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• No Vainshtein Mechanism-No Screening 

• Massive Gravity can dramatically modify the 
equation of state of dark energy in voids 

• In fact the extra scalar degree of freedom can 
generate a domain wall

Basic Result



The Plot

• Massive Gravity 

• Solutions in Voids  

• Euclid 

• Constraints From Euclid



Massive Gravity Basics

• Fierz-Pauli first introduced a mass term for linearized gravity 

• The vDVZ discontinuty - Vainshtein Mechanism 

• Mass of graviton going to zero 

• Boulware-Deser Ghost- General problem  

• Arkani-hamed, Georgi, Schwartz  (Decoupling Limit) 

• de Rham Gabadadze and Tully gravity and Bi-Gravity (Hassan &Rosen) 

•  (Relativistic Extensions)



Voids why?

Consider Spherical Symmetric Case 

No Vainshtein Mechanism



Technical points 
• Well with in Weak Field Limit 

• Treat gravitation as 
perturbations of flat space 
Newtonian gauge  

• Which are instantaneous 
(time independence)  

• Also assume spherical 
symmetry 

• Scales much smaller than 
the horizon 

• Also in the Decoupling Limit

ds2 = �(1 + 2�(r))dt2 + (1� 2 (r))d~r 2
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 !  FC for rv < r < H�1

� ! �FC for rv < r < H�1

Via fermi coordinates  FC and �FC

encodes the no-trivial curvature of the space time metric



Lagrangian
Decoupling Limit

L = hµ⌫
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II. MODIFIED GRAVITY

To second order in metric fluctuations hµ⌫ with gµ⌫ = ⌘µ⌫+hµ⌫/mPl

, the modified-gravity

Lagrangian in the so-called decoupling limit reads (c.f. [33])

L = hµ⌫
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Here, the first term on the l.h.s. is the linearized Einstein-Hilbert term, and the Newton

constant ⌘µ⌫ = (�1, 1, 1, 1), and m
Pl

is the Planck mass. The second term of Eq. (II.2) is

the standard coupling of Einstein’s General Relativity to the stress-energy tensor. The third

term is the Lagrangian for the scalar field ⇡ with
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where ↵, �, and � are arbitrary real parameters of the theory, and
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where the mg is the graviton mass; see [33, 34] for details.

We look for solutions which can accommodate both under- and over-densities (e.g. voids,

and halos/solar system respectively) and are consistent with cosmology. The equivalence

principle implies that locally we can always define a metric (for all time) which will simply be

Minkowski space plus a perturbation. The perturbation component will account for the non-

trivial geometry of the space-time. Such coordinates are referred to as Fermi coordinates [35,

36]. In the Newtonian gauge,

ds2 = �⇥
1 + 2�(r)

⇤
dt2 +

⇥
1� 2 (r)

⇤
dx2. (II.6)

which on small scales can be deduced from the general FRW metric by using the transforma-

tions t
c

= t+H2~x2/2 and x
c

= ~x/a (1 + 1/4H2~x2) between co-moving (t
c

, x
c

) and the local,

physical Fermi coordinates (t, x).1 H is the Hubble parameter, and a is the scale factor.

The gravitational potential � and spatial curvature  are functions of the radial distance

1 These coordinates are valid for all time, and up to scales corresponding to redshift z ⇡ 1.3. However, for

modified Fermi coordinates, the validity has been shown to be extended up z ⇡ 1.7 [23].
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gµ⌫ = ⌘µ⌫ + hµ⌫



Equation of Motion

2

in metric fluctuations h

µ⌫ with gµ⌫ = ⌘µ⌫ + h

µ⌫
/mpl, the

Newton constant 8⇡G ⌘ m�2
pl , ⌘µ⌫ = (�1, 1, 1, 1), and mpl

is the Planck mass. The second term of Eq. 1 is the standard
coupling of GR to the stress-energy tensor of the system.

The third term is the Lagrangian for the scalar field ⇡ with
L(⇡)µ⌫ = ↵X

(1)
µ⌫ + (�/⇤3)X(2)

µ⌫ + (�/⇤6)X(3)
µ⌫ , where ↵,�,

and � are arbitrary parameters of the theory but are taken to
be O(1). Our effective scalar theory of ⇡ is valid up to the
cutoff scale ⇤3 = mplm

2, where m is the graviton mass. See
[10, 15] for further details.

