2nd  order

Vector  mode Tensor  mode

Planck?Decaying  modeOK

Ø New	  effects	  which	  do	  not	  arise	  in	  the	  1st	  order	  theory	  appear.
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2. 	  Weak	  lensing
We	  can	  see	  the	  invisibles	  through	  weak	  lensing	  signals.

Dark	  matters

halfway between the source and the observer—so lensing is sensitive
to neither very distant, nor very nearby structures. To compare the
distribution of baryons with that of dark matter, we mimic this effect
by appropriately weighting the foreground galaxies as a function of
their redshift (cosmological distance). The number density of these
independent galaxies, and the mass contained in their stars (esti-
mated from their colour) provide two matched tracers of baryons.
Deep X-ray observations with the XMM-Newton satellite14 addition-
ally highlight concentrations of hot, dense gas.

The most prominent peak in the projected, two-dimensional
distributions of all four tracers (Fig. 3) is a single cluster of galaxies
at (149 h 55 min, 2u 319) and redshift z 5 0.73. X-rays are sensitive
to the square of the electron density, so they preferentially high-
light the central cluster core. This cluster has an X-ray tempera-
ture kTX 5 3:51z0:60

{0:46 keV and luminosity LX 5 (1.56 6 0.04) 3
1044 erg s21 (0.1–2.4 keV band)15. If the cluster gas distribution were
in hydrostatic equilibrium (‘relaxed’), this would imply a mass of
(1.6 6 0.4) 3 1014MSun within an r500 radius of 1.4 arcminutes.
However, the cluster is clearly still growing15. Gravitational lensing
is linearly sensitive to mass, and reveals an extended dark matter halo
around this cluster, which in turn lies at the nexus of several fila-
ments. The lensing mass of the full halo is (6 6 3) 3 1015MSun. It is
possible that such a large value includes a contribution from addi-
tional mass directly in front of the cluster, at redshifts where lensing
is more sensitive. Similar projection effects might also explain the
twin lensing peaks without obvious baryonic counterparts near
(150 h 20 min, 2u 409). Weak lensing analysis is very sensitive, and
the map could also have been perturbed by finite-field edge effects
or isolated defects in our model of the telescope’s point spread func-
tion that are difficult to detect individually.

A statistical comparison across the entire map shows that baryons
follow the distribution of dark matter even on large scales. The linear
regression correlation coefficient r of lensing mass with stellar mass is
0.42 and r of lensing mass with galaxy number density is 0.47. The

Redshift, z = 0.3 ~19 Mpc × 19 Mpc

Redshift, z = 0.5 ~26 Mpc × 26 Mpc

Redshift, z = 0.7 ~31 Mpc × 31 Mpc
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Figure 4 | Growth of large-scale structure. Slices through the evolving
distribution of dark matter, created by splitting the background source
galaxy population into discrete redshift slices. The sensitivity functions of
the mass reconstruction peak at redshifts of ,0.3, ,0.5 and ,0.7 from a to
c. Contours show the lensing convergence, in steps of 0.33%. A linear green
colour ramp shows the distribution of galaxies, and blue shows their stellar
mass; both are weighted with matched redshift sensitivity functions.
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Figure 5 | Three-dimensional reconstruction of the dark matter distribution.
The three axes correspond to right ascension, declination and redshift: with
distance from the Earth increasing towards the bottom. The redshift scale is
highly compressed, and the survey volume is really an elongated cone. An
isodensity contour has been drawn at a level of 1.4 3 1013MSun within a circle
of radius 700 kpc and Dz 5 0.05. This was chosen arbitrarily to highlight the
filamentary structure. The faint background shows the full distribution, with
the level of the greyscale corresponding to the local density. Additional views
are provided in Supplementary Fig. 7.
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Cosmic	  strings

