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Topological BF Lagrangian

L = −1

4
FµνF

µν +MBµνε
µνρλ∂ρAσ +

1

12
HµναH

µνα (1)

Photon Propagator

iDµν = −igµν − kµkν/k
2

k2 −M2 + iε
+ iξ

kµkν
k4

(2)

[Lahiri et.al.(1991) ]

Vector Gauge invariance

Bµν → Bµν + ∂µλν − ∂νλµ (3)

Radiative induction of topological BF term
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Spin Current

LB
int = gBµνJ

µν (4)

Jµν = ψ̄σµνψ (5)

or
Jµν = ψ̄γ5σµνψ (6)

These currents are not conserved.
Chosen form

Jµν =
−m

2

∂α
�

(
ψ̄γ5{γα, σµν}ψ

)
=
−im

6

∂α
�

(
ψ̄γ5γ[αγµγν]ψ

)
(7)
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Spin Current

Jµν = m εαµνσ
∂α
�
Jσ , (8)[

γ[αγµγν] = 6i εαµνσγ5γσ

]
(9)

where
Jµ = ψ̄γµψ (10)

Jµν Contains εαµνσ ⇒ Topologically conserved.
BµνJ

µν :

P and T invariant,

invariant under vector gauge transformation,

Bµν → Bµν + ∂µλν − ∂νλµ (11)
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physical nature of coupling

We have,

Jµν = m εαµνσ
∂α
�
Jσ , (12)

For on- shell fermions,

Jµν =
1

m
εαµνσ∂αJσ , (13)

[Diamantini et al, (2014)]

Therefore,

J0i = − 1

m
εijk∂jψ

†αkψ (14)

ψ†αkψ ⇒ Velocity field of Dirac fermion.

J0i ⇒ Curl of velocity field, i, e. vorticity field.
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Spin dependence of current

J0i = −m εijk(∂j/�)ψ†αkψ (15)

Using Gordon decomposition,

ψ†αkψ =
i

2m

[
ψ̄∂kψ − ∂kψ̄ψ

]
+

1

2m
∂µ ψ̄σ

kµψ (16)

In non- relativistic limit,

ψ =

[
φ
χ

]
, (17)(

ψ†αkψ
)

NR
→ i

2m

[
φ̄∂kφ− ∂kφ̄φ

]
+ 1

2mε
ijk∂i φ

†σjφ , (18)

(19)

In static case, (
J0i

spin

)
NR

=
1

2

(
φ†σiφ

)
, (20)

This is the spin magnetic moment density of the particle.
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Calculations

Lagrangian :

L = ψ̄γµ (i∂µ + eAµ)ψ −mψ̄ψ + gBµνJ
µν − 1

4
FµνF

µν +
1

12
HµναH

µνα ,

We write,

LB
int = gBµνJ

µν =
2mg

�
FµJ

µ , (21)

where Fµ = (1/2)εµναβ∂
νBαβ ⇒ dual Kalb-Ramond field strength.

Interaction term for fermions

Lint = e(Aeff)µJ
µ ,

(Aeff)µ = Aµ +
2mg

e�
Fµ . (22)
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One loop induced action

Integrating out fermions,

Γ(1−loop) =
1

2

∫
d4k

(2π)4
(Aµ)eff(−k)(Aν)eff(k)Πµν(k) (23)

where Πµν is the usual QED vacuum polarization tensor

Πµν(k) = (gµνk2 − kµkν)Π(k2)

Π(k2) = e2

12π2 ln Λ2

m2 , (24)

and Λ is the momentum space ultraviolet cutoff.
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One loop induced action

Γ1−loop =
e2

4

1

12π2
ln

Λ2

m2

∫
d4x(Feff)µν(Feff)µν . (25)

where

(Feff)µν = Fµν +
2mg

e

(
∂µ
�
Fν −

∂ν
�
Fµ

)
. (26)

Expanding the action,

Γ1−loop = Γ1−loop
AA + Γ1−loop

AB + Γ1−loop
BB , (27)

with

Γ1−loop
AA =

e2

4

1

12π2
ln

Λ2

m2

∫
d4x FµνF

µν , (28)

Γ1−loop
AB =

8mg

4

1

12π2
ln

Λ2

m2

∫
d4x AµF

µ , (29)

Γ1−loop
BB =

8m2g2

4

1

12π2
ln

Λ2

m2

∫
d4x Fµ

1

�
Fµ . (30)
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One loop effective Lagrangian

