
1

Yang-Mills condensates in 
Cosmology

Roman Pasechnik 
Lund University, THEP Group 

Spåtind 2016 



Universe composition today: the Dark Energy

Chapter 4

ΛCDM: Cosmological Model
with Dark Matter and Dark Energy

4.1 Composition of the Present Universe

Cosmological solutions studied in Sec. 3.2 are not realistic. Energy density in the
present Universe is due to non-relativistic matter (baryons and dark matter, as well
as those neutrino species whose mass is considerably larger than 5 K ∼10−3 eV),
relativistic matter (photons and light neutrino of mass less than 10−4 eV, if such
a neutrino exists, see Appendix C) and dark energy. In general, the Universe may
have non-vanishing spatial curvature. Therefore, all these contributions have to be
included into the right hand side of the Friedmann equation (3.9), and this equation
takes the form

H2 ≡
!

ȧ

a

"2

=
8π

3
G(ρM + ρrad + ρΛ + ρcurv), (4.1)

where ρM , ρrad, ρΛ are energy densities of non-relativistic matter, relativistic matter
(“radiation”) and dark energy, respectively, and by definition

8π

3
Gρcurv = − κ

a2
(4.2)

is the contribution due to spatial curvature. Let us introduce the critical density
ρc by

ρc ≡ 3
8πG

H2
0 . (4.3)

We stress that we always use the notion of critical density only in application to the
present Universe; for us ρc is the time-independent quantity. Its meaning is that if
the total energy density in the present Universe, ρM,0 +ρrad,0+ρΛ,0, equals precisely
ρc, then the Universe is spatially flat (since in this case ρcurv = 0 and κ = 0). The
numerical value of the critical energy density is given in (1.14). We note that the
average energy density in the present Universe is fairly small: it is equivalent to 5
proton masses per cubic meter.

Let us introduce the parameters,

ΩM =
ρM,0

ρc
, Ωrad =

ρrad,0

ρc
, ΩΛ =

ρΛ,0

ρc
, Ωcurv =

ρcurv,0

ρc
. (4.4)
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Friedmann 
equation

Dark Energy e.o.s. exactly minus one
for pure vacuum! 

• Is the Dark Energy indeed the (non-trivial) vacuum state of the Universe?

• How has it been formed during evolution of the Universe?

• What is its time dependence and what will happen to our Universe in the future?
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Vacuum Catastrophe… or not?
Vacuum energy

“Old” CC problem: Why such small and positive? 
“New” CC problem: Why non-zeroth and exists at all?

Vacuum in Quantum Physics has incredibly wrong energy scale!

 “…the worst theoretical prediction  
in the history of physics“   
(Hobson 2006)

Topological QCD
vacuum

Higgs condensate

in Quantum Physics in Cosmology
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• Let’s forget about the “bare” vacuum (DE: “phantom”, “quintessence”, “ghost”… etc) 
 
          Zero vacuum density in the Minkowski limit, by (Casimir-like) definition, then  

• Let’s look closer at the vacuum state — why does it become “invisible” to gravity?  
 
          Dynamical cancellation of vacua at every energy scale during phase transitions???

Possible approaches to this problem:
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Why may the QCD vacuum have anything to do with DE/CC?
• The ground state of the Universe has undergone many transformations during  

the cosmological evolution such that the DE may be a residual IR effect 
 
 

• The QCD transition is the latest phase transition in the cosmological history  
when the properties of its current ground state might have been formed 
 
 

• QCD vacuum is the only known strongly-coupled (non-perturbative) vacuum system  
in Nature for which the QFT principle of locality does not apply (Zhitnitsky et al)  
 
 
 

• The Yang-Mills (gluon) condensate in expanding Universe has de-Sitter solutions 
consistent with observations at the minimum of the effective potential (Zhang et al)  

• The first-order gravitational correction to the QCD ground state provide a positive  
contribution to the CC consistent with observations (Pasechnik et al)
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Refs. [14,39,40] and references therein). In most popular extensions of the SM yet consistent with143

laboratory measurements, however, the supersymmetry is assumed to be explicitly broken which144

destroys the respective cancellation of the corresponding vacua. A true yet unknown high-scale145

theory such as Quantum Gravity is normally expected to address this issue in a consistent way.146

Given that the perturbative vacua can be eliminated (or excluded from consideration) by the147

time the Universe reaches the QCD phase transition temperature TQCD ⇠ 0.1 GeV, a cancellation of148

the strongly-coupled non-perturbative quark-gluon condensate requires a dynamical understanding149

of the QCD vacuum in the expanding Universe. Then the observed cosmological constant can,150

in principle, be associated with an uncompesated remnant formed soon after the chiral symmetry151

breaking during the latest QCD phase transition epoch. In order to explore such a natural152

possibility, one should study the dynamical properties of the spatially-homogeneous and isotropic153

YM condensates in the expanding Universe at both classical and quantum levels.154