6

V. RESULTS

A. Basic behavior of string network

In Fig. 1, we plotted three di↵erent time slices of the scalar field with � = 1.0 and � = 0.2 as an example, which
shows the isosurface with |'| = 0.5⌘. From left, they correspond to ⌧⌘ = 5.45, 6.27, and 11.53, respectively. Note
that the phase transition takes place at ⌧c⌘ = 10/3 in this simulation.
After the phase transition, the scalar field starts to oscillate around the true vacuum in the so-called Mexican hat

potential. Just after the transition, the oscillation is still so strong that it is not obvious whether the strings are
actually forming, as shown in the left panel of Fig. 1. After a while, due to the Hubble friction, the scalar field in
most parts of the computational box is settling down to the true vacuum, and satisfies V (';T ) < V (0;T ). Then the
strings begin to appear, as shown in the center panel of Fig. 1. At this phase, we observed the pulsating behavior of
strings: that is, the width of strings oscillates in time. This feature can also be seen in the time evolution of string
energy shown in the next subsection.
At the later time, strings clearly appear in the box, as shown in the right panel of Fig. 1. Even at this time, the

string pulsation can be still observed, and for some strings, we found a phenomenon such that a wave packet is moving
on a string, for instance, on a small loop with a clump shown in the left center of the box.

FIG. 1: The isosurfaces with |'| = 0.5⌘ at ⌧⌘ = 5.45, 6.27 and 11.53 for the simulation with � = 1.0 and � = 0.2.

B. String energy

Next we identify all strings at each time step, and calculate their energies to check whether the string network is
in the scaling regime. To calculate their energies, we do not use the string core identification technique discussed in
Sec. IVA since it is di�cult to set the string width which changes in time, and it does not matter where the string
core is. Instead, we fix 'c, and we identify the region satisfying |'| < 'c as strings. Then the string energy is given
by Eq. (22).
In Fig. 2, we show the time evolution of the string energy for � = 0.2 and � = 1.0 with 'c = 0.5⌘ and 'c = 0.2⌘.

For ⌧⌘ & 6.5, we find that the relation ⇢
str

/ ⌧�4 is approximately satisfied at the late time, if we average the
oscillatory behavior, and that the transition time seems insensitive to the choice of 'c. This observation indicates
that the network would lie in the scaling regime.

C. Correlation length

In Fig. 3, we show the time evolution of the correlation length estimated by Eq. (18) for various values of � including
weakly Type-II regime with � = 1.0. Each of them is the average of 10 realizations, and the error bars indicate one
�. We found that the correlation length is strongly dependent upon �, particularly for � < 1.0.
Our findings are as follows. First, the time of the start of the string formation is common to all the cases and is about

⌧⌘ ⇡ 6.5. Moreover, there is a general tendency that the correlation length ⇠ becomes smaller. For 0.8  �  1.4,
⇠|⌧⌘⇡6.5 becomes smaller, which indicates the initial density of the string network would be larger. For 0.4  �  0.8,

T.Hiramatsu	  et	  al.	  [1307.0308]

D.Yamauchi	  et	  al.	  [1308.6068]

Ø Weak	  lensing	  effects:	  
①  Cosmic	  shear	  
②  CMB	  lensing	  
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2.1 	  Cosmic	  shear

Ø  The	  cosmic	  shear	  can	  be	  measured	  by	  observing	  deformed	  galaxy	  images.	  

Ø  We	  can	  decompose	  cosmic	  shear	  signals	  into	  even(E)-‐	  and	  odd(B)-‐parity	  modes.	  

E	  mode(even-‐parity) B	  mode(odd-‐parity)

Ø  The	  geodesic	  deviation	  equation
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Dark matter maps reveal cosmic scaffolding
Richard Massey1, Jason Rhodes1,2, Richard Ellis1, Nick Scoville1, Alexie Leauthaud3, Alexis Finoguenov4,
Peter Capak1, David Bacon5, Hervé Aussel6, Jean-Paul Kneib3, Anton Koekemoer7, Henry McCracken8,
Bahram Mobasher7, Sandrine Pires9, Alexandre Refregier6, Shunji Sasaki10, Jean-Luc Starck9, Yoshi Taniguchi10,
Andy Taylor5 & James Taylor11

