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%o&va&on and Outlin'

Can we explore the SCET limits of more general theories? 
e.g. Supersymmetric theories?

What can we hope to learn by leveraging the power of SCET in these theories?

Soft Collinear Effective Theory (SCET): A very powerful formalism developed to resum infrared divergences 
occurring in processes dominated by soft and collinear degrees of freedom. 

Many Applications: heavy meson decays, LHC collisions, and even WIMP dark matter.

¥ Infrared structure and introduction to SCET

¥ Details of SCET with two component Weyl Spinors

¥ SUSY-SCET Basics

¥ 1. Light Cone Gauge Theory:  An example of a consistent SUSY-SCET.

¥ I1.  Light Cone Gauge Theory:  Collinear Superspace

Goal for today: Introduce the basic concepts needed to 
formulate a consistent N =1 SUSY-SCET YM

Many questions generated:

¥ Is the SCET limit of Super Yang-Mills self consistent? 

¥ Chiral multiplet? N  = 1 

¥ Gauge multiple?

¥ Superspace formalism?

¥ Subtleties of Super-Poincare invariance on the lightcone?
 

¥ Extension to N  > 1 SUSY? Supergravity? Gravity? Other?



where ! is some dimensionful scale, and! ! 1 is the SCET power counting parameter.1

We can therefore interpretp2 " ! 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, ! 2, ! ). Depending on the process of interest there are also soft modes

pµ
s " ! (! , ! , ! ) or ultra-soft modespµ

us " ! (! 2, ! 2, ! 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

will also be split apart by this power counting. One relevant example is the fermion. This

is of particular interest here since understanding the collinear limit for fermions will inform

the approach to SUSY as its a fermionic symmetry.

2.1 Universal Soft and Collinear Limits

(need to motivate why such an e ! ective theory is interesting. IR divergences

in amplitudes correspond to universal properties (degenerate perturbation the-

ory). Do power counting analysis of soft/collinear emission of photon/gluon o !

of 2-component weyl spinor. This will motivate deriving the SCET lagrangian.

Ðajl)

Consider the simple example of photon emission from a left handed Weyl fermion cur-

rent, we have the amplitude
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where we have used" -matrix identities, the QED Ward identity, and the Weyl equation

of motion x  (p)ø" áp = 0 (here we follow the notation of [13] and denote the momentum

space wave function of a left handed Weyl spinor asx! (p)). We will show below that both

terms of Eq. (2.2) contribute to collinear divergences; while only the Þrst contributes to soft

divergences.

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b ! 1.
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(n)ared Singulari&e*
Soft and Collinear Divergences

Amplitude for gauge boson emission off a massless left handed Weyl fermion:

Diverges in the limit: 

[reorganize into above]

The second term of Eq. (??), needs to be factorized; written in terms of a lower point

amplitude times a universal factor;

p

Monday, June 27, 16

= x 
ú! (p)M ú! (p) . (2.5)

qµ ! 0 (2.6)

p áq ! 0 (2.7)

2.2 The SCET Lagrangian

Starting with a full theory left-handed Weyl fermion u, our goal will be to derive pro-

jection operators that allow us to separate the collinear degrees of freedomun from the

anti-collinear degrees of freedomuøn.

The position-space Weyl equation for a left-handed two component Þeldu is

L = i u   (x) ø! á" u(x), (2.8)

which admits the standard plane-wave solutionu(xµ) =
!

d3px(p) exp(" i pµxµ)2. [x space-

time and x weyl spinor confusing] Boostingu(x) along the light-cone in the öz direction,

or nµ direction yields:3
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where # is a two-component spinor, and we have inserted the appropriate factor of ø! 0 to

make the spinor index structure consistent. Then plugging in the collinear scalings for the

momentum, ønáp $ 1 andnáp $ $2, we see that the upper component ofu(p)|n is suppressed.

Hence, the collinear fermion is given by the lower component ofu(p)|n .

2Some preemptive notational clariÞcation is in order: in the sectionu(p) is taken to mean the full
theory left handed Weyl spinor. In later sections we will also use the notationu as shorthand for the lower
(non-vanishing) component of the collinear fermionu % un, 2.

3For example, see Sec. 3.3 of [14].
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Soft Collinear Effective Theory:  ¥  Developed to resum IR divergences occurring in processes dominated by soft and collinear d.o.f. 

¥  An EFT separating physics at different momentum scales; formulated by expanding Þelds along a light like 
direction and integrating out d.of. away from the light-cone.

¥  Perturbative expansion possible with a small power counting parameter originating from a separation of scales.

¥   Photon momentum is soft

¥  Photon is emitted collinear to fermion



Infrared divergences in QCD leads to collimated jets and soft radiation.

!oft-Co"inear E+ec&ve ,eory -SCET.
Separation of Scales Example: Jets at Colliders

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p2 = 0 ! p+ " m2
J /Q (1.1)

! = mJ /Q # 1 (1.2)

!
p+ , p! , p"

"
" Q

!
! 2, 1, !

"
(1.3)
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DeÞnes a power counting parameter:

Full theory  
Yang-Mills 

+ adjoint fermion

Integrate out 
modes away 

from light cone

SCET 
+ adjoint fermion

Integrate out 
unphysical 

gluon 
polarization

Light cone 
SCET 

+ adjoint fermion

Full theory  
light cone gauge 
 SUSY Yang-Mills

Integrate out 
superspace 

coordinates away 
from light cone

SUSY Yang-Mills 
light cone EFT !

ConÞrm RPI

ConÞrm SUSY

Figure 1 : Sketch of proof[TC: Fill In] .

We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Then four vectors are expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s " ! (" , " , " ) or ultra-soft modespµ

us " ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! , where a large separation of scales is given by" = ! QCD /m b # 1.
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[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

!
p+ , p! , p"

"
= ( n áp, øn áp, p" ) (1.1)

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
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Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! , where a large separation of scales is given by" = ! QCD /m b # 1.

Ð 5 Ð

Choice of Òanti-collinearÓ direction must satisfy:
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e.g.and

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p! ! Q (1.1)

p" ! mJ (1.2)

" QCD " mJ " Q (1.3)

Ð 4 Ð

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p! ! Q (1.1)

p" ! mJ (1.2)

" QCD " mJ " Q (1.3)

Ð 4 Ð

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p! ! Q (1.1)

p" ! mJ (1.2)

" QCD " mJ " Q (1.3)

Ð 4 Ð

where

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p2 = 0 ! p+ " m2
J /Q (1.1)

! = mJ /Q # 1 (1.2)

!
p+ , p! , p"

"
" Q

!
! 2, 1, !

"
(1.3)

Ð 4 Ð

soft modes
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(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p! (1.1)

p+ (1.2)

p" (1.3)

Ð 4 Ð

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

[GE: Gauge Invariance?]

p! ! Q (1.1)

p" ! mJ (1.2)

" QCD " mJ " Q (1.3)

Ð 4 Ð

collinear modes

Full theory  
Yang-Mills 

+ adjoint fermion

Integrate out 
modes away 

from light cone

SCET 
+ adjoint fermion

Integrate out 
unphysical 

gluon 
polarization

Light cone 
SCET 

+ adjoint fermion

Full theory  
light cone gauge 
 SUSY Yang-Mills

Integrate out 
superspace 

coordinates away 
from light cone

SUSY Yang-Mills 
light cone EFT !

ConÞrm RPI

ConÞrm SUSY

Figure 1 : Sketch of proof[TC: Fill In] .

We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Then four vectors are expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s " ! (" , " , " ) or ultra-soft modespµ

us " ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! , where a large separation of scales is given by" = ! QCD /m b # 1.
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us " ! (! 2, ! 2, ! 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

will also be split apart by this power counting. One relevant example is the fermion. This

is of particular interest here since understanding the collinear limit for fermions will inform

the approach to SUSY as its a fermionic symmetry.