An alternative way of avoiding the “Vacuum Catastrophe” was proposed recently in Ref. [41]155

and refers to “sequestering” of all microscopic vacuum contributions of the matter sector (including156

quantum corrections) from gravity which is possible in the universe finite in spacetime and collapsing157

in the future. In a similar spirit, Ref. [42] exploits the promising idea about gravitation being not158

a truly fundamental interaction, but rather a low energy effective interaction such that gravitons159

should be treated as quasiparticles which do not “feel” all microscopic degrees of freedom up to the160

Planck energy, but rather interact with a few certain excitations only in the IR limit of yet unknown161

fundamental theory. In this case, one naturally expects a zeroth “renormalised” CC in Minkowski162

vacuum where the Einstein equations are automatically satisfied while the observed DE is naturally163

determined by the deviation from the Minkowski spacetime geometry (see e.g. Refs. [42–45]). The164

scale of such an effective theory of gravity emerges due to the conformal (trace) anomaly which is165

naturally present in QCD [32–34] providing a non-vanishing contribution to the vacuum energy [43]166

(see also Ref. [11] and references therein)167

hTµ

µ

i ⇠ HL3
QCD ⇠ (10�3 eV)4 . (10)

The latter is remarkably close to the observed CC today. We will come back to this interesting effect,168

which can also be seen within the philosophy of vacua compensation, at a more quantitative level169

below.170

The phylosophy of effective gravity being not sensitive to miscroscopic quantum vacua171

fluctuations above certain energy scale which may justify the late-time acceleration and the observed172

smallness of the CC, however, may be questioned by an early-time acceleration mechanism for which173

to work out the gravitational interactions should be able to “resolve” the quantum fluctuations174

of the inflaton field at much higher energy scale than the modern CC. Needless to remind, the175

scale-invariant perturbations spectrum is a specific prediction of the quasiclassical theory describing176

interactions of the inflaton field and metric fluctuations at characteristic energies far beyond the177

electroweak scale. So, the effective gravity approach justifying the troublsome “insensitivity” of178

gravity to miscroscopic vacua (such as the Higgs condensate) may have difficulties in interpretation179

of early-time acceleration. In one way or another, most the existing analyses of the observed DE180

simply ignore the huge microscopic vacua terms although the non-perturbative QCD ground state181

has a special status and should be treated carefully.182

Now, we turn to a description of YM dynamics in Cosmology and start with the classical case.183

3. Yang-Mills condensates in Cosmology184

The gauge-invariant Lagrangian of the classical YM field in the SU(N) (N = 2, 3, . . . ) gauge
theory reads

Lcl = �1
4

Fa
µn

Fµn

a , (11)

Linear scaling with the Hubble parameter!
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Quantum effects on the YM ground state
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due to local SU(2) ~ SO(3) isomorphism
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Classical condensate Savvidy vacuum

Quantum
corrections

“Radiation” medium

Unstable solution!

Asymptotic tracker solutions

Stable solutions!
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ϵYM ∝ 1/a4

ϵYM → ±Λ4
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QCD vacuum: 
a ferromagnetic undergoing 
spontaneous magnetisation

(Pagels&Tomboulis)
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The equations of motion that follow from the effective action are 

[ ~  d 1)1 yak = (13) 

The vacuum is determined by the minimum action solutions to the equation of 
motion. 

In the pararnagnetic case I corresponding to an infrared stable fixed point, 
3(gF) = O, the vacuum is the same as in the usual classical theory F~v = O. One has 

Ux(t) =/ao = l/e0 = g2/g2 > 0 ,  (14) 
t - + - -  oo 

t eff / /  ~ ( F t 2 ) ~  "classical action 

///~ paramagnetic(I) 
F2-- L ~/'J/~perfect paramagnetism (11") 

o ~ F2-,- - 
ferromagnetic (i) 

Fig. 2. Effective action density as a function of F 2. 

Effective YM action

asymptotic chromoelectric condensate

fluctuations breaking the conformal invariance of the gauge theory. The latter effect is known
as conformal anomaly which has notable consequences e.g. in Cosmology [20, 27]. Indeed,
any infinitesimal external field affects the classical YM vacuum by modifying the initial
operator (non-linear) YM equations since there is no any physical threshold for the vacuum
polarisation of a massless quantum YM field by its classical component. That results in
the well-known fact that the solutions of the YM equations are unstable w.r.t the radiative
corrections and cannot be used in physical applications. In practice, we with the so-called
Savvidy vacuum fluctuations and look for their spatially-homogeneous modes. In order to
construct the realistic Einstein–YM (EYM) equations describing YM condensate dynamics
in a non-stationary background of expanding Universe one must consistently incorporate,
at least, the lowest-order corrections from the vacuum polarisation in the effective YM
Lagrangian.