Ordinary baryonic particles (such as protons and neutrons)
account for only one-sixth of the total matter in the Universe1–3.
The remainder is a mysterious ‘dark matter’ component, which
does not interact via electromagnetism and thus neither emits nor
reflects light. As dark matter cannot be seen directly using tra-
ditional observations, very little is currently known about its prop-
erties. It does interact via gravity, and is most effectively probed
through gravitational lensing: the deflection of light from distant
galaxies by the gravitational attraction of foreground mass con-
centrations4,5. This is a purely geometrical effect that is free of
astrophysical assumptions and sensitive to all matter—whether
baryonic or dark6,7. Here we show high-fidelity maps of the
large-scale distribution of dark matter, resolved in both angle
and depth. We find a loose network of filaments, growing over
time, which intersect in massive structures at the locations of
clusters of galaxies. Our results are consistent with predictions
of gravitationally induced structure formation8,9, in which the ini-
tial, smooth distribution of dark matter collapses into filaments
then into clusters, forming a gravitational scaffold into which gas
can accumulate, and stars can be built10.

The Hubble Space Telescope (HST) Cosmic Evolution Survey
(COSMOS) is the largest contiguous expanse of high-resolution
astronomical imaging obtained from space11. 575 slightly overlap-
ping pointings of the Advanced Camera for Surveys (ACS) Wide
Field Camera cover a region of 1.637 square degrees (more details
about the COSMOS survey are available at www.astro.caltech.edu/
,cosmos). We measure the shapes of half a million distant galaxies12,
and use their observed distortion (compare with Supplementary Fig.
1) to reconstruct the distribution of intervening mass, projected
along our line of sight (Fig. 1). A realization of noise in our mass
map, including most spurious instrumental or systematic effects, is
provided by the ‘B-mode’ signal. This is an additional degree of
freedom in the data, which is not produced by gravitational lensing,
and so is expected to be zero in the absence of systematics13.
Assuming a gaussian noise distribution, the relative number of pixels
above and below the first contour in the B-mode suggests that this
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5Institute for Astronomy, Blackford Hill, Edinburgh EH9 3HJ, UK. 6AIM, Unité Mixte de Recherche CEA, CNRS et Université de Paris VII, UMR no. 7158 CE Saclay, 91191 Gif-sur-Yvette,
France. 7Space Telescope Science Institute, 3700 San Martin Drive, Baltimore, Maryland 21218, USA. 8Institut d’Astrophysique de Paris, Université Pierre et Marie Curie, 98 bis
Boulevard Arago, 75014 Paris, France. 9CEA/DSM/DAPNIA/SEDI, CE Saclay, 91191 Gif-sur-Yvette, France. 10Physics Department, Ehime University, 2-5 Bunkyou, Matuyama 790-
8577, Japan. 11Department of Physics and Astronomy, University of Waterloo, Waterloo, Ontario N2L 3G1, Canada.
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Figure 1 | Map of the dark matter distribution in the two-square-degrees
COSMOS field. a, The linear greyscale shows the E-mode lensing
convergence field k, which is proportional to the projected mass along the
line of sight. Contours begin at 0.4% and are spaced by 0.5% in k. b, The
absolute value of the B-mode signal, shown with the same greyscale and
contour levels, provides a realization of the noise level in the map, plus
contamination from uncorrected systematic effects; the bold outline traces
the region observed with HST.
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Figure 1 | Map of the dark matter distribution in the two-square-degrees
COSMOS field. a, The linear greyscale shows the E-mode lensing
convergence field k, which is proportional to the projected mass along the
line of sight. Contours begin at 0.4% and are spaced by 0.5% in k. b, The
absolute value of the B-mode signal, shown with the same greyscale and
contour levels, provides a realization of the noise level in the map, plus
contamination from uncorrected systematic effects; the bold outline traces
the region observed with HST.
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2.2 	  CMB	  lensing

Gradient	  mode	  
(Scalar	  potential)

�a = �:a +$:b✏
b
a

Curl	  mode	  
(Pseudo-‐scalar	  potential)

Ø  The	  geodesic	  equation	  
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The	  projected	  deflection	  angle	  on	  the	  celestial	  sphere

Ø  The	  CMB	  lensing	  is	  the	  gravitational	  deflection	  by	  foreground	  LSS.	  

Ø  We	  can	  reconstruct	  the	  deflection	  angle	  by	  using	  the	  reconstruction	  technique.	  