# pµ
n =

!
p+

n , p!
n , p" n

"
" Q(! 2, 1, ! ) (2.2)

2.1 Universal Soft and Collinear Limits

(need to motivate why such an e ! ective theory is interesting. IR divergences

in amplitudes correspond to universal properties (degenerate perturbation the-

ory). Do power counting analysis of soft/collinear emission of photon/gluon o !

of 2-component weyl spinor. This will motivate deriving the SCET lagrangian.

Ðajl)

Consider the simple example of photon emission from a left handed Weyl fermion cur-

rent, we have the amplitude

p

q2

Written in this form, the amplitude is not yet factorized, since it is not expressed as a

lower-point amplitude times a universal factor. To derive the factorized form, we need the

spin sums

qá! ! ú" =
!

s

x! (q, s)x 
ú"
(q, s), and qáø! ú!" =

!

s

x  ú! (q, s)x" (q, s) . (7.5)

Plugging this into Eq. (7.4), we Þnd

M # emission = yx 
ú! (p, s)

!

s!

x  ú! (q, s!)x" (q, s!)
2p áq

! " ú" áJ . (7.6)

The collinear and soft limits can then be extracted by studying the universal object

x  ú! (p, s)x 
ú! (q, s!)

2p áq
, (7.7)

so that now this universal object multiplies the lower point amplitude, namelyx! áJ ,

to produce the full amplitude for single scalar emissiontalk more about helicity ßip .

Importantly, this factorization is only possible if the spinor x  has two possible states.

Additionally in the collinear limit (when páq ! 0) an IR divergence will only be possible if

we can write down the termx 
ú1
x 

ú2
. Therefore with only a single spin fermion (as is expected

in the collinear limit of the WZ model) such an interaction cannot be written down, and

there would thus be no 1! 2 divergences in such an e! ective theory.14

To determine the scaling of the soft or collinear limits, we then assign a power counting

14 In Yukawa theory were we have right handed fermions and anti-fermions with momentum space wave
function y  (p, s)/ y(p, s) (corresponding to a right handed Weyl spinor in the initial/Þnal state), we can use
the spin sums

"
s y  ú! (p, s)y" (p, s) = p áø! ú!" to obtain a universal object

x  ú! (p, s)y 
ú! (q, s)

2p áq

in this case an IR singularity is possible with with two collinear spinors. Note however that the presence
of this IR divergence does not guarantee a consistent EFT. In fact the single ßavor Yukawa theory is still
expected to be plagued with the same inconsistencies as the WZ model. The origin of this can be understood
as follows; while the free theory preserves the collinear projection operators øn áø! un = 0, the interacting
theory does not. Discuss more: how this relates to chiral symmetry breaking. How this isnÕt
the case for gauge theory. Next we also discuss why we expect this not to be a problem as
we add more ßavors (more symmetries). How this relates to the R-symmetry of N= 4 etc .
Similarly in a theory with more then one left handed spinor the universal object carries a ßavor index

x  ú!
i (p, s)x 

ú! ,j (q, s)

2p áq
, i, j = 1 , 2, ... Nf

so again a collienear IR singularity is possible.
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[GE: is this sloppy notation? Flip arrows if we want consistency with two com-
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Importantly, this factorization is only possible if the spinor x  has two possible states.

Additionally in the collinear limit (when páq " 0) an IR divergence will only be possible if

we can write down the termx 
ú1
x 

ú2
. Therefore with only a single spin fermion (as is expected

in the collinear limit of the WZ model) such an interaction cannot be written down, and

there would thus be no 1" 2 divergences in such an e! ective theory.14
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x  ú! M ú! (p) (2.3)

Consider the Þrst term of Eq. (2.6), as this will be the dominant contribution to collinear

divergences. We consider the case where the photon is on-shell so the polarization vector

has only transverse degrees of freedom so that! ! áq ! ! ! µqµ
" . Therefore the Þrst term of

Eq. (2.6) contains a universal factor;

S =
pµ

"

2p áq
(2.4)

Next, to investigate the IR structure, the collinear and soft divergences, we can power expand

the momenta in Eq. (2.4), allowing the fermions motion to deÞne a light-like direction while

the photon can either be collinear or soft with respect to the fermion. In both of these

limits, the denominator p áq ! 0, implying the possibility of an IR divergence.

First consider the collinear limit. Both particles have momentum close to the same

lightcone: pµ, qµ " (" 2, 1, " ). Thereforepµ
" " " and páq " " 2. Therefore, the amplitude for

emission of a collinear photon scales asS " 1/ " , which diverges in the IR as" ! 0. Next

consider emission of an ultrasoft photon; the photon momentum scales asqµ " (" 2, " 2, " 2)

so that to leading order the termpáq " " 2. Therefore, emission of an ultrasoft photon o! a

collinear left handed Weyl fermion also results in an IR divergence which scales asS " 1/ " .

[Do we really need to factorize here? It is su ! cient to expand out qáø# which

scales as " 0 in the case of two spin states and " in the case of one spin state (we

can see this from the n áø# structure and can discuss this in LCG section)?] The

second term of Eq. (2.6), needs to be factorized; written in terms of a lower point amplitude

times a universal factor. To do so recall that the spin sums in two component notation are;

qáø# ú!! =
!

s

y  ú! (q, s)y! (q, s), and qáø# ú!! =
!

s

x  ú! (q, s)x! (q, s) . (2.5)

SpeciÞcally the full factorized amplitude is given by;

M " emmission = 2e x 
ú#
(p, s)

"
p" á! !

2p áq

#
M (p + q) # e

!

s!

$
x 

ú! (p, s)x  ú! (q, s#)x! (q, s#)#µ
! ú#

2p áq

%

! !
µ(q)M (p + q)

(2.6)

Now consider the second term in Eq. (2.6) ADD

[GE: Add comment about how there are other divergences coming for in-
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the case for gauge theory. Next we also discuss why we expect this not to be a problem as
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where we have used" -matrix identities, the QED Ward identity, and the Weyl equation

of motion x  (p)ø" áp = 0 (here we follow the notation of [13] and denote the momentum

space wave function of a left handed Weyl spinor asx! (p)). We will show below that both

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B % X s! . In this case a large separation of scales is created by" = ! QCD /m b ! 1.
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where ! is some dimensionful scale, and! ! 1 is the SCET power counting parameter.1

We can therefore interpretp2 " ! 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, ! 2, ! ). Depending on the process of interest there are also soft modes

pµ
s " ! (! , ! , ! ) or ultra-soft modespµ

us " ! (! 2, ! 2, ! 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

will also be split apart by this power counting. One relevant example is the fermion. This

is of particular interest here since understanding the collinear limit for fermions will inform

the approach to SUSY as its a fermionic symmetry.

2.1 Universal Soft and Collinear Limits

(need to motivate why such an e ! ective theory is interesting. IR divergences

in amplitudes correspond to universal properties (degenerate perturbation the-

ory). Do power counting analysis of soft/collinear emission of photon/gluon o !

of 2-component weyl spinor. This will motivate deriving the SCET lagrangian.

Ðajl)

Consider the simple example of photon emission from a left handed Weyl fermion cur-

rent, we have the amplitude
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of motion x  (p)ø" áp = 0 (here we follow the notation of [13] and denote the momentum

space wave function of a left handed Weyl spinor asx! (p)). We will show below that both

terms of Eq. (2.2) contribute to collinear divergences; while only the Þrst contributes to soft

divergences.

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b ! 1.
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Consider the Þrst term of Eq. (2.2) (as this will be the dominant contribution to collinear
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! !

µqµ

2p áq
!

"
" 2

!
1
"

(2.3)

Scollinear =
! !

µqµ
"

2p áq
!

