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✴ goals of numerical relativity

✴ two-body problem: black holes and neutron stars

✴ theoretical physics meets astrophysics

✴ do black hole really exist?
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The goals of numerical relativity

Numerical relativity solves Einstein/HD/MHD eqs. in 
regimes in which no approximation is expected to hold.

Einstein’s theory is as beautiful as intractable analytically

Rµ⌫ � 1

2
gµ⌫ = 8⇡Tµ⌫



The equations of numerical relativity
Rµ⌫ � 1

2
gµ⌫R = 8⇡Tµ⌫ , (field equations)

rµT
µ⌫ = 0 ,

(cons. energy/momentum)

rµ(⇢u
µ) = 0 ,

(cons. rest mass)

p = p(⇢, ✏, Ye, . . .) , (equation of state)

(Maxwell equations)

Tµ⌫ = T fluid
µ⌫ + T

EM

µ⌫ + . . .

r⌫F
µ⌫ = Iµ , r⇤

⌫F
µ⌫ = 0 ,

(energy �momentum tensor)

To solve these equations we build codes:                        
our ”theoretical laboratories”.



Theoretical laboratory

Gµ⌫ =8⇡GTµ⌫ ,

rµT
µ⌫ =0

Think of them as a ”factory” of “gedanken experiments”



Black-hole binaries
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Rµ� = 0
How difficult can that be?

In vacuum the Einstein equations reduce to



As the total angular 
momentum is increased, so 
is the time to merger: 
more orbits spent to lose 
orbital angular momentum



The numerical-relativity community has now explored a good 
portion of space of parameter, producing accurate and long 
waveforms matched to post-Newtonian expressions.

Going industrial…

Mroue+ 2013



properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-2

GW150914: the birth of GW astronomy

Abbott+ 2016



Neutron-star binaries



The two-body problem in GR
•For BHs we know what to expect: 

  BH + BH             BH + GWs 
•For NSs the question is more subtle: the merger leads to an 
hyper-massive neutron star (HMNS), ie a metastable equilibrium: 

  NS + NS         HMNS + ... ?         BH + torus + ... ?         BH

•BH+torus system may tell us 
on the central engine of GRBs

short GRB, 
artist impression (NASA)

•HMNS phase can provide 
clear information on EOS 



Animations: Breu, Radice, LR

M = 2⇥ 1.35M�

LS220 EOS



“merger           HMNS           BH + torus”

Quantitative differences are produced by:
- differences induced by the gravitational MASS: 

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  



Broadbrush picture

proto-magnetar? FRB?



“merger           HMNS           BH + torus”

Quantitative differences are produced by:
- differences induced by the gravitational MASS: 

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  

- differences induced by MASS ASYMMETRIES:
tidal disruption before merger; may lead to prompt BH



Animations: Giacomazzo, Koppitz, LR

Total mass : 3.37 M�; mass ratio :0.80;



“merger           HMNS           BH + torus”

Quantitative differences are produced by:
- differences induced by the gravitational MASS: 

a binary with smaller mass will produce  a HMNS further away 
from the stability threshold and will collapse at a later time  

- differences induced by MAGNETIC FIELDS:
the angular momentum redistribution via magnetic braking or 
MRI can increase/decrease time to collapse; EM counterparts!

- differences induced by RADIATIVE PROCESSES:
radiative losses will alter the equilibrium of the HMNS 

- differences induced by MASS ASYMMETRIES:
tidal disruption before merger; may lead to prompt BH

- differences induced by the EOS:
stiff/soft OESs will have different compressibility and 
deformability, imprinting on the GW signal
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Anatomy of the GW signal
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Inspiral: well approximated by PN/EOB; tidal effects important

Anatomy of the GW signal
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Merger: highly nonlinear but analytic description possible

Anatomy of the GW signal



Anatomy of the GW signal
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post-merger: quasi-periodic emission of bar-deformed HMNS
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Anatomy of the GW signal
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Extracting information from the EOS
Takami, LR, Baiotti (2014, 2015), LR+ (2016)
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There are lines! Logically not different from 
emission lines from stellar atmospheres

Takami, LR, Baiotti (2014, 2015), LR+ (2016)

Extracting information from the EOS



A new approach to constrain the EOS
Oechslin+2007, Baiotti+2008, Bauswein+ 2011, 2012, Stergioulas+ 2011, Hotokezaka+ 2013, Takami 
2014, 2015, Bernuzzi 2014, 2015, Bauswein+ 2015, LR+2016…



A new approach to constrain the EOS
Oechslin+2007, Baiotti+2008, Bauswein+ 2011, 2012, Stergioulas+ 2011, Hotokezaka+ 2013, Takami 
2014, 2015, Bernuzzi 2014, 2015, Bauswein+ 2015, LR+2016…



Quasi-universal behaviour
We have found quasi-
universal behaviour: the 
properties of the spectra 
are only weakly dependent 
on the EOS.