Planck Collaboration: Gravitational lensing by large-scale structures with Planck
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Fig. 6 Planck 2015 full-mission MV lensing potential power spectrum measurement, as well as earlier measurements using the
Planck 2013 nominal-mission temperature data (Planck Collaboration XVII 2014), the South Pole Telescope (SPT, van Engelen
et al. 2012), and the Atacama Cosmology Telescope (ACT, Das et al. 2014). The fiducial ⇤CDM theory power spectrum based on
the parameters given in Sect. 2 is plotted as the black solid line.

In addition to the priors above, we adopt the same sampling
priors and methodology as Planck Collaboration XIII (2015),†
using CosmoMC and camb for sampling and theoretical predic-
tions (Lewis & Bridle 2002; Lewis et al. 2000). In the ⇤CDM
model, as well as ⌦bh2 and ns, we sample As, ⌦ch2, and the
(approximate) acoustic-scale parameter ✓MC. Alternatively, we
can think of our lensing-only results as constraining the sub-
space of ⌦m, H0, and �8. Figure 7 shows the corresponding
constraints from CMB lensing, along with tighter constraints
from combining with additional external baryon acoustic oscil-
lation (BAO) data, compared to the constraints from the Planck
CMB power spectra. The contours overlap in a region of accept-
able Hubble constant values, and hence are compatible. To show
the multi-dimensional overlap region more clearly, the red con-
tours show the lensing constraint when restricted to a reduced-
dimensionality space with ✓MC fixed to the value accurately mea-
sured by the CMB power spectra; the intersection of the red and
black contours gives a clearer visual indication of the consis-
tency region in the ⌦m–�8 plane.

The lensing-only constraint defines a band in the ⌦m–�8
plane, with the well-constrained direction corresponding ap-
proximately to the constraint

�8⌦
0.25
m = 0.591 ± 0.021 (lensing only; 68 %). (13)

This parameter combination is measured with approximately
3.5% precision.

The dependence of the lensing potential power spectrum on
the parameters of the ⇤CDM model is discussed in detail in
† For example, we split the neutrino component into approximately

two massless neutrinos and one with
P

m⌫ = 0.06 eV, by default.

Appendix E; see also Pan et al. (2014). Here, we aim to use
simple physical arguments to understand the parameter degen-
eracies of the lensing-only constraints. In the flat ⇤CDM model,
the bulk of the lensing signal comes from high redshift (z > 0.5)
where the Universe is mostly matter-dominated (so potentials are
nearly constant), and from lenses that are still nearly linear. For
fixed CMB (monopole) temperature, baryon density, and ns, in
the ⇤CDM model the broad shape of the matter power spectrum
is determined mostly by one parameter, keq ⌘ aeqHeq / ⌦mh2.
The matter power spectrum also scales with the primordial am-
plitude As; keeping As fixed, but increasing keq, means that the
entire spectrum shifts sideways so that lenses of the same typ-
ical potential depth  lens become smaller. Theoretical ⇤CDM
models that keep `eq ⌘ keq �⇤ fixed will therefore have the same
number (proportional to keq �⇤) of lenses of each depth along
the line of sight, and distant lenses of the same depth will also
maintain the same angular correlation on the sky, so that the
shape of the spectrum remains roughly constant. There is there-
fore a shape and amplitude degeneracy where `eq ⇡ constant,
As ⇡ constant, up to corrections from sub-dominant changes in
the detailed lensing geometry, changes from late-time potential
decay once dark energy becomes important, and nonlinear ef-
fects. In terms of standard ⇤CDM parameters around the best-fit
model, `eq / ⌦0.6

m h, with the power-law dependence on ⌦m only
varying slowly with ⌦m; the constraint `eq / ⌦0.6

m h = constant
defines the main dependence of H0 on ⌦m seen in Fig. 7.

The argument above for the parameter dependence of the
lensing power spectrum ignores the e↵ect of baryon suppres-
sion on the small-scale amplitude of the matter power spectrum
(e.g., Eisenstein & Hu 1998). As discussed in Appendix E, this

8

Planck,	  XV	  [1502.01591]
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2.3 	  B	  and	  curl	  modes

Vector  mode

Tensor  mode

Scalar  mode E	  mode
Gradient	  mode	  

B	  mode
Curl	  mode	  

Ø  The	  vector	  and	  tensor	  modes	  induce	  the	  curl	  and	  B	  modes.