"
" 2

!
1
"

(2.4)
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(2.5)
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=
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that this term does not contribute to soft divergences; in the soft limit, when all components

of photon momentumqµ scale as" 2 and páq ! " 2, so that Ss ! 1. Next consider the collinear

limit, and note that the collinear IR structure is spin dependent. For instance depending on

the spin states accessible to the fermion the leading power momentum may scale as øn áq ! 1

or q" ! " . Therefore the collinear singularity scales asSs ! 1/ " 2 or 1/ " . [(say what $ ú$

is for this choice of frame n and øn].

Ð 7 Ð

where ! is some dimensionful scale, and! ! 1 is the SCET power counting parameter.1

We can therefore interpretp2 " ! 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, ! 2, ! ). Depending on the process of interest there are also soft modes

pµ
s " ! (! , ! , ! ) or ultra-soft modespµ

us " ! (! 2, ! 2, ! 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

will also be split apart by this power counting. One relevant example is the fermion. This

is of particular interest here since understanding the collinear limit for fermions will inform

the approach to SUSY as its a fermionic symmetry.

qµ " (! , ! , ! ) (2.2)

2.1 Universal Soft and Collinear Limits

(need to motivate why such an e ! ective theory is interesting. IR divergences

in amplitudes correspond to universal properties (degenerate perturbation the-

ory). Do power counting analysis of soft/collinear emission of photon/gluon o !

of 2-component weyl spinor. This will motivate deriving the SCET lagrangian.

Ðajl)

Consider the simple example of photon emission from a left handed Weyl fermion cur-

rent, we have the amplitude

p

q2

Written in this form, the amplitude is not yet factorized, since it is not expressed as a

lower-point amplitude times a universal factor. To derive the factorized form, we need the

spin sums

qá! ! ú" =
!

s

x! (q, s)x 
ú"
(q, s), and qáø! ú!" =

!

s

x  ú! (q, s)x" (q, s) . (7.5)

Plugging this into Eq. (7.4), we Þnd

M # emission = yx 
ú! (p, s)

!

s!

x  ú! (q, s!)x" (q, s!)
2p áq

! " ú" áJ . (7.6)

The collinear and soft limits can then be extracted by studying the universal object

x  ú! (p, s)x 
ú! (q, s!)

2p áq
, (7.7)

so that now this universal object multiplies the lower point amplitude, namelyx! áJ ,

to produce the full amplitude for single scalar emissiontalk more about helicity ßip .

Importantly, this factorization is only possible if the spinor x  has two possible states.

Additionally in the collinear limit (when páq ! 0) an IR divergence will only be possible if

we can write down the termx 
ú1
x 

ú2
. Therefore with only a single spin fermion (as is expected

in the collinear limit of the WZ model) such an interaction cannot be written down, and

there would thus be no 1! 2 divergences in such an e! ective theory.14

To determine the scaling of the soft or collinear limits, we then assign a power counting

14 In Yukawa theory were we have right handed fermions and anti-fermions with momentum space wave
function y  (p, s)/ y(p, s) (corresponding to a right handed Weyl spinor in the initial/Þnal state), we can use
the spin sums

"
s y  ú! (p, s)y" (p, s) = p áø! ú!" to obtain a universal object

x  ú! (p, s)y 
ú! (q, s)

2p áq

in this case an IR singularity is possible with with two collinear spinors. Note however that the presence
of this IR divergence does not guarantee a consistent EFT. In fact the single ßavor Yukawa theory is still
expected to be plagued with the same inconsistencies as the WZ model. The origin of this can be understood
as follows; while the free theory preserves the collinear projection operators øn áø! un = 0, the interacting
theory does not. Discuss more: how this relates to chiral symmetry breaking. How this isnÕt
the case for gauge theory. Next we also discuss why we expect this not to be a problem as
we add more ßavors (more symmetries). How this relates to the R-symmetry of N= 4 etc .
Similarly in a theory with more then one left handed spinor the universal object carries a ßavor index

x  ú!
i (p, s)x 

ú! ,j (q, s)

2p áq
, i, j = 1 , 2, ... Nf

so again a collienear IR singularity is possible.
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[GE: is this sloppy notation? Flip arrows if we want consistency with two com-
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p

x  !̇ M !̇ (p) (2.3)

Consider the Þrst term of Eq. (2.6), as this will be the dominant contribution to collinear

divergences. We consider the case where the photon is on-shell so the polarization vector

has only transverse degrees of freedom so that✏

⇤ áq ! ✏

⇤µqµ

?. Therefore the Þrst term of

Eq. (2.6) contains a universal factor;

S =
pµ

?
2p áq

(2.4)

Next, to investigate the IR structure, the collinear and soft divergences, we can power expand

the momenta in Eq. (2.4), allowing the fermions motion to deÞne a light-like direction while

the photon can either be collinear or soft with respect to the fermion. In both of these

limits, the denominator p áq ! 0, implying the possibility of an IR divergence.

First consider the collinear limit. Both particles have momentum close to the same

lightcone: pµ, qµ ⇠ (�2, 1, �). Thereforepµ

? ⇠ � and páq ⇠ �

2. Therefore, the amplitude for

emission of a collinear photon scales asS ⇠ 1/ �, which diverges in the IR as� ! 0. Next

consider emission of an ultrasoft photon; the photon momentum scales asqµ ⇠ (�2, �2, �2)

so that to leading order the termpáq ⇠ �

2. Therefore, emission of an ultrasoft photon o↵ a

collinear left handed Weyl fermion also results in an IR divergence which scales asS ⇠ 1/ �.

[Do we really need to factorize here? It is su�cient to expand out qáø� which

scales as �

0 in the case of two spin states and � in the case of one spin state (we

can see this from the n áø� structure and can discuss this in LCG section)?] The

second term of Eq. (2.6), needs to be factorized; written in terms of a lower point amplitude

times a universal factor. To do so recall that the spin sums in two component notation are;

qáø� !̇! =
X

s

y  !̇ (q, s)y! (q, s), and qáø� !̇! =
X

s

x  !̇ (q, s)x! (q, s) . (2.5)

SpeciÞcally the full factorized amplitude is given by;

M " emmission

= 2e x 
˙#
(p, s)

✓

p? á✏

⇤

2p áq

◆

M (p + q) � e
X

s

0

 

x 
!̇ (p, s)x  !̇ (q, s0)x! (q, s0)�µ

! ˙#

2p áq

!

✏

⇤
µ

(q)M (p + q)

(2.6)

Now consider the second term in Eq. (2.6) ADD

[GE: Add comment about how there are other divergences coming for in-
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in the collinear limit of the WZ model) such an interaction cannot be written down, and

there would thus be no 1! 2 divergences in such an e! ective theory.14
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as follows; while the free theory preserves the collinear projection operators øn áø! un = 0, the interacting
theory does not. Discuss more: how this relates to chiral symmetry breaking. How this isnÕt
the case for gauge theory. Next we also discuss why we expect this not to be a problem as
we add more ßavors (more symmetries). How this relates to the R-symmetry of N= 4 etc .
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= x 
ú↵(p)(# ieø" µ) ú↵↵#⇤

µ(q)
# i (p + q) · "

↵

ú
�

2p · q
M ú

�(p + q) (2.3)

= # ex 
ú↵(p)

"

p · #⇤(q)
p · q

$ú↵
ú
�

#
(q · ø" ) ú↵↵(#⇤(q) · " )

↵

ú
�

2p · q

#

M ú
�(p + q)

where we have used" -matrix identities, the QED Ward identity, and the Weyl equation

of motion x  (p)ø" · p = 0 (here we follow the notation of [13] and denote the momentum

space wave function of a left handed Weyl spinor asx
↵

(p)). We will show below that both

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ Xs�. In this case a large separation of scales is created by � = ⇤QCD/mb ! 1.
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Photon is emitted collinear to fermion:Consider the Þrst term of Eq. (2.2) (as this will be the dominant contribution to collinear

divergences) which contributes a universal spin-indenedent factor;

) S
soft

=
✏

⇤
µ

q

µ

2p · q

⇠ �

�

2

⇠ 1
�

(2.3)

) S
collinear

=
✏

⇤
µ

q

µ

?