The generic formalism which leads to an adequate field-theoretical model for the YM
vacuum energy-momentum tensor incorporating conformal anomalies has been developed
e.g. in Refs. [28, 29]. According to this technique, when applying the variational procedure in
derivation of the YM equations of motion, the gauge coupling gYM should be considered as an
operator depending on operators of quantum fields according to the RG equations. Namely,
the gauge field operator Aa

µ, is considered as a variational variable which together with the
corresponding stress tensor operator are related to those in the standard normalisation as
follows

Aa
µ ≡ gYMA

a
µ , Fa

µν ≡ gYMF
a
µν = ∂µAa

ν − ∂νAa
µ + fabcAb

µAc
ν . (2.3)

The effective action and Lagrangian operators of the quantum gauge theory is given in terms
of the gauge-invariant operator of the least dimension J by [1]

Seff [A] =

!
Leffd

4x , Leff = −
J

4g2YM(J)
, J = F2 ≡ Fa

µνFµν
a , (2.4)

respectively, whose variation w.r.t Aa
µ leads to the operator energy-momentum tensor of the

gauge theory

T̂ ν,YM
µ =

1

g2YM

"
−Fa

µσFνσ
a +

1

4
δνµFa

ρσFρσ
a +

β(g2YM)

2
Fa

µσFνσ
a

#
, (2.5)

providing the usual form of the trace anomaly relation [4]

T̂ µ,YM
µ =

β(g2YM)

2g2YM

J , g2YM = g2YM(J) . (2.6)

The gauge coupling dependence on J is determined by the RG evolution equation in the
following operator form

2J
dg2YM

dJ
= g2YM β(g2YM) , (2.7)

where β = β(g2YM) is the standard β-function. Note, the RG equation (2.7) is symmetric
with respect to J ↔ −J , thus its solution is determined by the absolute value of the YM
invariant operator, i.e.

g2YM = g2YM(|J |) . (2.8)
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which has important consequences on stability of the ground-state YM solutions in
Minkowski spacetime. On should therefore consider the effective action (2.4) as a classi-
cal model [1] which possesses well-known properties of the full quantum theory such as (i)
local gauge invariance, (ii) RG evolution and asymptotic freedom, (iii) correct quantum
vacuum configurations, and (iv) trace anomaly. These provide a sufficient motivation and
physics interest in cosmological aspects of the considering effective model.

The PT can be applied to the effective action in the limit of large mean fields, i.e.
|J | → ∞, away from the classical ground state. To the one-loop approximation, the solution
of the RG equation (2.7) reads

β(g2YM) = −
bg2YM

16π2
, g2YM =

32π2

b ln(|J |/λ4)
, (2.9)

where λ is the scale parameter, b is the one-loop β-function coefficient (e.g. in pure SU(3)
gauge theory b = 11). Substituting this solution into the effective Lagrangian (2.4) and
performing a straightforward covariant generalization for a curved background with metric
gµν (g ≡ det(gµν)) we obtain finally

L1−loop
eff = −

b J

128π2
ln
! |J |
(ξλ)4

"
, J =

Fa
µνFµν

a√
−g

(2.10)

where free parameter ξ reflects an arbitrariness in multiplicative normalisation of the invari-
ant J . Both parameters ξ and λ are not fixed by the theory but can be determined from
phenomenology in realistic gauge theories such as QCD where λ ≡ ΛQCD ≃ 280 MeV.

In asymptotically free gauge theories like QCD the quantum vacuum configurations are
controlled by the strong coupling regime. Performing an analysis in Euclidean spacetime,
in Ref. [1] it was shown that the vacuum value of the gauge invariant ⟨J⟩ in a strongly-
coupled quantum gauge theory does not vanish as it does in the classical gauge theory and
the corresponding functional integral is not dominated by the minima of the classical action
(2.2). Moreover, it was shown that there are no instanton solutions to the effective action
(2.4) such that the ground state of the quantum YM theory does not contain the classi-
cal instanton configurations. Instead, the quantum vacuum can be understood as a state
with ferromagnetic properties which undergoes the spontaneous magnetisation providing a
consistent description of the nonperturbative QCD vacuum and confinement alternative to
the conventional instanton model. In this work, we do not entirely reject the traditional
topological instanton model and consider them as possibly co-existing components of the
heterogenic nonperturbative QCD vacuum.

In what follows, we perform a detailed analysis of the effective YM theory (2.4) and
its ground-state solutions in the non-stationary FLRW background relevant for Cosmology
without switching to the Euclidean metric. As a proof of concept, we start with perturbative
one-loop effective model (2.10) and apply it for the YM system with the homogeneous and
isotropic condensate [? ]. While in the strongly-coupled limit J → 0 a quantitative analysis
of the ground state in the effective model is impossible within the PT, we will find certain
generic constraints on the characretistic shape of the β-function in the infrared regime and
on real-time evolution of the quantum vacuum energy beyond the PT. Remarkably, one will
notice that the perturbative and nonperturbative quantum vacua solutions share common
features and such cosmological implications as the cosmic Inflation and Dark Energy.

5

fluctuations breaking the conformal invariance of the gauge theory. The latter effect is known
as conformal anomaly which has notable consequences e.g. in Cosmology [20, 27]. Indeed,
any infinitesimal external field affects the classical YM vacuum by modifying the initial
operator (non-linear) YM equations since there is no any physical threshold for the vacuum
polarisation of a massless quantum YM field by its classical component. That results in
the well-known fact that the solutions of the YM equations are unstable w.r.t the radiative
corrections and cannot be used in physical applications. In practice, we with the so-called
Savvidy vacuum fluctuations and look for their spatially-homogeneous modes. In order to
construct the realistic Einstein–YM (EYM) equations describing YM condensate dynamics
in a non-stationary background of expanding Universe one must consistently incorporate,
at least, the lowest-order corrections from the vacuum polarisation in the effective YM
Lagrangian.