Ø  The	  1st	  order	  scalar	  mode	  dominates	  E	  and	  gradient	  modes.	  

Ø  B	  and	  curl	  modes	  have	  possibility	  to	  probe	  the	  unknown	  physics.	  

à e.g.,	  Cosmic	  strings,	  primordial	  GWs,	  …	  
D.Yamauchi	  et	  al.	  [1308.6068]

Ø  The	  2nd	  order	  vector	  and	  tensor	  modes	  
•  also	  induce	  B	  and	  curl	  modes.	  
•  must	  become	  a	  noise	  to	  detect	  the	  unknown	  physics.	  

C.Li	  and	  A.Cooray	  [astro-‐ph/0604179]	  
S.Dodelson	  et	  al.	  [astro-‐ph/0301177]
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2.4 	  Angular	  power	  spectrum

Vector	  mode:	  σi,	  Tensor	  mode:	  hij�

Poisson	  gauge:

ds

2 = a

2
⇥
�(1 + 2 )d⌘2 + 2�id⌘dx

i + (�ij � 2��ij + hij) dx
i
dx

j
⇤

Angular	  power	  spectra	  for	  the	  B	  and	  curl	  modes	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  :

CXX,(v)
` =

⇡

2

Z 1

0
k2dk

Z �S

0
d�

Z �S

0
d�0 S(v)

X,`(k,�)S
(v)
X,`(k,�

0)P�(⌘0 � �, ⌘0 � �0, k)

CXX,(t)
` =

⇡

2

Z 1

0
k2dk

Z �S

0
d�

Z �S

0
d�0 S(t)

X,`(k,�)S
(t)
X,`(k,�

0)Ph(⌘0 � �, ⌘0 � �0, k)

(X = B, $)

Ø  Models:	  
1.  Primordial	  gravitational	  waves	  (r = 0.1)	  
2.  Analytic	  solution	  of	  the	  2nd	  order	  tensor	  mode	  
3.  Analytic	  solution	  of	  the	  2nd	  order	  vector	  mode	  
4.  Exact	  solution	  of	  the	  2nd	  order	  vector	  mode	  

S.Mollerach	  et	  al.	  [astro-‐ph/0310711]

Next,	  the	  evolution	  of	  the	  2nd	  order	  vector	  mode	  is	  shown.

h�⇤
�(⌘,k)��0(⌘0,k0)i = (2⇡)3���0�3D (k � k0)P�(⌘, ⌘

0, k)

hh⇤
�(⌘,k)h�0(⌘0,k0)i = (2⇡)3 ���0�3D (k � k0)

1

3
Ph(⌘, ⌘

0, k)
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3. 	  2nd	  order	  vector	  mode
Ø  2nd	  order	  Einstein	  equation	  without	  purely	  2nd	  order	  anisotropic	  stresses

※  Purely	  2nd	  order	  anisotropic	  stresses	  are	  negligible	  
contribution	  on	  the	  2nd	  order	  vector	  mode.

Ø  Naively,	  we	  can	  write	  the	  2nd	  order	  vector	  mode	  as	  

Ø  The	  evolution	  of	  the	  1st	  order	  scalar	  potential	  is	  essential	  for	  that	  of	  the	  
2nd	  order	  vector	  mode.
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\

a

3.1 	  2nd	  order	  vector	  mode①
Ø  Evolutions	  of	  the	  1st	  order	  scalar	  potential.

k = 10-3 hMpc-1

k = 10-1 hMpc-1

k = 101 hMpc-1
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3.2 	  2nd	  order	  vector	  mode②

Ø  The	  2nd	  order	  vector	  mode	  grows	  when	  the	  scalar	  potential	  remains	  constant.	  

Ø  In	  the	  radiation-‐dominated	  era,	  the	  2nd	  order	  vector	  mode	  decays	  on	  sub-‐horizon	  

scales.	  