2p · q

⇠ �

�

2

⇠ 1
�

(2.4)

Next, to investigate the IR structure, the collinear and soft divergences, we can power expand

the momenta in Eq. (2.5), allowing the fermions motion to deÞne a light-like direction while

the photon can either be collinear or soft with respect to the fermion. In both of these

limits, the denominator p · q ! 0, implying the possibility of an IR divergence.

First consider the collinear limit and note that since the photon is on-shell so the

polarization vector has only transverse degrees of freedom so that✏

⇤ · q ! ✏

⇤
µ

q

µ

?. Therefore

the Þrst term of Eq. (??) contains a universal factor;

S =
p

µ

?
2p · q

(2.5)

Both particles have momentum close to the same lightcone:pµ

, q

µ ⇠ (�2

, 1, �). Therefore

p

µ

? ⇠ � and p · q ⇠ �

2. Therefore, the amplitude for emission of a collinear photon scales

as S ⇠ 1/�, which diverges in the IR as� ! 0. Next consider emission of an ultrasoft

photon; the photon momentum scales asqµ ⇠ (�2

, �

2

, �

2) so that to leading order the term

p·q ⇠ �

2. Therefore, emission of an ultrasoft photon o! a collinear left handed Weyl fermion

also results in an IR divergence which scales asS ⇠ 1/�.

Now consider the second term of Eq. (2.2); which contributes a spin-dependent universal

factor

S
s

=
(q · ø�)!̇! (✏⇤(q) · �)! ˙"

2p · q

=
!

n · ø�
2

øn · q +
øn · ø�

2
n · q + q? · ø�

" !̇! (✏⇤(q) · �)! ˙"

2p · q

, (2.6)

where we have simply expanded out the photon momentumqµ on the light cone. It is clear

that this term does not contribute to soft divergences; in the soft limit, when all components

of photon momentumq

µ scale as�2 and p·q ⇠ �

2, so that S
s

⇠ 1. Next consider the collinear

limit, and note that the collinear IR structure is spin dependent. For instance depending on

the spin states accessible to the fermion the leading power momentum may scale as øn ·q ⇠ 1

or q? ⇠ �. Therefore the collinear singularity scales asS
s

⇠ 1/�

2 or 1/�. [(say what ↵ ú↵

is for this choice of frame n and øn].
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Consider the Þrst term of Eq. (2.2) (as this will be the dominant contribution to collinear

divergences) which contributes a universal spin-indenedent factor;
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"
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! Scollinear =
! !

µqµ
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2p áq
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1
"

(2.4)

Next, to investigate the IR structure, the collinear and soft divergences, we can power expand

the momenta in Eq. (2.5), allowing the fermions motion to deÞne a light-like direction while

the photon can either be collinear or soft with respect to the fermion. In both of these

limits, the denominator p áq # 0, implying the possibility of an IR divergence.

First consider the collinear limit and note that since the photon is on-shell so the

polarization vector has only transverse degrees of freedom so that! ! áq # ! !
µqµ

" . Therefore

the Þrst term of Eq. (??) contains a universal factor;

S =
pµ

"

2p áq
(2.5)

Both particles have momentum close to the same lightcone:pµ, qµ " (" 2, 1, " ). Therefore

pµ
" " " and p áq " " 2. Therefore, the amplitude for emission of a collinear photon scales

as S " 1/ " , which diverges in the IR as" # 0. Next consider emission of an ultrasoft

photon; the photon momentum scales asqµ " (" 2, " 2, " 2) so that to leading order the term

páq " " 2. Therefore, emission of an ultrasoft photon o! a collinear left handed Weyl fermion

also results in an IR divergence which scales asS " 1/ " .

Now consider the second term of Eq. (2.2); which contributes a spin-dependent universal

factor

Ss =
(qáø#) ú!! (! ! (q) á#)! ú"

2p áq
=

! n áø#
2

øn áq+
øn áø#

2
n áq+ q" áø#

" ú!! (! ! (q) á#)! ú"

2p áq
, (2.6)

where we have simply expanded out the photon momentumqµ on the light cone. It is clear

that this term does not contribute to soft divergences; in the soft limit, when all components

of photon momentumqµ scale as" 2 and páq " " 2, so that Ss " 1. Next consider the collinear

limit, and note that the collinear IR structure is spin dependent. For instance depending on

the spin states accessible to the fermion the leading power momentum may scale as øn áq " 1

or q" " " . Therefore the collinear singularity scales asSs " 1/ " 2 or 1/ " . [(say what $ ú$

is for this choice of frame n and øn].
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Photon momentum is soft:

where ! is some dimensionful scale, and ! ! 1 is the SCET power counting parameter.1

We can therefore interpret p2 " ! 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales as pµ
øn " ! (1, ! 2, ! ). Depending on the process of interest there are also soft modes

pµ
s " ! (! , ! , ! ) or ultra-soft modes pµ

us " ! (! 2, ! 2, ! 2).

Since SCET is defined by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

will also be split apart by this power counting. One relevant example is the fermion. This

is of particular interest here since understanding the collinear limit for fermions will inform

the approach to SUSY as its a fermionic symmetry.

p áq = n áq n̄ áp + n̄ áq náp + p! áq! (2.2)

2.1 Universal Soft and Collinear Limits

(need to motivate why such an e ! ective theory is interesting. IR divergences

in amplitudes correspond to universal properties (degenerate perturbation the-

ory). Do power counting analysis of soft/collinear emission of photon/gluon o !

of 2-component weyl spinor. This will motivate deriving the SCET lagrangian.
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!

s

x  ú! (q, s)x" (q, s) . (7.5)

Plugging this into Eq. (7.4), we Þnd

M # emission = yx 
ú! (p, s)

!

s!

x  ú! (q, s!)x" (q, s!)
2p áq

! " ú" áJ . (7.6)

The collinear and soft limits can then be extracted by studying the universal object

x  ú! (p, s)x 
ú! (q, s!)

2p áq
, (7.7)

! (factor) (7.8)

so that now this universal object multiplies the lower point amplitude, namelyx! áJ ,

to produce the full amplitude for single scalar emissiontalk more about helicity ßip .

Importantly, this factorization is only possible if the spinor x  has two possible states.

Additionally in the collinear limit (when páq " 0) an IR divergence will only be possible if

we can write down the termx 
ú1
x 

ú2
. Therefore with only a single spin fermion (as is expected

in the collinear limit of the WZ model) such an interaction cannot be written down, and

there would thus be no 1" 2 divergences in such an e! ective theory.14

14 In Yukawa theory were we have right handed fermions and anti-fermions with momentum space wave
function y  (p, s)/ y(p, s) (corresponding to a right handed Weyl spinor in the initial/Þnal state), we can use
the spin sums

"
s y  ú! (p, s)y" (p, s) = p áø! ú!" to obtain a universal object

x  ú! (p, s)y 
ú! (q, s)

2p áq

in this case an IR singularity is possible with with two collinear spinors. Note however that the presence
of this IR divergence does not guarantee a consistent EFT. In fact the single ßavor Yukawa theory is still
expected to be plagued with the same inconsistencies as the WZ model. The origin of this can be understood
as follows; while the free theory preserves the collinear projection operators øn áø! un = 0, the interacting
theory does not. Discuss more: how this relates to chiral symmetry breaking. How this isnÕt
the case for gauge theory. Next we also discuss why we expect this not to be a problem as
we add more ßavors (more symmetries). How this relates to the R-symmetry of N= 4 etc .
Similarly in a theory with more then one left handed spinor the universal object carries a ßavor index

x  ú!
i (p, s)x 

ú! ,j (q, s)

2p áq
, i, j = 1 , 2, ... Nf
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so again a collienear IR singularity is possible.
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x  ú! M ú! (p) (2.3)

Consider the Þrst term of Eq. (2.6), as this will be the dominant contribution to collinear

divergences. We consider the case where the photon is on-shell so the polarization vector

has only transverse degrees of freedom so that! ! áq ! ! ! µqµ
" . Therefore the Þrst term of

Eq. (2.6) contains a universal factor;

S =
pµ

"

2p áq
(2.4)

Next, to investigate the IR structure, the collinear and soft divergences, we can power expand

the momenta in Eq. (2.4), allowing the fermions motion to deÞne a light-like direction while

the photon can either be collinear or soft with respect to the fermion. In both of these

limits, the denominator p áq ! 0, implying the possibility of an IR divergence.