The generic formalism which leads to an adequate field-theoretical model for the YM
vacuum energy-momentum tensor incorporating conformal anomalies has been developed
e.g. in Refs. [28, 29]. According to this technique, when applying the variational procedure in
derivation of the YM equations of motion, the gauge coupling gYM should be considered as an
operator depending on operators of quantum fields according to the RG equations. Namely,
the gauge field operator Aa

µ, is considered as a variational variable which together with the
corresponding stress tensor operator are related to those in the standard normalisation as
follows

Aa
µ ≡ gYMA

a
µ , Fa

µν ≡ gYMF
a
µν = ∂µAa

ν − ∂νAa
µ + fabcAb

µAc
ν . (2.3)

The effective action and Lagrangian operators of the quantum gauge theory is given in terms
of the gauge-invariant operator of the least dimension J by [1]

Seff [A] =

!
Leffd

4x , Leff = −
J

4g2YM(J)
, J = F2 ≡ Fa

µνFµν
a , (2.4)

respectively, whose variation w.r.t Aa
µ leads to the operator energy-momentum tensor of the

gauge theory

T̂ ν,YM
µ =

1

g2YM

"
−Fa

µσFνσ
a +

1

4
δνµFa

ρσFρσ
a +

β(g2YM)

2
Fa

µσFνσ
a

#
, (2.5)

providing the usual form of the trace anomaly relation [4]

T̂ µ,YM
µ =

β(g2YM)

2g2YM

J , g2YM = g2YM(J) . (2.6)

The gauge coupling dependence on J is determined by the RG evolution equation in the
following operator form

2J
dg2YM

dJ
= g2YM β(g2YM) , (2.7)

where β = β(g2YM) is the standard β-function. Note, the RG equation (2.7) is symmetric
with respect to J ↔ −J , thus its solution is determined by the absolute value of the YM
invariant operator, i.e.

g2YM = g2YM(|J |) . (2.8)

4
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straightforward covariant generalization for a curved background with metric g
µn

(g ⌘ det(g
µn

))
we obtain finally [62]

L1�loop
eff = � b J

128p

2 ln
⇣ |J|
(xl)4

⌘
, J =

F a
µn

Fµn

ap�g
, (27)

where free parameter x reflects an arbitrariness in multiplicative normalisation of the invariant J.252

Both parameters x and l are not fixed by the theory but can be determined from phenomenology253

in realistic gauge theories such as QCD where l ⌘ LQCD ' 280 MeV. The effective action (27) or254

rather its non-perturbative generalisation (see below) can then be considered as a classical model255

incorporating important features of the full quantum model and providing correct description of the256

quantum vacuum [60]. In what follows, we apply classical methods to study its physically relevant257

configurations.258

In asymptotically free gauge theories like QCD the quantum vacuum configurations are259

controlled by the strong coupling regime. Performing an analysis in Euclidean spacetime, in Ref. [60]260

it was shown that the vacuum value of the gauge invariant hJi in a strongly-coupled quantum gauge261

theory does not vanish as it does in the classical gauge theory and the corresponding functional262

integral is not dominated by the minima of the classical action (12). Moreover, it was shown that there263

are no instanton solutions to the effective action (21) such that the ground state of the quantum YM264

theory does not contain the classical instanton configurations. Instead, the quantum vacuum within265

the effective action (21) approach can be understood as a state with ferromagnetic properties which266

undergoes the spontaneous magnetisation providing a consistent description of the nonperturbative267

QCD vacuum. Thus, the quantum effects drastically affect the properties of the ground state in YM268

theories which may have profound consequences in Cosmology.269

5. Cosmological evolution of the Yang-Mills ground state270

The condensation of YM fields has been first considered as a source of the Cosmic Inflation271

in Refs. [63] in the framework of the RG-improved effective action (21). For J � (xl)4 one272

reaches the asymptotically free regime where the one-loop approximated effective model (27) can273

be considered to be reliable. In this limit, the EYM equations exhibit a radiation-dominated solution274

a(t) µ t1/2, pYM = eYM/3, which is characteristic for the classical YM behaviour considered above.275

The effective action (27) attains the minimum at J = (xl)4/e corresponding to the de-Sitter solution276

a(t) µ exp(Ht), with the vacuum equation of state pYM = �eYM which can be applied in the context277

of early-time acceleration (provided that a new strongly-coupled high-scale dynamics does exist in278

Nature). The de-Sitter solution appears to be stable with respect to small perturbations of the scale279

factor and the YM condensate which are exponentially decaying with time. These ideas have been280

further applied for the current cosmic acceleration, as a source of DE, in the one-loop effective model281

(27) in Ref. [64] while main aspects of first-order cosmological perturbation theory with the YM282

condensate have been discussed in Ref. [65]. The corresponding one-loop solution has been further283

analysed in Ref. [37] and employed for a possible compensation of the non-perturbative QCD vacuum284

contribution (8). Let us discuss the key features of this model in more detail.285