10-26

10-24

10-22

10-20

10-18

10-16

10-14

10-7 10-6 10-5 10-4 10-3 10-2 10-1 100

k3 P
(k

)/(
2/

2 )

a

| a1

k = 1.0×10-4 [hMpc-1]
k = 1.8×10-3 [hMpc-1]
k = 3.2×10-2 [hMpc-1]
k = 5.6×10-1 [hMpc-1]
k = 1.0×101 [hMpc-1]

Ø  Evolutions	  of	  the	  2nd	  order	  vector	  mode.
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3.3 	  2nd	  order	  vector	  mode③

Ø  During	  the	  radiation-‐dominated	  era,	  the	  peak	  of	  the	  2nd	  order	  vector	  mode	  

is	  determined	  by	  the	  horizon	  scale	  at	  the	  corresponding	  era.	  

Ø  The	  evolutions	  are	  same	  for	  all	  scales	  after	  matter-‐radiation	  equality.	  

Ø  Finally,	  the	  spectrum	  at	  the	  present	  time	  has	  a	  peak	  at	  the	  matter-‐radiation	  

equality	  scales.	  

10-24
10-23
10-22
10-21
10-20
10-19
10-18
10-17
10-16
10-15
10-14

10-5 10-4 10-3 10-2 10-1 100 101

k3 P m
(k

)/(
2/

2 )

k [hMpc-1]

| k-4

| k1

1 + z = 105

1 + z = 104

1 + z = 103

1 + z = 102

1 + z = 101

1 + z = 1

Ø  Power	  spectra	  of	  the	  2nd	  order	  vector	  mode.
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4. 	  Results:	  Models	  and	  Noises

Ø  The	  analytic	  solution	  of	  the	  2nd	  order	  vector/tensor	  modes	  does	  not	  consider	  the	  effect	  

of	  the	  radiation	  component.	  

Ø  The	  2nd	  order	  vector	  mode	  dominates	  on	  small	  scales.	  

10-23
10-22
10-21
10-20
10-19
10-18
10-17
10-16
10-15
10-14

10-5 10-4 10-3 10-2 10-1 100

k3 P(
k)

/(2
/2 )

k [hMpc-1]

PGW (r = 0.1)
Analytic tensor
Analytic vector

Exact vector

Ø  Noises:	  
Cosmic	  shear:	  Shot	  noise	  
CMB	  lensing:	  Reconstruction	  noise

T.Okamoto	  and	  W.Hu	  [astro-‐ph/0301031]	  
T.Namikawa	  et	  al.	  [1110.1718]

1.  Primordial	  gravitational	  waves	  (r = 0.1)	  
2.  Analytic	  solution	  of	  the	  2nd	  order	  tensor	  mode	  
3.  Analytic	  solution	  of	  the	  2nd	  order	  vector	  mode	  
4.  Exact	  solution	  of	  the	  2nd	  order	  vector	  mode	  
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4.1 	  Results:	  Cosmic	  shear	  B	  mode

10-22
10-20
10-18
10-16
10-14
10-12
10-10
10-8
10-6

 10  100  1000

l(l
+

1)
C

BB l  
 /(

2/
)

l

SKA

PGW (r = 0.1)
Analytic tensor
Analytic vector

Exact vector

Ø  The	  B-‐mode	  cosmic	  shear	  induced	  by	  the	  2nd	  order	  vector	  mode	  dominates	  

on	  almost	  all	  scales.	  

Ø  The	  1st	  and	  2nd	  order	  tensor	  modes	  are	  subdominant	  components.	  

14

S(v)
B,ℓ =

1

2

!
(ℓ+ 2)!(ℓ− 1)!

(ℓ− 2)!(ℓ+ 1)!

" ∞

χ
dχS

N(χS)

Ng

jℓ(kχ)

χ
, (69)

S(t)
B,ℓ =

1

4

!
(ℓ+ 2)!(ℓ− 1)!

(ℓ− 2)!(ℓ+ 1)!