First consider the collinear limit. Both particles have momentum close to the same

lightcone: pµ, qµ " (" 2, 1, " ). Thereforepµ
" " " and páq " " 2. Therefore, the amplitude for

emission of a collinear photon scales asS " 1/ " , which diverges in the IR as" ! 0. Next

consider emission of an ultrasoft photon; the photon momentum scales asqµ " (" 2, " 2, " 2)

so that to leading order the termpáq " " 2. Therefore, emission of an ultrasoft photon o! a

collinear left handed Weyl fermion also results in an IR divergence which scales asS " 1/ " .

[Do we really need to factorize here? It is su ! cient to expand out qáø# which

scales as " 0 in the case of two spin states and " in the case of one spin state (we

can see this from the n áø# structure and can discuss this in LCG section)?] The

second term of Eq. (2.6), needs to be factorized; written in terms of a lower point amplitude

times a universal factor. To do so recall that the spin sums in two component notation are;

qáø# ú!! =
!

s

y  ú! (q, s)y! (q, s), and qáø# ú!! =
!

s

x  ú! (q, s)x! (q, s) . (2.5)

SpeciÞcally the full factorized amplitude is given by;

M " emmission = 2e x 
ú#
(p, s)

"
p" á! !

2p áq

#
M (p + q) # e

!

s!

$
x 

ú! (p, s)x  ú! (q, s#)x! (q, s#)#µ
! ú#

2p áq

%

! !
µ(q)M (p + q)

(2.6)

Now consider the second term in Eq. (2.6) ADD

[GE: Add comment about how there are other divergences coming for in-
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= x 
ú! (p)(# ie"̄ µ) ú!! #"

µ(q)
# i(p + q) á" ! ú"

2p áq
M

ú" (p + q) (2.3)

= # ex 
ú! (p)

!
p á#" (q)

p áq
$ú!

ú" #
(qá"̄ ) ú!! (#" (q) á" )! ú"

2p áq

"

M
ú" (p + q)

where we have used " -matrix identities, the QED Ward identity, and the Weyl equation

of motion x  (p)"̄ áp = 0 (here we follow the notation of [13] and denote the momentum

space wave function of a left handed Weyl spinor as x! (p)). We will show below that both

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b ! 1.

– 6 –

!oft-Co"inear E+ec&ve ,eory -SCET.

where

Revisiting the Origin of Infrared Singularities

Infrared singularities diverge for small power counting parameter: 

Factorized Amplitude:



Theory with left handed fermions: with plane wave solutions

Boost along the collinear direction:

will also be split apart by this power counting. One relevant example is the fermion. This

is of particular interest here since understanding the collinear limit for fermions will inform

the approach to the fermionic symmetry of interest, namely SUSY.

Starting with a full theory left-handed Weyl fermion u, our goal will be to derive pro-

jection operators that allow us to separate the collinear degrees of freedomun from the

anti-collinear degrees of freedomuøn. The 2-component Dirac equation is

L = i u   ø! á" u, (2.2)

which admits the standard plane-wave solution#(x) = u(p) exp(! i p áx). Boosting #(x)

along the light-cone in the öz direction, or the nµ direction yields:2

u(p)
!
!
n

=
" #

E + pz

$
1 ! ! z

2

%
+

#
E ! pz

$
1 + ! z

2

%&
ø! 0$ =

' "
øn áp Pn +

"
n áp Pøn

(
$,

(2.3)

where $ is a two-component spinor, and we have inserted the appropriate factor of ø! 0 to

make the spinor index structure consistent. Then plugging in the collinear scalings for the

momentum, ønáp # 1 andnáp # %2, we see that the lower component ofu(p)|n is suppressed.

Hence, the collinear fermion is given by the upper component ofu(p)|n .

For concreteness, one can construct the following combinations of Pauli matrices:

) n á!
2

*

! ú!
=

1
2

(! 0 ! ! 3)! ú! =

+
0 0

0 1

,

! ú!

,
) øn áø!

2

* ú!!

=
1
2

(ø! 0 ! ø! 3) ú!! =

+
0 0

0 1

, ! ú!

,

) øn á!
2

*

! ú!
=

1
2

(! 0 + ! 3)! ú! =

+
1 0

0 0

,

! ú!

,
) n áø!

2

* ú!!

=
1
2

(ø! 0 + ø! 3) ú!! =

+
1 0

0 0

, ! ú!

. (2.4)

These can then be used to infer the identiÞcation of the projections operatorsPn and Pøn,

such that

u = ( Pn + Pøn) u = un + uøn. (2.5)

Comparing to Eq. (2.3) yields the explicit forms

Pn un = ná"
2

ønáø"
2 un = un ; Pøn uøn = øná"

2
náø"
2 uøn = uøn ;

Pøn un = 0 ; Pn uøn = 0 .
(2.6)

Thus we see that the projection operators act to project half the helicity states out;un,1 = 0

2For example, see Sec. 3.3 of [11]
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Collinear and anti-collinear d.o.f separated by projection operators:

where:

Half the helicity states projected out:

and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of
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!CET Lagrangia/

[reorganize into above]

The second term of Eq. (??), needs to be factorized; written in terms of a lower point

amplitude times a universal factor;

p

Monday, June 27, 16

= x 
ú! (p)M ú! (p) . (2.5)

2.2 The SCET Lagrangian

Starting with a full theory left-handed Weyl fermion u, our goal will be to derive pro-

jection operators that allow us to separate the collinear degrees of freedomun from the

anti-collinear degrees of freedomuøn.

The position-space Weyl equation for a left-handed two component Þeldu is

L = i u   (x) ø� á@ u(x), (2.6)

which admits the standard plane-wave solutionu(xµ) =
!

d3px(p) exp(! i pµxµ)2. [x space-

time and x weyl spinor confusing] Boostingu(x) along the light-cone in the öz direction,

or nµ direction yields:3

x(p)
"
"
n

=
#$

E + pz

%
1 ! �z

2

&
+

$
E ! pz

%
1 + �z

2

&'
ø�0⇠

=
("

øn áp Pn +
"

n áp Pøn
)
⇠, (2.7)

where ⇠ is a two-component spinor, and we have inserted the appropriate factor of ø�0 to

make the spinor index structure consistent. Then plugging in the collinear scalings for the

momentum, ønáp # 1 andnáp # �

2, we see that the upper component ofu(p)|n is suppressed.

Hence, the collinear fermion is given by the lower component ofu(p)|n .

For concreteness, one can construct the following combinations of Pauli matrices:

* n á�

2

+

! ú!
=

1
2

(�0 ! �

3)! ú! =

,
0 0

0 1

-

! ú!

,
* øn áø�

2

+ ú!!

=
1
2

(ø�0 ! ø�3) ú!! =

,
0 0

0 1

- ! ú!

,

* øn á�

2

+

! ú!
=

1
2

(�0 + �

3)! ú! =

,
1 0

0 0

-

! ú!

,
* n áø�

2

+ ú!!

=
1
2

(ø�0 + ø�3) ú!! =

,
1 0

0 0

- ! ú!