L = − 1

4e2
ph

FµνF
µν +

gphm

2π
Bµνε

µνρσ∂ρAσ +
1

12
HµναH

µνα

+
6g2

phm
2

ln Λ2

m2

Fµ
1

�
Fµ , (31)

where

e2
ph = e2

(
1 +

e2

12π2
ln

Λ2

m2

)
, (32)

and

gph =
g

6π
ln

Λ2

m2
. (33)
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Induced BF Lagrangian

We may write,

L = − 1

4e2
ph

FµνF
µν +

gphm

2π
Bµνε

µνρσ∂ρAσ +
1

12
HµναH

µνα

−
ln Λ2

m2

48π2
GµνG

µν +
gphm

2π
Bµνε

µνρσ∂ρCσ , (34)

using a new auxilliary gauge field Cµ.
Diagonalization of the Lagrangian:

Aµ → Aµ + Cµ ,

Cµ → Aµ −
4e2

ph

12π2
ln

Λ2

m2
Cµ , (35)
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Induced BF Lagrangian and photon mass generation

L = L1 + L2 ,

L1 = − 1

4e2
1

FµνF
µν +

gphm

2π
Bµνε

µνρσ∂ρAσ +
1

12
HµναH

µνα ,

L2 = − 1

4e2
2

GµνG
µν , (36)

where

e2
1 = e2

ph

1 +
4e2ph
12π2 ln Λ2

m2

4e2ph
12π2 ln Λ2

m2

,

e2
2 = e2

ph

(
1 +

4e2
ph

12π2
ln

Λ2

m2

)
. (37)
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Equations of motion

From the topological sector we get

∂µF
µν = − e21gphm

6π ενµαβHµαβ = Jν ,

∂µH
µαβ =

gphm
2π εαβµνFµν , (38)

Klein-Gordon Equation for photon[
� +

(e1gphm

2π

)2
]
Fµν = 0 . (39)

London equations

εµναβ∂αJβ = −
( e1gphm

2π

)2
F̃µν ,

F̃µν = 1
2ε
µναβFαβ (40)
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Static Potential

Lagrangian

L =
1

12
HµναH

µνα + gBµνJ
µν − 1

4
FµνF

µν + eAµJ
µ + ψ̄(iγµ∂

µ −m)ψ(41)

where

Jµν =mεαµνσ
∂α
�
Jσ (42)

Jµ =ψ̄γµψ . (43)

Action after integrating out the gauge fields

S[ψ, ψ̄] =

∫
d4k

(2π)4
Jσ(−k)

{
e2

k2
+
g2m2

k4

}
Jσ(k) (44)
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Static Potential

In non-relativistic limit, the contribution from the leading term is∫
· · ·

∑
s,s′,r,r′

δrr′δss′a
†r′(q′)ar(q)

{
e2

(p− p′)2
+

g2m2

(p− p′)4

}
a†s

′
(p′)as(p) .

(45)

We may write,

p = (m,p) , p′ = (m,p′) ,

k = p− p′ , (46)

so that

(p− p′)2 ≈ −|p− p′|2 (47)

There should be an additional sign in the potential.
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Linear Potential

In three dimensional momentum space the ’static potential’ is,

V (k) =
e2

k2 −
g2m2

k4 , (48)

Fourier transform gives,

V (r) =
e2

4πr
+
g2m2r

4π
(49)

Effective force

−
−→
5V (r) =

e2r

4πr3
− g2m2r

4πr
(50)

There is a length scale R where the effective force vanishes and

1

R2
=
g2m2

e2
. (51)
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Summary

We propose a low energy effective theory of superconductivity valid
for the energy scales well below an ultraviolet cut-off.

The theory consists of a non-local interaction between fermions and
the anti-symmetric tensor field Bµν .

Using this non- local fermion current we radiatively induce topological
BF term at one loop.

This current shows a vortex formation for on- shell fermions.

We have to consider the non local form of the current in order to get
the desired result.

Photon obeys a massive Klein- Gordon equation obtained from the
equation of motions coming from the effective Lagrangian.
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Summary

The Static potential of the theory has two terms.

One terms is the Coulomb potential repulsive for e− − e− interaction.

The other term is linear and always attractive in nature.

There is a length scale at which the effective force vanishes.

The system can be realised as two dipoles connected by a string may
be formed by spin alignment.

Ishita Dutta Choudhury (S N Bose) ICNFP 2016 19 / 20



Thank you
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