" ∞

χ
dχS

N(χS)

Ng

jℓ(kχ)

kχ2
− 1

4

N(χ)

Ng

#
j′ℓ(kχ) + 2

jℓ(kχ)

kχ

$
, (70)

and Pσ and Ph in Eqs. (67) and (68) are the power spectra of the vector and tensor metric perturbations presented
in Sec. II, respectively. In our calculation, we assume a distribution of galaxies N(χ), which can usually be taken to
be (see, e.g., Ref. [54])

N(χS)dχS = Ng
3

2

z2S
(0.64zm)3

exp

%

−
#

zS
0.64zm

$3/2
&

dzS , (71)

where zm is the mean redshift, and the number of galaxies per square arc-minute Ng is defined as

Ng ≡
" ∞

0
dχN(χ) . (72)

In this paper, we focus on four survey designs: DES [15], HSC [16], SKA [17], and LSST [18]. The experimental
specifications of each survey design are summarized in Table. I.

fsky zm Ng[arcmin−2]

DES 0.125 0.5 12

HSC 0.05 1.0 35

SKA 0.75 1.6 10

LSST 0.5 1.5 100

TABLE I: The experimental specifications of DES, HSC, SKA, and LSST. It is shown that the sky coverage fsky, the mean
redshift zm, and the number of the galaxies per square arc minute Ng.

IV. WEAK LENSING INDUCED BY SECOND-ORDER VECTOR MODE

In this section, we show our main results and discuss the size of the effect of second-order vector modes. We
now calculate the weak lensing signals from the second-order vector mode by performing the numerical calculation
(hereafter referred to as exact vector). For comparison, the results for the signals from the primordial gravitational
waves (PGW) with r = 0.1, the second-order tensor mode (analytic tensor), the second-order vector mode (analytic
vector) are also shown.
First, we show the angular power spectrum of the curl-mode in Fig. 4 for the CMB lensing measurement. The CMB

lensing reconstruction technique can decompose the lensing potential into the gradient and curl modes. Although the
gradient mode dominates the lensing signals, owing to this technique, the information about the gradient and curl
modes can be extracted independently. Even when we neglect the instrumental noise, we need to take into account for
the reconstruction noise only. The noise estimated by the ideal CMB weak lensing measurement is determined by a
cosmic-variance limited reconstruction of the curl-mode [8, 10]. We found that the curl-mode induced by the primordial
gravitational waves dominates on large scales, ℓ ! 200, while that by the second-order vector mode dominates on
small scales, ℓ " 200. As seen in Fig. 3, the power spectrum for the vector mode has a peak at the scale corresponding
to matter-radiation equality. On the other hand, those for the primordial and second-order tensor modes have their
peaks at the horizon scales. Therefore, the second-order vector mode can affect smaller scales than the primordial
or the second-order tensor mode does. As expected, the second-order tensor mode gives a subdominant contribution
to the weak lensing curl-mode. This feature is similar to the CMB polarization anisotropy [24] and the weak lensing
gradient-mode [32].
However, unfortunately, even if we consider ideal experiments, i.e., only the cosmic-variance limited error, the weak

lensing curl-mode signals does not exceed the expected noise. Although the curl-mode induced by the second-order
vector mode dominates the signal of the curl-mode on small scales, it will be difficult to detect the second-order vector
and tensor weak lensing signals in future experiments. We conclude that the curl-mode induced by the second-order

Survey	  designs:
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4.2 	  Results:	  CMB	  lensing	  curl	  mode

10-26
10-24
10-22
10-20
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10-12
10-10
10-8
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l2 (l+
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l  
 /(

2/
)

l

Cosmic-variance limit

PGW (r = 0.1)
Analytic tensor
Analytic vector

Exact vector

Ø  On	  large	  scales,	  the	  curl	  mode	  induced	  by	  PGWs	  with	  r = 0.1	  dominates.	  

Ø  The	  curl	  mode	  induced	  by	  the	  2nd	  order	  vector	  mode	  dominates	  on	  small	  

scales.	  

Ø  We	  can	  neglect	  the	  curl	  mode	  induced	  by	  the	  2nd	  order	  tensor	  mode.	  