Gluon condensate and Dark Energy
One-loop QCD effective action

(toy model)
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string depends on the gauge choice. Similarly, the positions of the singularities in the U(t) amplitude367

depend on the gauge choice and correspond to the regular minima of the oscillating trace of the368

energy-momentum tensor. A key difference is that in the case of magnetic monopole the singularity369

appears along spatial directions while in the case of classical YM condensate its potential is singular370

at descrete points in time.371

At intermediate time scale corresponding to the modern Universe,372

trel ⌧ t ⇠ 1p
kLcosm

(45)

the exact compensation between the two components of the gluon condensate may not be reached373

yet. So let us assume that the DE is not a cosmological constant and that it is entirely given by a374

time-dependent uncompensated (positive) contribution from the gluon condensate such that375

Lcosm(t) ⌘ e

QCD
(+) (t) + e

QCD
(�) (t) > 0 , (46)

such that the exact compensation condition Lcosm(t) ! 0 is satisfied for t ! •. Besides, assume for376

simplicity that in the modern Universe the negative-valued (magnetic) component is much closer to377

its asymptotic state (34)378

De(+) � De(�) , De(±) ⌘ |eQCD
(±) (t)� LQCD

± | , (47)

then the positive (electric) one such that the sum of the two contributions is positive today, as required379

by observations, and in the past. In this case, the DE component is almost entirely dominated by the380

electric component (minus its asymptotic value LQCD
+ , of course). Alternatively, one could employ a381

more standard subtraction (or “renormalisation”) argument and identify the observable macroscopic382

DE density with the difference between current and asymptotic densities of the positively-definite383

chromoelectric condensate alone as384

Lcosm(t) ⌘ e

QCD
(+) (t)� e

QCD
(+) (t ! •) > 0 , Q̃(t0) > 1 . (48)

Apparently, both prescriptions (46) (together with Eq. (47)) and (48) lead to the same result in the end385

although one may further argue which of them is more physically well grounded, of course. Then,386

a straightforward asymptotic analysis of the general solution of Eq. (29) uncovers that at the time387

scale corresponding to the modern Universe (45) the cosmological expansion as well as the net gluon388

condensate density and pressure evolve with time as389

a(t) ' a⇤
⇣3ke

QCD
0
4

⌘1/3
t2/3 , Lcosm(t) ' 4

3kt2 , pQCD(t) = �Lcosm(t)
⇣

1 +
4z(t)

3

⌘
, (49)

where z(t) is a rapidly oscillating function with period t ⇠ L�1
QCD and with a time-independent390

amplitude, such that the equation of state for the gluon condensate averaged over many microscopic391

oscillations of pressure in the modern Universe t = tU392

w =
hpQCD(tU)i
Lcosm(tU)

= �1 (50)

coincides with the pure vacuum case and fits well with observations despite of not being a genuine393

CC solution. Note, the observable DE value Lcosm(t) does not depend on initial conditions (such a394

dependence drops out due to Eq. (45)), and today it amounts to395

e

QCD(tU) '
4

3kt2
U

' 1.8 ⇥ 10�47 GeV4 , (51)
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In fact, exact compensation of energies of the vacuum components does not mean that sum of343

their quantum fluctuations which may have very different spacetime dynamics is identically equal to344

zero. The complete (unordered) two-point function in the QCD vacuum can then be represented as a345

superposition of two parts346

h0|as
p

Fa
ik(x)Fik

a (x0)|0i ⌘ h0|as
p

Fa
ik(x)Fik

a (x0)|0i(+) + h0|as
p

Fa
ik(x)Fik

a (x0)|0i(�) , (39)

where + and � refer to contributions (33) and (34), respectively, which are represented347

h0|as
p

Fa
ik(x)Fik

a (x0)|0i(+) = h0| :
as
p

Fa
ik(0)Fik

a (0) : |0i D(+)(x � x0) ,

h0|as
p

Fa
ik(x)Fik

a (x0)|0i(�) = h0| :
as
p

Fa
ik(0)Fik

a (0) : |0i D(�)(x � x0) ,

in terms of experimentally measured local condensate [27],348

h0| :
as
p

Fa
ik(0)Fik

a (0) : |0i = (1.7 ± 0.4)⇥ 10�2 GeV4 , (40)

and correlation functions D(±)(x) satisfying D(±)(0) = 1. The latter should be constrained by349

non-perturbative methods e.g. lattice QCD or by means of effective field theory methods. Finally,350

the complete non-local condensate can be written as351

h0|as
p

Fa
ik(x)Fik

a (x0)|0i = h0| :
as
p

Fa
ik(0)Fik

a (0) : |0iD(x � x0) ,

D(x � x0) ⌘ D(+)(x � x0)� D(�)(x � x0) , D(0) = 0 . (41)