. (2.8)

2Some preemptive notational clariÞcation is in order: in the sectionu(p) is taken to mean the full
theory left handed Weyl spinor. In later sections we will also use the notationu as shorthand for the lower
(non-vanishing) component of the collinear fermionu $ un, 2.

3For example, see Sec. 3.3 of [? ].
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The second term of Eq. (??), needs to be factorized; written in terms of a lower point

amplitude times a universal factor;
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Starting with a full theory left-handed Weyl fermion u, our goal will be to derive pro-

jection operators that allow us to separate the collinear degrees of freedomun from the

anti-collinear degrees of freedomuøn.

u(xµ) =
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d3 p x(p) e! i pµ xµ
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L = i u   (x) ø! á" u(x), (2.6)

which admits the standard plane-wave solutionu(xµ) =
!
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where # is a two-component spinor, and we have inserted the appropriate factor of ø! 0 to

make the spinor index structure consistent. Then plugging in the collinear scalings for the

momentum, ønáp # 1 andnáp # $2, we see that the upper component ofu(p)|n is suppressed.
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(non-vanishing) component of the collinear fermionu $ un, 2.

3For example, see Sec. 3.3 of [? ].
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We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Then four vectors are expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s " ! (" , " , " ) or ultra-soft modespµ

us " ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! , where a large separation of scales is given by" = ! QCD /m b # 1.
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where # is a two-component spinor, and we have inserted the appropriate factor of ø! 0 to

make the spinor index structure consistent. Then plugging in the collinear scalings for the

momentum, ønáp # 1 andnáp # $2, we see that the upper component ofu(p)|n is suppressed.

Hence, the collinear fermion is given by the lower component ofu(p)|n .
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andand



and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of
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of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

L = iu   ø! á" u (1.1)

[GE: Gauge Invariance?]

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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The leading order fermion Lagrangian of the EFT:

The scalings of the Þelds are summarized in Table??. We integrate out the suppressed

anti-collinear modes by solving for the classical equation of motion foruøn yields:

uøn = !
øn á!

2
1

øn á"

!
ø! á" !

"
un. (2.13)

To summarize the collinear and anti-collinear fermion modes are given by (for our speciÞc

choice of øn! )

un =

#
0

u

$

, uøn =

#
(" " ! ,1+ i " ! ,2 )

øná" u

0

$

, (2.14)

where from this point forward we will takeu " un,2. Plugging Eq. (??) into the Eq. (??)

yields the free leading power collinear SCET Lagrangian for a Weyl fermion:

L un = u 
n

%
i n á" !

" 2
!

i øn á"

&
øn áø!

2
un (2.15)

where we have used ø! á" ! ! á" ! = ! " 2
! . Note the unusual non-local operator, 1/ øn á" , can

be meaningfully deÞned in terms of its eigenvalues in momentum space:

1
øn á"

#(x) =
1

øn á"

'
d4p e" i páx ÷#(p) =

'
d4p e" i páx 1

øn áp
÷#(p). (2.16)

Then the propagator for a collinear fermion can be extracted inverting the free momentum

space Lagrangian:

=
øn áø!

2
øn áp

(n áp)(øn áp) + p2
!

. (2.17)

Next we can turn on interactions for the collinear fermions. Of particular interest are

the interactions with collinear and soft gauge bosons.5 Start by expanding the full theory

gauge boson Þelds as

Aµ = Aµ
n + Aµ

s , (2.18)

in analogy with the treatment of the fermion. WhereAµ
n # ! ($2, 1, $), Aµ

s # ! ($, $, $)

and Aµ
us # ! ($2, $2, $2). Using the collinear and soft scalings appropriate for a vector given

above (the degrees of freedom of a Lorentz 4-vector gauge Þeld are separated out analogously

to the momentum 4-vector), it is straight forward to derive the leading contributions for the

gauge covariant derivativeDµ
n = (ønµ/ 2) n á Dn,s + ( nµ/ 2) øn á Dn + Dµ

! ,n acting on collinear

the twist is ! ! = 1 ! 0 = 1.
5For everything that follows we will not distinguish between soft and ultrasoft gauge bosons.

Ð 10 Ð

Non-local operators well-deÞned in terms of momentum eigenvalues. For instance the collinear fermion propagator 
in the EFT is:

and gauge bosons expressed in LCG contains two bosonic and two fermionic modes. This

equal number of degrees of freedom hints at the possibility of a SUSY relation between

these Þelds. However, note that gauge and Poincare invariance (and therefore RPI) are not

manifest in non-covariant gauges such as LCG.8 This is why we veriÞed RPI in Sec.2 using

an (equivalent) o! -shell description of the model. We leave exploring the action of RPI on

the LCG Þelds to future work.

The rest of this section provides a detailed discussion of the LCG Lagrangian derivation

Ð some readers may wish to skip ahead to the Þnal result given in Eq. (??). To begin

we simply set øn áAn = 0. Then we will solve for the equation of motion of the the non-

propagating gauge moden áA in order to integrate it out. It is convenient to re-organize

the transverse components of the gauge ÞeldA! µ = (0 , A1, A2, 0) into a complex scalarA :

! ! áAn! = ! ! " A ! ! A " , (3.1)

where we introduce the notation;

" á! !"
2

=
1

"
2

!
0 ! 1 ! i ! 2

! 1 + i ! 2 0

"

! ú!

#

!
0 ! "

! 0

"

! ú!

, (3.2)

Similarly we can explicitly write out the light-cone scalar as;

" áA!"
2

#

!
0 A "

A 0

"

! ú!

;
ø" áA!"

2
#

!
0 ! A "

! A 0

" ú!!

. (3.3)

Likewise for the transverse gauge covariant derivative:9

" á D!"
2

=
1
2

!
0 D1 ! iD2

D1 + iD2 0

"

! ú!

=

!
0 ! " ! igA "

! ! igA 0

"

! ú!

#

!
0 $ "

$ 0

"

! ú!

. (3.4)

We note that while we will stick to this standard notation, it can be a bit confusing since

$ " %= complex conjugate
#
$

$
as is clear from Eq. (3.4); the " is equivalent to complex

conjugation for A and ! . The " matrix contracted with derivatives, gauge Þelds, and

therefore covariant derivatives can be written in the following matrix form:

" µ! µ =

!
n á!

"
2! "

"
2! øn á!

"

! ú!

, " µAµ =

!
n áA

"
2A "

"
2A øn áA

"

! ú!

. (3.5)

8This issue also arrises in the standard approach to SYM theories since SUSY is not manifest in the
Wess-Zumino gauge.

9Some LCG references use the notation! ! = 1 / øná! whereA+ = ønáA/
"

2 = 0, and uøn and A! = náA/
"

2
are integrated out. In the notation of Leibbrandt [ ? ] AT # A " and A øT # A .
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(where

gauge etc) ]

To formulate this in LCG we simply set ønáAn = 0, and integrate out the non-propagating

gauge moden áA. In the LCG formalism it is convenient to re-organize the transverse

components of the gauge ÞeldA! µ = (0 , A1, A2, 0) into a complex scalarA deÞned by the

relation:

! ! áAn! = ! ! " A ! ! A " (3.1)

Explicitly,

" áA!"
2

=
1

"
2

!
0 A1 ! iA 2

A1 + iA 2 0

"

! ú!

#

!
0 A "

A 0

"

! ú!

,
ø" áA!"

2
#

!
0 ! A "

! A 0

" ú!!

(3.2)

Likewise for the transverse derivative and gauge covariant derivative6:

" á! !"
2

#

!
0 ! "

! 0

"

! ú!

,
" á D!"

2
#

!
0 $ "

$ 0

"

! ú!

(3.3)

Hence, a! without a Lorentz index should be interpreted as this particular linear combina-

tion of ! ! µ . In terms of this notion it will be very useful to keep in mind that the" matrix

contracted with derivatives, gauge Þelds and therefore covariant derivatives can be written

in the following matrix form:

" µ! µ =

!
n á!