0.12 0.14 0.16 0.18

M̄/R̄

1.5

2.0

2.5

f 1
[k

H
z]

Dietrich et al. 2015

Foucart et al. 2015

Eq. (25) in Takami et al. 2015

APR4

ALF2

SLy

H4

GNH3

LS220 This has profound 
implications for the 
analytical modelling of the 
GW emission: what we do 
for one EOS can be 
extended to all EOSs.



Correlations with stellar 
properties (Love number) 
have been found also for f2 
and f2-0 peak (Takami+ 2015, 
Bernuzzi+ 2015, LR+2016)
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These correlations are weaker but equally important.
Despite its complexity, a complete analytical description 
of pre- and post-merger signal is possible.

Quasi-universal behaviour



Theoretical physics meets astrophysics

short GRB, 
artist impression (NASA)



Gamma-ray bursts (GRBs)

• Everyday we observe GRBs: the most catastrophic events 
in the universe, with huge energies released: 1048-50 erg. 

• Despite decades of observations we don’t know what 
produces them and in particular the jet emission.

• Merger of binary system of neutron stars could provide 
the required energy and is favoured model.

• How can we be sure that neutron stars are behind GRBs?

• Are there other observables? (Nuclear reactions!)

• However, how is a jet produced?



Animations:, LR, Koppitz

Typical evolution for a magnetized binary 
(hot EOS) M = 1.5M�, B0 = 1012 G

B-fields during inspiral phase



t ~15ms

Animations:, LR, Koppitz



Magnetic fields in the HMNS have complex 
topology: dipolar fields are destroyed.



J/M2 = 0.83 M
tor

= 0.063M� t
accr

' M
tor

/Ṁ ' 0.3 s

These simulations have shown that the merger of a 
magnetised binary has all the basic features behind SGRBs



Results from other groups (IMHD only)

Figure 2 plots the magnetic-field energy as a function
of time for H4B15 runs, H4B14d70, and H4B16d70. Soon
after the onset of the merger, the magnetic-field energy is
steeply amplified because the KH vortices develop in

the shear layer. The growth rate is higher for the higher-
resolution runs, because the growth rate of the KH
instability is proportional to the wave number and hence
the smaller-scale vortices have the larger growth rate. We
analyze the maximum magnetic-field strength and plot the
amplification factor in the merger as a function of Δx7 in
the lower panel of Fig. 2. This clearly shows that the
amplification factor depends on the grid resolution but not
on the initial magnetic-field strength. This is consistent
with the amplification mechanism due to the KH vortices
and qualitatively consistent with the local shearing-box
simulation in Ref. [22]. The magnetic-field energy at
t − tmrg ≈ 5 ms in the high-resolution run is 40–50 times
as large as that of the low-resolution run.
In the HMNS stage, the magnetic-field strength grows

significantly in the high- and middle-resolution runs but not
in the low-resolution run. We analyze the field amplifica-
tion by foliating the HMNS in terms of the rest-mass
density, i.e., calculating the magnetic-field energy for ρ1 ≤
ρ ≤ ρ2 varying ρ1 and ρ2. The left panel of Fig. 3 plots
magnetic-field energy of a radial component for H4B15
runs with ρ1 ¼ 1011 g=cm3 and ρ2 ¼ 1012 g=cm3. We find
that it grows in the middle- and high-resolution runs but
not significantly in the low-resolution run. We also find
the high- and middle-resolution runs satisfy the criterion
λφMRI=Δx7 ≥ 10 where λφMRI is the MRI wavelength of the
fastest growing mode for the toroidal magnetic field,
whereas the low-resolution run does not satisfy this
criterion.
We fit the growth rate of the magnetic-field energy by

∝ e2σðt−tmrgÞ for 8≲ t − tmrg ≲ 14ms for the high-resolution
run and find that σ ≈ 140 Hz (for the middle-resolution run,
it is ≈130 Hz for 8≲ t − tmrg ≲ 16 ms) which is several
percents of the rotational frequency. This frequency agrees
approximately with that of the nonaxisymmetric MRI [23].
The right panel of Fig. 3 plots the magnetic-field energy