Below, we make use of this important relation in the calculation of the gravitational correction to the352

ground state energy in QCD.353

5.3. Time-dependent DE as a remnant of the QCD vacuum energy354

As long as such an asymptotic regime is achieved, the macroscopic evolution of the Universe355

reduces to the standard (slow) Friedmann evolution driven only by a small observed residue Lcosm356

as well as by all other (non-DE) forms of matter with density emat, i.e.357

3
k

(a0)2

a4 = emat + Lcosm , (42)

and the rapid microscopic evolution of the gluon condensate U = U(h) at the characteristic QCD358

time scale359

(U0)2 � 1
4

U4 = a4 (xLQCD)
4

6e
, (43)

practically decoupled from the slow macroscopic Universe expansion. In the limit t � trel , the360

positive- and negative-valued components of the gluon condensate evolve as361

Z eU

eU0

dxq
1
4 x4 ± 1

= e
h , eU = U

(6e)1/4

xLQCD
, e

h = h

xLQCD

(6e)1/4 , x ' 4 , (44)

respectively. As was shown in Ref. [37], the cosmological evolution of the gluon field in its ground362

state can be interpreted as a regular sequence of quantum tunneling transitions through the “time363

barriers” represented by the regular singularities in the quantum vacuum solution of the effective364

model (27). Such a behavior analogical to that of the Dirac monopole where a singularity in the365

4-potential emerges along the Dirac string while the magnetic flux in finite. The position of the Dirac366

Friedmann equation in conformal time
with evolving QCD-induced DE

Asymptotic Einstein-YM solution
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string depends on the gauge choice. Similarly, the positions of the singularities in the U(t) amplitude367

depend on the gauge choice and correspond to the regular minima of the oscillating trace of the368

energy-momentum tensor. A key difference is that in the case of magnetic monopole the singularity369

appears along spatial directions while in the case of classical YM condensate its potential is singular370

at descrete points in time.371

At intermediate time scale corresponding to the modern Universe,372

trel ⌧ t ⇠ 1p
kLcosm

(45)

the exact compensation between the two components of the gluon condensate may not be reached373

yet. So let us assume that the DE is not a cosmological constant and that it is entirely given by a374

time-dependent uncompensated (positive) contribution from the gluon condensate such that375

Lcosm(t) ⌘ e

QCD
(+) (t) + e

QCD
(�) (t) > 0 , (46)

such that the exact compensation condition Lcosm(t) ! 0 is satisfied for t ! •. Besides, assume for376

simplicity that in the modern Universe the negative-valued (magnetic) component is much closer to377

its asymptotic state (34)378

De(+) � De(�) , De(±) ⌘ |eQCD
(±) (t)� LQCD

± | , (47)

then the positive (electric) one such that the sum of the two contributions is positive today, as required379

by observations, and in the past. In this case, the DE component is almost entirely dominated by the380

electric component (minus its asymptotic value LQCD
+ , of course). Alternatively, one could employ a381

more standard subtraction (or “renormalisation”) argument and identify the observable macroscopic382

DE density with the difference between current and asymptotic densities of the positively-definite383

chromoelectric condensate alone as384

Lcosm(t) ⌘ e

QCD
(+) (t)� e

QCD
(+) (t ! •) > 0 , Q̃(t0) > 1 . (48)

Apparently, both prescriptions (46) (together with Eq. (47)) and (48) lead to the same result in the end385

although one may further argue which of them is more physically well grounded, of course. Then,386

a straightforward asymptotic analysis of the general solution of Eq. (29) uncovers that at the time387

scale corresponding to the modern Universe (45) the cosmological expansion as well as the net gluon388

condensate density and pressure evolve with time as389

a(t) ' a⇤
⇣3ke

QCD
0
4

⌘1/3
t2/3 , Lcosm(t) ' 4

3kt2 , pQCD(t) = �Lcosm(t)
⇣

1 +
4z(t)

3

⌘
, (49)

where z(t) is a rapidly oscillating function with period t ⇠ L�1
QCD and with a time-independent390

amplitude, such that the equation of state for the gluon condensate averaged over many microscopic391

oscillations of pressure in the modern Universe t = tU392

w =
hpQCD(tU)i
Lcosm(tU)

= �1 (50)

coincides with the pure vacuum case and fits well with observations despite of not being a genuine393

CC solution. Note, the observable DE value Lcosm(t) does not depend on initial conditions (such a394

dependence drops out due to Eq. (45)), and today it amounts to395

e

QCD(tU) '
4

3kt2
U

' 1.8 ⇥ 10�47 GeV4 , (51)
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where z(t) is a rapidly oscillating function with period t ⇠ L�1
QCD and with a time-independent390

amplitude, such that the equation of state for the gluon condensate averaged over many microscopic391

oscillations of pressure in the modern Universe t = tU392

w =
hpQCD(tU)i
Lcosm(tU)

= �1 (50)

coincides with the pure vacuum case and fits well with observations despite of not being a genuine393