"
2! "

"
2! øn á!

"

! ú!

, " µAµ =

!
n áA

"
2A "

"
2A øn áA

"

! ú!

. (3.4)

3.1 Integrating out n áAn

[GE: make sure we all agree, then cut out steps]

In this section we derive the equation of motion for then áAn mode in the usual way

#L / #n áAn = 0. From the gaugino and gauge Lagrangian we get the contribution.

#L u

#n áAb
= gu" a

2 (tb)acuc
2 = igf abcu" a

2 uc
2

#L g

#n áAd
= !

1
2

#
#F a

µ"

#n áAd

$
F aµ" (3.5)

6In light cone gauge notation ! ! = 1 / øn á! and A+ = øn áA/
"

2 = 0. Meanwhile uøn and A! = n áA/
"

2
are integrated out. In the notation of Leibbrandt [] AT # A " and A øT # A .
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Integrate out anti-collinear modes: and )



Adding gauge interactions:

Including interactions with soft and collinear gauge bosons:

of [10]. Explicitly the gauge Þeld strength in the collinear sector is expanded as

igF aµ! ta =
!
Dµ, D!

"
=

# nµ

2

!
øn á@, D! !

"
!

n!

2

!
øn á@, D! µ

"$
(2.14)

+
%

1
4

(nµ øn! ! n! ønµ)
!
øn á@, n á D

"
+

!
D! µ, D! !

"
&

+
# ønµ

2

!
n á D, D! !

"
!

øn!

2

!
n á D, D! µ

"$

" O(�) + O(�2) + O(�3),

where the terms on the Þrst, second and third line scale asO(�), O(�2) and O(�3) respec-

tively. Note that upon contraction, the O(�) terms vanish sincen2 = 0. So, to leading order

the Lagrangian density scales asO(�4) as expected.

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.9) with covariant

derivatives (now being careful not to move derivatives past gauge bosons). This gives the

two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø� á D! ,n

1
i øn á Dn

i � á D! ,n

&
øn áø�

2
un !

1
4

(F µ!
n )2 # L u + L g (2.15)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos.

Note that we can absorb the softn áAs Þelds by imagining we are working with the BPS

redeÞned Þelds []. Therefore, we will typically ignore the soft/ultrasoft gauge boson Þelds

in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.15).]

Finally for scalars we can write (for a review of scalar SCET see [9])

� = �n + �øn + �s (2.16)

The free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

@

µ
�@µ� in powers of�, yielding (for simplicity we omit possible gauge interactions):

L n = �

"
n ! �n = �

"
n

'
øn á@n á@ ! @

2
!

(
�n (2.17)

[GE: Move this discussion to earlier in the section - before we discuss scaling

of gauge Þeld strength]
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Þeld strength

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos. Note that we can absorb the

soft n áAs Þelds by imagining we are working with the BPS redeÞned Þelds []. Therefore,

we will typically ignore the soft/ultrasoft gauge boson Þelds in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.16).] [GE: added]

As previously discussed the light cone expansion breaks Lorentz invariance, and therefore

Eq. (2.16) does not have manifest Lorentz symmetry. However Eq. (2.16) is still invariant

under the subset of unbroken Lorentz generatorsmisleading? . Alternatively this residual

symmetry, which is referred to as reparametrization invariance (RPI), can be understood by

noting that any choice of ønµ which satisÞes the conditionsn áøn = 2 and øn2 = 0 must yield

the same EFT namely Eq. (2.16). In the Sec2.1 we will present the RPI transformations

for 2-component fermions. In AppA we present an example of how to check that a theory

with two component spinors is RPI invariant.

Finally for scalars we can write (for a review of scalar SCET see [9])

! = ! n + ! øn + ! s (2.17)

[GE: need to look at [ 9] again to understand what is meant by ! = ! n + ! øn + ! s] The

free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

" µ!" µ ! in powers of#, yielding (for simplicity we omit possible gauge interactions):

L n = ! !
n ! ! n = ! !

n

!
øn á" n á" ! " 2

"

"
! n (2.18)

Note that ! " O(#2) so the collinear scalar (as well as the soft and anti-collinear scalars)

scales asO(#). to ensure that Eq. 2.18 scales asO(#4) and similarly for the anti-collinear

and soft scalar (see Table1 for a summary).

2.1 RPI in Two-Components

[TC: Need lots of words motivating this section, ßeshing out derivations,

etc.]

This section addresses RPI by expanding the full Lorentz invariance of the theory along

the light cone deÞned byn and øn. While these arguments have previously appeared in the

literature, this is the Þrst derivation that specializes to 2-component notation. It is therefore

useful to present the details so that this work is self contained.
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Gauge covariant derivatives at leading order:

choice of øn! )

un =

!
0

u

"

, uøn =

!
(! " ! ,1+ i " ! ,2 )

øná" u

0

"

, (2.10)

where from this point forward we will takeu ! un,2. Plugging Eq. (2.9) into the Eq. (2.7)

yields the free leading power collinear SCET Lagrangian for a Weyl fermion:

L (0)
un

= u 
n

#
i n á! "

! 2
"

i øn á!

$
øn áø"

2
un (2.11)

where we have used ø" á! " " á! " = " ! 2
" . Note the unusual non-local operator, 1/ øn á! , can

be meaningfully deÞned in terms of its eigenvalues in momentum space:

1
øn á!

#(x) =
1

øn á!

%
d4p e! i páx ÷#(p) =

%
d4p e! i páx 1

øn áp
÷#(p). (2.12)

Then the propagator for a collinear fermion can be extracted inverting the free momentum

space Lagrangian:i (øn áø" / 2) (n áp + p2
" / øn áp)! 1. [TC: DidnÕt include i$ prescription

here. Do you agree?]

Next we can turn on interactions for the collinear fermions. Of particular interest are

the interactions with collinear and soft gauge bosons.4 Start by expanding the full theory

gauge boson Þelds as

Aµ = Aµ
n + Aµ

øn + Aµ
s + . . . , (2.13)

in analogy with the treatment of the fermion. Using the collinear and soft scalings appropri-

ate for a vector given above (the degrees of freedom of a Lorentz 4-vector gauge Þeld are sepa-

rated out analogously to the momentum 4-vector), it is straight forward to derive the leading

contributions for the gauge covariant derivativeDµ
n = (ønµ/ 2) n á Dn,s + ( nµ/ 2) øn á Dn + Dµ

" ,n

acting on collinear Þelds:

i n á Dn,s = i n á! + g n áAn + g n áAs

i øn á Dn = i øn á! + g øn áAn (2.14)

iDµ
" ,n = i ! µ

" + g Aµ
n" ,

where we can treat the soft Þelds as background Þelds since they are slowly varying with

respect to the collinear Þelds.

The collinear Þeld strength is then given byi g F µ!
n =

&
Dµ, D!

'
. This includes the full

4For everything that follows we will not distinguish between soft and ultrasoft gauge bosons.
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Full theory  
Yang-Mills 

+ adjoint fermion

Integrate out 
modes away 

from light cone

SCET 
+ adjoint fermion

Integrate out 
unphysical 

gluon 
polarization

Light cone 
SCET 

+ adjoint fermion

Full theory  
light cone gauge 
 SUSY Yang-Mills

Integrate out 
superspace 

coordinates away 
from light cone

SUSY Yang-Mills 
light cone EFT !

ConÞrm RPI

ConÞrm SUSY

Figure 1 : Sketch of proof[TC: Fill In] .

We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

Aµ =
øn áA

2
nµ +

n áA
2

ønµ + Aµ
! , or Aµ. (2.2)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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Four vector decomposition:

By analog to non-interacting fermion case:

choice of øn! )

un =

!
0

u

"

, uøn =

!
(! " ! ,1+ i " ! ,2 )

øná" u

0

"

, (2.10)

where from this point forward we will takeu ! un,2. Plugging Eq. (2.9) into the Eq. (2.7)

yields the free leading power collinear SCET Lagrangian for a Weyl fermion:

L (0)
un

= u 
n

#
i n á! "

! 2
"

i øn á!