FIG. 1 (color online). Snapshots of the density, magnetic-field strength and magnetic-field lines for H4B15d70 at t − tmrg ≈ 0.0 ms
(left panel), at t − tmrg ≈ 5.5 ms (middle panel), and at t − tmrg ≈ 38.8 ms (right panel). tmrg is a time when the amplitude of the
gravitational waves becomes maximum. The left, middle, and right panels show the configuration just after the onset of the merger, for
the HMNS phase, and for a BH surrounded by an accretion torus, respectively. In each panel, the white curves are the magnetic-field
lines. In the left panel, the cyan represents the magnetic fields stronger than 1015.6 G. In the middle panel, the yellow, green, and dark
blue represent the density iso-surface of 1014, 1012, and 1010 g=cm3, respectively. In the right panel, the light and dark blue are the
density iso-surface of 1010.5 and 1010 g=cm3, respectively.
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FIG. 2 (color online). (Top) The total magnetic-field energies as
a function of time for H4B15 runs with three grid resolutions
(B15-70m, B15-110m, B15-150m), for H4B14d70 (B14-70m),
and for H4B16d70 (B16-70m). The thin vertical lines denote the
formation time of the BH. EB is calculated by a volume integral
only outside the BH horizon. (Bottom) The dependence of the
amplification factor of the maximum toroidal magnetic field in
the merger on the grid resolution for all the models.

HIGH RESOLUTION NUMERICAL RELATIVITY … PHYSICAL REVIEW D 90, 041502(R) (2014)

041502-3

RAPID COMMUNICATIONS

Kiuchi+ 2014

Ruiz+ 2016

With due differences, other groups confirm this picture.



Do black holes really exist?…

!



GW150914: what we know
S/N = 24

M1 = 36+5
�4 M�

M2 = 29+5
�4 M�

Mfin = 62+4
�4 M�

afin = 0.67+0.05
�0.07

d = 410+160
�180 Mpc

Chirenti & LR 2016

•Could this be a gravastar?
unlikely

•Does this rule out 
alternative theories?

not really; still a lot of room



The Milky Way
View of the full sky (north and south) in the optical. 

Kolymbari
Sgr A*

(Center of Milky Way)

8.3 kpc ~ 1016 km ~ 10,000 light years

• Black hole size is proportional to its mass:
• Biggest and largest BHs are at centers of galaxies
• The BH with largest diameter is at center of Milky Way

RS = 2GM/c2



Sgr A*: the “dark object” in the Galactic Center

• Near-infrared telescopes 
(ESO) have measured 
orbits of individual stars.

• The stars orbit a dark 
object: the compact radio 
source Sgr A*.

• Study of orbits reveals a 
mass of 4.3 million times 
the mass of the Sun.

Gillessen/Eisenhauer/Genzel  (MPE Garching)



Images of the radio source

• The shorter the wavelength, the smaller the radio source.
• At λ=1.3 mm the radio source becomes the size of the event horizon.

?

smaller wavelengths (higher frequencies)
technology progress (GHz → THz)

mas = milli-arcsecond = 5 ×10-9  rad                                                                    µas = micro-arcsecond = 5 ×10-12  rad

wavelength

angular size

GR ray tracing  
simulation



Very Long Baseline Interferometry (VLBI)

CARMA

SMA

SMT

ALMA

SPT

IRAM PdB 
(NOEMA) Create a virtual radio 

telescope the size of 
the Earth, using the 

shortest wavelength.

                      wavelength          
resolution = ⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯

          telescope size (separation)

LMT

Pico Veleta

The Event Horizon Telescope

simulated VLBI 
images

face-on

edge-on



• Build a joint black hole camera 
✴ image event horizon to the best 

of present VLBI technology

• Hunt for pulsars near Sag-A*
✴detection of pulsars will provide 

unprecedented accuracy

• Make theoretical predictions/
interpretations
✴use numerical simulations to 

produce synthetic images
✴ interpret observations to 

constrain theories of gravity

Take a picture: BlackHoleCam project!
BlackHoleCam 

Test 
theories of 
BHs and 
gravity 

Camera 
• BH Image: 
shape and size. 

Simulations 
• Predict shape: 
GR vs. non-GR. 

Camera 
• Pulsar search: 
mass and spin. 

•  Build a joint black 
hole camera  
o  image event horizon 
and search pulsars. 

 

•  Perform numerical 
simulations 
o  use tools in 

theoretical physics 
and astrophysics. 

How will we do all of this? 

joint camera 

Not easy, but another milestone of modern physics



✴Modelling of binaries in full GR is mature: GWs from binary 
black holes and neutron stars with high precision.

✴Neutron stars are far more complex but also richer.

✴If observed, post-merger signal will set tight constraints on EOS

✴ We will soon be able to set constraints on the black hole at the 
center of the Galaxy

✴ Numerical relativity is an incredible tool to explore new physics 
and astrophysics

Conclusions



EXTRAS