CC solution. Note, the observable DE value Lcosm(t) does not depend on initial conditions (such a394

dependence drops out due to Eq. (45)), and today it amounts to395
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which fixes the arbitrary normalisation factor x of the invariant J. On the other hand, notice that305

spatially homogeneous and topological subsystems of the QCD vacuum have entirely different nature306

and can not be treated on the same footing. For both the general and partial solutions, the amplitude307

of the gluon condensate U(t) oscillates with quasiperiodic singularities in physical time whereas its308

energy density and pressure remain continuous. This is in variance to the continuous classical YM309

solution (20).310

5.2. QCD vacuum compensation311

The asymptotic regimes (33) and (34) are reached after a number of oscillations of the gluon312

condensate density and pressure, and such a transition is accompanied by a decelerating expansion313

of the Universe (filled by the gluon condensate only). The characteristic (relaxation) time scale for314

such a transition reads315

trel '
1q

ke

QCD
0

, e

QCD
0 ⌘ e

QCD(t = t0) � Lcosm , (36)

where the observed Lcosm is given by Eq. (9), and e

QCD
0 > 0 is the initial energy of the YM condensate.316

Hypothetically, both subsystems with positively (electric) and negatively (magnetic) definite energy317

could have been generated at the QCD phase transition epoch and then asymptotically (at t � trel)318

approach their constant values LQCD
+ and LQCD

� = �LQCD
+ , respectively. If both types of the YM319

condensate really co-exist in the QCD vacuum they would provide an automatic compensation of320

the net QCD vacuum energy in the IR limit without any fine-tuning. Such a compensation can be321

viewed as a manifestation of the QCD confinement since there are practically no non-zeroth gluon322

fields propagating at the length scales larger than the typical hadron scale ⇠ 1 fm, and they certainly323

disappear at macroscopically large cosmological scales typical for modern Universe.324

A similar idea about the heterogenic structure of the QCD vacuum containing different325

co-existing vacuum subsystems at the LQCD scale which may eliminate each other under certain326

conditions was discussed in Ref. [38]. In particular, besides the collective quark-gluon excitations327

of a topological nature, the QCD ground state should contain long-range quantum-wave excitations328

of lightest bound states (hadrons) such that both subsystems overlap and potentially compensate329

each other in the IR limit of the theory. Indeed, the contribution from the collective quantum-wave330

fluctuations to the net QCD vacuum energy as estimated phenomenologically as [27]331

evac(h) =
1

32p

2

 
2 Â

B
(2JB + 1)m4

B ln
µ

mB
� Â

M
(2JM + 1)m4

M ln
µ

mM

!
, (37)

where µ is a upper momentum cut-off parameter, JB and JM (mB and mM) are the spins (masses)332

of lightest baryon and meson degrees of freedom, respectively. Taking into account only metastable333

hadronic degrees of freedom – the baryon octet B = {N, L, S, X} and the pseudoscalar nonet M =334

{p, K, h, h

0} – ones obtains the desired result, namely,335

LQCD
vac + evac(h) = 0 , µ ' 1.2 GeV , (38)

i.e. topological and wave fluctuations contribute to the QCD vacuum energy with opposite signs336

and may, in principle, compensate each other which, however, requires a significant fine-tuning. So,337

the exact compensation of the QCD vacuum may be a universal phenomenon which is present in338

various treatments of the QCD vacuum. The picture with the apparent asymptotic cancellation of339

chromoelectric and chromomagnetic vacuum components discussed above, if realised in Nature, may340

have profound advantages compared to the phenomenological models due to an attractor nature of341

the corresponding solutions and the absence of any fine tuning.342
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conditions was discussed in Ref. [38]. In particular, besides the collective quark-gluon excitations327

of a topological nature, the QCD ground state should contain long-range quantum-wave excitations328

of lightest bound states (hadrons) such that both subsystems overlap and potentially compensate329

each other in the IR limit of the theory. Indeed, the contribution from the collective quantum-wave330

fluctuations to the net QCD vacuum energy as estimated phenomenologically as [27]331

evac(h) =
1

32p

2

 
2 Â

B
(2JB + 1)m4

B ln
µ

mB
� Â

M
(2JM + 1)m4

M ln
µ

mM

!
, (37)

where µ is a upper momentum cut-off parameter, JB and JM (mB and mM) are the spins (masses)332

of lightest baryon and meson degrees of freedom, respectively. Taking into account only metastable333

hadronic degrees of freedom – the baryon octet B = {N, L, S, X} and the pseudoscalar nonet M =334

{p, K, h, h

0} – ones obtains the desired result, namely,335

LQCD
vac + evac(h) = 0 , µ ' 1.2 GeV , (38)

i.e. topological and wave fluctuations contribute to the QCD vacuum energy with opposite signs336

and may, in principle, compensate each other which, however, requires a significant fine-tuning. So,337

the exact compensation of the QCD vacuum may be a universal phenomenon which is present in338

various treatments of the QCD vacuum. The picture with the apparent asymptotic cancellation of339

chromoelectric and chromomagnetic vacuum components discussed above, if realised in Nature, may340

have profound advantages compared to the phenomenological models due to an attractor nature of341

the corresponding solutions and the absence of any fine tuning.342
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string depends on the gauge choice. Similarly, the positions of the singularities in the U(t) amplitude367

depend on the gauge choice and correspond to the regular minima of the oscillating trace of the368

energy-momentum tensor. A key difference is that in the case of magnetic monopole the singularity369

appears along spatial directions while in the case of classical YM condensate its potential is singular370

at descrete points in time.371

At intermediate time scale corresponding to the modern Universe,372

trel ⌧ t ⇠ 1p
kLcosm

(45)

the exact compensation between the two components of the gluon condensate may not be reached373

yet. So let us assume that the DE is not a cosmological constant and that it is entirely given by a374

time-dependent uncompensated (positive) contribution from the gluon condensate such that375