Ansatz We look for solutions which can accommodate both
under and over-densities (halos and the solar system) and are
consistent with cosmology. The equivalence principle implies
that locally we can always define a metric (for all time) which
will simply be Minkowski space plus a perturbation. The per-
turbation component will account for the non-trivial geometry
of the space-time. Such coordinates are referred to as Fermi
coordinates [7, 16]. In the Newtonian gauge,

ds

2 = �(1 + 2�(r))dt2 + (1� 2 (r))dx2
. (2)

which on small scales can be deduced from the general FRW
metric by using the transformations tc = t+H2

~x

2
/2 and xc =

~x/a(1 + 1/4H2
~x

2) between co-moving (tc, xc) and the local,
physical Fermi coordinates (t, x). H is the Hubble parameter.
a is the scale factor. We then add on local perturbations of the
metric. � and  encode both the background geometry and
local metric perturbations. The standard stress–energy tensor
(in Fermi coordinates) is simply Tµ⌫ ' (⇢, �ijp) where we
have neglected off-diagonal terms (O(H2

x
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with velocity v). As with  and �, ⇢ and p include local
perturbations of matter and radiation relative to a background
density. Finally, we make the ansatz that the field ⇡ (as well
as the local metric and matter perturbations) are spherically
symmetric and time-independent, ⇡ = ⇡(r).

By the least-action principle applied to Eq.1, we obtain two
non-trivial Equations of Motion (EOM) for the metric and one
EOM for ⇡ with 0 = d/dr
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where in Eq. 4 we are not summing over i but indexing over
the spatial dimensions (x, y, z). Previous authors [12, 13]
have found the above EOM, but have neglected the effect
of pressure in Eq. 4. Also, h i gives the average value of
a given quantity inside of a radius r. The quantities h⇢i
and hpi are the average values of p and ⇢ inside of a radius
r (with contributions from matter, DE, radiation, etc.) and

h⇢mi = M(r)/(4/3⇡r3) where M(r) =
R
⇢m(r0)r02dr0d⌦

and ⇢m(r) is the density only in matter at a point r.
In linearized GR, perturbations and background evolution

can be separated out by simply subtracting off the background
evolution from the perturbed Einstein equations. Naı̈vely one
would expect the same in massive gravity, but this proves im-
possible. Eq. 5 is non-linear in ⇡ and in the metric pertur-
bations, which introduces cross-terms between the perturbed
solution and the background solution. At zeroth order in ⇡ we
look for solutions that accommodate both the background and
local perturbations in the metric, density, and pressure.

The above EOM can be made dimensionless by multiplying
by m

�2 with ⇤3 = mplm
2 where m is the graviton mass and

then by setting ⇡

0
/r = f(�)⇤3 where � = �⇢m/⇢m0 with

⇢m0 as the matter density today and �⇢m is the under-or-over-
density of a void or a halo with �⇢m = h⇢mi � ⇢m0 where
�⇢m and h⇢mi depend upon r. Hence, �⇢m/⇢m0 = �1 cor-
responds to an empty void as in devoid of matter but not DE.
After making the appropriate substitutions, Eq. 5 becomes a
quintic constraint equation for f(�) which depends upon the
average pressure hpi and density h⇢i for a fixed radius r. Out
of the five roots, three will typically be real.

Classes of Solutions The solutions for ⇡

0 can be catego-
rized into three separate classes. In a separate publication we
will discuss in detail the various solutions, and only outline
the different solutions here. Two of the classes have been dis-
cussed previously by [12, 13]. Neither of these cases produce
interesting cosmological solutions. One class of solutions de-
gravitates all mass. The second set of solutions generates an
EOS of the universe which is equivalent to radiation at late
times and generates negative densities.

The third class gives a new cosmological solution in which
the EOS of DE generally tracks the energy density of matter,
radiation, and curvature. There are several different sub-cases.
In the first self-accelerating case (no cosmological constant),
we can tune ↵,�, and � to effectively generate a cosmological
constant. The authors of [10] found a similar solution but with
a different ansatz, which decoupled the evolution of the scalar
field from the evolution of matter, radiation, and the metric.
In a second self-accelerating solution (in a flat background),
the EOS of DE will depend on the local density of matter.
In a third self-accelerating case (with curvature k 6= 0), the
scalar field can dynamically counteract the effect of curvature
upon the expansion rate of the universe, which may appear as
so-called “phantom” EOS of DE with w < �1.

The more general case with a cosmological constant will
constitute the focus of the paper. In solving for the ⇡ field
EOM, we search for roots of a quintic equation which has no
general analytic solution. We search for all solutions numer-
ically, which requires picking ↵,�, � and m (graviton mass)
such that densities are positive, the field ⇡ is ghost-free, and
constraints on H0 and the ⌦m are satisfied. We will discuss
the overall parameterization in a separate publication, but to
be concise we will consider a single case with ↵ = �0.45,
� = �1.0, and � = �0.86 in which a topological feature ap-
pears (for other choices of parameters no domain wall exists).

Einstein Eq.

Scalar EOM

⇡(r) is only a function of r.

Scalar EOM becomes a quintic constraint Eq.for ⇡(r)

which depends upon h⇢(r)i

Three real solutions!