Unfortunately,	  the	  2nd	  order	  signals	  are	  unlikely	  to	  be	  detected	  on	  future	  experiments…
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5. 	  Summary
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FIG. 6: Constraints on the allowed amplitude of primordial density (curvature) perturbations P� (PR) at all scales. Here we
give the combined best measurements of the power spectrum on large scales from the CMB, large scale structure, Lyman-↵
observations and other cosmological probes [152, 153, 156]. We also plot upper limits from gamma-ray and reionisation/CMB
searches for UCMHs, and primordial black holes [43]. For ease of reference, we also show the range of possible DM kinetic
decoupling scales for some indicative WIMPs [74]; for a particle model with a kinetic decoupling scale kKD, limits do not apply
at k > kKD. Note that for modes entering the horizon during matter domination, P� (but not PR) should be multiplied by a
further factor of 0.81.

to be n . 1.17. Since large-scale observations actually
put much stronger limits on the spectral index, we have
also considered the case of n = 0.968 ± 0.012, as ob-
tained by WMAP observations, and constrained the al-
lowed additional power below some small scale ks to be at
most a factor of ⇠10–12 (assuming a step-like enhance-
ment in the spectrum). As a third example, we have
obtained quasi-model-independent limits, of the order of
PR . 10�6, on perturbation spectra that can at least
locally be well described by a power law. We would like
to stress, however, that it is intrinsically impossible to
constrain primordial density fluctuations in a completely
model-independent way; one thus has to re-derive such
limits for any particular model of, e.g., inflation which
produces a spectrum that does not fall into one of these
classes. Here, we have provided all the necessary tools to
do so.

We have mentioned that present gravitational lens-
ing data cannot be used to constrain the abundance of
UCMHs – essentially because they are simply not point-
like enough, even in view of their highly dense and con-
centrated cores. Future missions making use of the light-
curve shape in lensing events, however, are likely to probe
or constrain their existence. This would be quite remark-
able as it would allow us to put limits on the power spec-
trum without relying on the WIMP hypothesis for DM.
Most of our formalism is readily extended, or can in fact
be directly applied to, such constraints arising from grav-
itational microlensing.

Finally, we have compiled an extensive list of the most

stringent limits on PR(k) that currently exist in the lit-
erature for the whole range of accessible scales, from the
horizon size today down to scales some 23 orders of mag-
nitude smaller. Direct and indirect observations of the
matter distribution on large scales – in particular galaxy
surveys and CMB observations – constrain the power
spectrum to be PR(k) ⇠ 2 ⇥ 10�9 on scales larger than
about 1Mpc. On sub-Mpc scales, on the other hand, only
upper limits exist. From the non-observation of PBH-
related e↵ects, one can infer PR . 10�2 � 10�1 on all
scales that we consider here. UCMHs are much more
abundant and thus result in considerably stronger con-
straints, PR . 10�6, down to the smallest scale at which
DM is expected to cluster (this depends on the nature of
the DM; for typical WIMPs like neutralino DM, e.g., it
falls into the range k�max ⇠ 8⇥ 104 � 3⇥ 107 Mpc�1).

It is worth recalling that the observational evidence
for a simple, nearly Harrison-Zel’dovich spectrum of den-
sity fluctuations is obtained by probing a relatively small
range of rather large scales. The limits we have provided
here will thus be very useful in constraining any model of
e.g. inflation, or phase transitions in the early Universe,
that predicts deviations from the most simple case and
which would result in more power on small scales.

T.Bringmann	  et	  al.	  [1110.2484]

Ø  We	  derive	  the	  signals	  induced	  from	  the	  2nd	  order	  modes.	  

•  Dominated	  on	  large	  scales:	  Primordial	  gravitational	  waves	  with	  r = 0.1	


•  Dominated	  on	  small	  scales:	  2nd	  order	  vector	  mode	  

•  Negligible	  contributions:	  2nd	  order	  tensor	  mode	  

Ø  However,	  these	  contributions	  cannot	  exceed	  the	  expected	  noise.	  

Ø  The	  2nd	  order	  signals	  as	  a	  probe	  of	  the	  primordial	  power	  spectrum:	  

•  The	  2nd	  order	  signals	  are	  sensitive	  to	  the	  enhancement	  on	  smaller	  scales.	  
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