Lcosm(t) ⌘ e

QCD
(+) (t) + e

QCD
(�) (t) > 0 , (46)

such that the exact compensation condition Lcosm(t) ! 0 is satisfied for t ! •. Besides, assume for376

simplicity that in the modern Universe the negative-valued (magnetic) component is much closer to377

its asymptotic state (34)378

De(+) � De(�) , De(±) ⌘ |eQCD
(±) (t)� LQCD

± | , (47)

then the positive (electric) one such that the sum of the two contributions is positive today, as required379

by observations, and in the past. In this case, the DE component is almost entirely dominated by the380

electric component (minus its asymptotic value LQCD
+ , of course). Alternatively, one could employ a381

more standard subtraction (or “renormalisation”) argument and identify the observable macroscopic382

DE density with the difference between current and asymptotic densities of the positively-definite383

chromoelectric condensate alone as384

Lcosm(t) ⌘ e

QCD
(+) (t)� e

QCD
(+) (t ! •) > 0 , Q̃(t0) > 1 . (48)

Apparently, both prescriptions (46) (together with Eq. (47)) and (48) lead to the same result in the end385

although one may further argue which of them is more physically well grounded, of course. Then,386

a straightforward asymptotic analysis of the general solution of Eq. (29) uncovers that at the time387

scale corresponding to the modern Universe (45) the cosmological expansion as well as the net gluon388

condensate density and pressure evolve with time as389

a(t) ' a⇤
⇣3ke

QCD
0
4

⌘1/3
t2/3 , Lcosm(t) ' 4

3kt2 , pQCD(t) = �Lcosm(t)
⇣

1 +
4z(t)

3

⌘
, (49)

where z(t) is a rapidly oscillating function with period t ⇠ L�1
QCD and with a time-independent390

amplitude, such that the equation of state for the gluon condensate averaged over many microscopic391

oscillations of pressure in the modern Universe t = tU392

w =
hpQCD(tU)i
Lcosm(tU)

= �1 (50)

coincides with the pure vacuum case and fits well with observations despite of not being a genuine393

CC solution. Note, the observable DE value Lcosm(t) does not depend on initial conditions (such a394

dependence drops out due to Eq. (45)), and today it amounts to395

e

QCD(tU) '
4

3kt2
U

' 1.8 ⇥ 10�47 GeV4 , (51)

No dependence on initial conditions!
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Extended variational principle

• Promote the CC into a “field”  

• Restrict the variations of the action w.r.t. this “field” by causality  

• Require that the cosmological wave function possesses a classical limit

Predictions:

• The density of such a “field” is related to other measured quantities: 
 

• The spatial curvature in non-trivial, small but testable:

Proposal:

ρc ≡
3H2

0

κ
∼ 10−47GeV4

κ = 8πG , G = M−2
PL

Λcosm ∼ 0.7ρc

ρM ∼ 0.3ρc

Λcosm ∼ 10−47GeV4

Λcosm ≡ ϵFLRW − ϵMink , (0.1)

Rµν −
1

2
gµνR = κ(Λ0gµν + Tmat

µν ) (0.2)

Aa
0 = 0 (0.3)

eaiA
a
k ≡ Aik eai e

a
k = δik eai e

b
i = δab (0.4)

Aik(t, x⃗) = δikU(t) + !Aik(t, x⃗) ⟨ !Aik(t, x⃗)⟩ =

"
d4x !Aik(t, x⃗) = 0 , (0.5)

ϵYM ∝ 1/a4

ϵYM → ±Λ4
YM t → ∞

Λcosm ∼ 1/t2U Ωcurv = ρcurv/ρc ≃ −0.0055

w =
⟨pQCD(t)⟩

Λcosm(t)
= −1 (0.6)
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Λcosm ≡ ϵFLRW − ϵMink , (0.1)

Rµν −
1

2
gµνR = κ(Λ0gµν + Tmat

µν ) (0.2)

Aa
0 = 0 (0.3)

eaiA
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k ≡ Aik eai e

a
k = δik eai e

b
i = δab (0.4)

Aik(t, x⃗) = δikU(t) + !Aik(t, x⃗) ⟨ !Aik(t, x⃗)⟩ =

"
d4x !Aik(t, x⃗) = 0 , (0.5)

ϵYM ∝ 1/a4

ϵYM → ±Λ4
YM t → ∞

Λcosm ∼ 1/t2U Ωcurv = ρcurv/ρc ≃ −0.0055

w =
⟨pQCD(t)⟩

Λcosm(t)
= −1 (0.6)

1

Outlook:
The gluon condensate appears to be the most natural 

Particle Physics candidate for such a “field”!