⇢eff

peff



Which solution to pick?
In GR, the perturbed Friedman equations are linear in the 
metric perturbations and density or radiation perturbations 

(schematically)

⇢ ! ⇢0 + �⇢H2� > H2 + 

Then one can subtract off the background solution.  The 
perturbed solution evolves independently of the background



Different in MG

⇡ ! ⇡ + �⇡

Again look for perturbed solutions  
but now can not separate 

background from the  
perturbed solutions 

II. MODIFIED GRAVITY

To second order in metric fluctuations hµ⌫ with gµ⌫ = ⌘µ⌫+hµ⌫/mPl

, the modified-gravity

Lagrangian in the so-called decoupling limit reads (c.f. [33])
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where the mg is the graviton mass; see [33, 34] for details.

We look for solutions which can accommodate both under- and over-densities (e.g. voids,

and halos/solar system respectively) and are consistent with cosmology. The equivalence

principle implies that locally we can always define a metric (for all time) which will simply be

Minkowski space plus a perturbation. The perturbation component will account for the non-

trivial geometry of the space-time. Such coordinates are referred to as Fermi coordinates [35,

36]. In the Newtonian gauge,
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tions t
c

= t+H2~x2/2 and x
c

= ~x/a (1 + 1/4H2~x2) between co-moving (t
c

, x
c

) and the local,

physical Fermi coordinates (t, x).1 H is the Hubble parameter, and a is the scale factor.

The gravitational potential � and spatial curvature  are functions of the radial distance

1 These coordinates are valid for all time, and up to scales corresponding to redshift z ⇡ 1.3. However, for

modified Fermi coordinates, the validity has been shown to be extended up z ⇡ 1.7 [23].
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The  system of equations 
are nonlinear  

NOT SEPERABLE

Need to pick the branch which gives the correct 
behavior outside of the local perturbation



Three Solutions
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FIG. 1: Real solutions to Eq. (II.10) for the case of  = �2/3 as a function of the dimensionless

density �. The blue dotted curve corresponds to the cosmological-constant solution (c.f. main text

for details). Left panel: solutions for negative �; right panel: solutions for positive �.

work, and will continue on more general cosmological cases with varying equation of state,

always assuming � < 0 from now on.

Let us next investigate the cases of deviations from  = �2/3, which correspond to

a non-constant equation of state. Here we shall focus on the solutions which reduce to

the cosmological-constant one studied above (corresponding to the blue, dotted curves in

Figs. 1+2). Fig. 3 shows w as a function of dimensionless density � for the three cases

 = �0.7 (dot-dashed),  = �0.75 (dashed), and  = �2/3 (dotted) for comparison. The

left panel displays the cosmological solution, whereas the right panel depicts the others. In

the former, we observe that, for the parameters chosen (c.f. the figure caption), an increase

in w (around � ⇠ 1) when going to smaller densities, till it again approaches a constant

value.

In order to make contact with observations, in Fig. 4 we show a w
0

-wa plot for the

modified gravity model under consideration. Therefore we utilize the parametrization

w(z) ⌘ w
0

+ wa
z

1 + z
, (II.13)

which is also used by the Planck collaboration (c.f. [31]). Given our specific equation state

w(z) (c.f. Fig. 3), we use the method described in Ref. [30], to compute w
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and wa, i.e. via
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Density

 ⌘ �
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Cosmological  Solution 
Self Acceleration

 !  FC for rv < r < H�1

� ! �FC for rv < r < H�1

Degravitating Solution

Asymptotically  Flat

de Rham et al 2010

de Rham et al 2010

Chkareuli &Pirtskhalava 2011 Sörjs &Mörstell 2011



Rethink Lensing &Dynamics

Previous authors have looked 
at the asymptotically flat solution 

but due to nonlinearities one  
needs to look at the branch which 

is related to self acceleration.

Work In progress



More General Solution
• Instead of just treating the case of self acceleration, we 

could also look at what happens when we include a 
CC.

Density of Matter
� is a normalized

⇡0/r = f(�)⇤3

⇤

3
= (mplm

2
g)-cut o↵ scale

cut-off Scale

Mean Density Today



Dramatic Change in DE EOS

weff = peff�⇤cc

⇢eff+⇤cc

We already defined ⇢eff & peff

in Einsteins Equations

Mean Density Today



Euclid
Imaging and Spectrograph

Measure BAO

Weak Lensing

Launch date 2020



Void Constraints

Stack voids should allow for the detection of modifications 
of gravity 

Lavaux & Wandelt 2012

|�wDE | > 0.1

Euclid Should detect  deviations of  

At 95% confidence level

A deviation of 0.3 would be highly significant



Take Away 
Message

• Topological defects  are solutions of the extra 
degrees of freedom found in massive gravity 

• One needs to carefully choose the correct 
massive gravity solution when looking at lensing 
and dynamics of voids 

• Euclid could make voids an interesting testing 
ground for massive gravity