$
øn áø"

2
un (2.11)

where we have used ø" á! " " á! " = " ! 2
" . Note the unusual non-local operator, 1/ øn á! , can

be meaningfully deÞned in terms of its eigenvalues in momentum space:

1
øn á!

#(x) =
1

øn á!

%
d4p e! i páx ÷#(p) =

%
d4p e! i páx 1

øn áp
÷#(p). (2.12)

Then the propagator for a collinear fermion can be extracted inverting the free momentum

space Lagrangian:i (øn áø" / 2) (n áp + p2
" / øn áp)! 1. [TC: DidnÕt include i$ prescription

here. Do you agree?]

Next we can turn on interactions for the collinear fermions. Of particular interest are

the interactions with collinear and soft gauge bosons.4 Start by expanding the full theory

gauge boson Þelds as

Aµ = Aµ
n + Aµ

øn + Aµ
s + . . . , (2.13)

in analogy with the treatment of the fermion. WhereAµ
øn # ! (1, %2, %), Aµ

s # ! (%, %, %)

and Aµ
us # ! (%2, %2, %2). Using the collinear and soft scalings appropriate for a vector given

above (the degrees of freedom of a Lorentz 4-vector gauge Þeld are separated out analogously

to the momentum 4-vector), it is straight forward to derive the leading contributions for the

gauge covariant derivativeDµ
n = (ønµ/ 2) n á Dn,s + ( nµ/ 2) øn á Dn + Dµ

" ,n acting on collinear

Þelds:

i n á Dn,s = i n á! + g n áAn + g n áAs # O(%2)

i øn á Dn = i øn á! + g øn áAn # O(%0) (2.14)

iDµ
" ,n = i ! µ

" + g Aµ
n" # O(%),

where we can treat the soft Þelds as background Þelds since they are slowly varying with

respect to the collinear Þelds.

4For everything that follows we will not distinguish between soft and ultrasoft gauge bosons.
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The scalings of the Þelds are summarized in Table??. We integrate out the suppressed

anti-collinear modes by solving for the classical equation of motion foruøn yields:

uøn = !
øn á!

2
1

øn á"

!
ø! á" !

"
un. (2.13)

To summarize the collinear and anti-collinear fermion modes are given by (for our speciÞc

choice of øn! )

un =

#
0

u

$

, uøn =

#
(" " ! ,1+ i " ! ,2 )

øná" u

0

$

, (2.14)

where from this point forward we will takeu " un,2. Plugging Eq. (??) into the Eq. (??)

yields the free leading power collinear SCET Lagrangian for a Weyl fermion:

L un = u 
n

%
i n á" !

" 2
!

i øn á"

&
øn áø!

2
un (2.15)

where we have used ø! á" ! ! á" ! = ! " 2
! . Note the unusual non-local operator, 1/ øn á" , can

be meaningfully deÞned in terms of its eigenvalues in momentum space:

1
øn á"

#(x) =
1

øn á"

'
d4p e" i páx ÷#(p) =

'
d4p e" i páx 1

øn áp
÷#(p). (2.16)

Then the propagator for a collinear fermion can be extracted inverting the free momentum

space Lagrangian:

=
øn áø!

2
øn áp

(n áp)(øn áp) + p2
!

. (2.17)

Next we can turn on interactions for the collinear fermions. Of particular interest are

the interactions with collinear and soft gauge bosons.5 Start by expanding the full theory

gauge boson Þelds as

Aµ = Aµ
n + Aµ

s , (2.18)

in analogy with the treatment of the fermion. WhereAµ
n # ! ($2, 1, $), Aµ

s # ! ($, $, $)

and Aµ
us # ! ($2, $2, $2). Using the collinear and soft scalings appropriate for a vector given

above (the degrees of freedom of a Lorentz 4-vector gauge Þeld are separated out analogously

to the momentum 4-vector), it is straight forward to derive the leading contributions for the

gauge covariant derivativeDµ
n = (ønµ/ 2) n á Dn,s + ( nµ/ 2) øn á Dn + Dµ

! ,n acting on collinear

the twist is ! ! = 1 ! 0 = 1.
5For everything that follows we will not distinguish between soft and ultrasoft gauge bosons.
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Þelds6:

i n á Dn,s = i n á! + g n áAn + g n áAs ! O(" 2)

i øn á Dn = i øn á! + g øn áAn ! O(" 0) (2.19)

iDµ
! ,n = i ! µ

! + g Aµ
n! ! O(" ),

where we can treat the soft Þelds as background Þelds since they are slowly varying with

respect to the collinear Þelds.

Field un uøn us #n #s n áAn øn áAn An! As

Scaling " " 2 " 3 " " 2 " 2 " 0 " " 2

Table 1 : The scalings of the Þeld are chosen in such a way as to ensure the propagators areO(1) [? ].
Alternatively the action S =

!
d4xn (L ! + L u + L g)n +

!
d4xs (L ! + L u + L g)s, must scale asO(1) which

Þxes the scalings of the soft and collinear Þelds (all! dependence is moved to the interactions). For instance,
for soft Þeldsxs ! 1/ ! 2 sinceps áxs ! 1 and every component ofps scales like! O(! 2). So the soft volume
element d4xs scales asO(! ! 8) and L (0)

s ! O(! 8).

The collinear Þeld strength is then given byi g F µ!
n =

"
Dµ, D!

#
. This includes the full

Þeld strength for the collinear gauge boson, and also has interactions of the typeAn " An " As,

which do not transfer enough momentum as to spoil the virtuality of the collinear gauge

boson thereby taking it out of the regime of validity for SCET. To leading power, each

sector has its own independent gauge invariance. For a review of the details, including a

discussion of gauge Þxing and the gauge boson propagator and Feynman rules, see Sec. 4.3

of [? ]. Explicitly the gauge Þeld strength in the collinear sector is expanded as

igF aµ! ta =
"
Dµ, D!

#
=

$ nµ

2

"
øn á! , D! !

#
"

n!

2

"
øn á! , D! µ

#%
(2.20)

+
&

1
4

(nµ øn! " n! ønµ)
"
øn á! , n á D

#
+

"
D! µ, D! !

#
'

+
$ ønµ

2

"
n á D, D! !

#
"

øn!

2

"
n á D, D! µ

#%

! O(" ) + O(" 2) + O(" 3),

where the terms on the Þrst, second and third line scale asO(" ), O(" 2) and O(" 3) respec-

tively. Note that upon contraction of Lorentz indices, theO(" ) terms vanish sincen2 = 0.

So, to leading order the Lagrangian density scales asO(" 4) as expected.
6Here D means the usual covariant derivative. This should not be confused with the common notational

practice in the SCET literature of using D to describe a covariant derivative after it has absorbed a collinear
Wilson line.
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Theory with scalars:



0eparame#iza&on Invariance -RPI.
A EFT Consistency Condition: each order Lagrangian must be invariant under broken 

Poincare symmetry on the light cone (RPI should be restored order by order).

Lorentz Symmetry is partially broken on the light cone. Rotations in the perpendicular

(generated byJ3) plan are unbroken, while the presence of the vectorsnµ and ønµ break Þve

of the Lorentz generators corresponding tonµMµ! and ønµMµ! , so that Lorentz symmetry

is non manifest in the e! ective theory. However even for the broken generators there is a

residual invariance under RPI. One manifestation of this is that we are free to choose the

light cone coordinates as long as they obeyn2
µ = 0 = øn2

µ and n áøn = 2. These expressions

are invariant under three di! erent kinds of reparameterization.

2.1.1 The RPI Generators and Algebra

The Poincar«e group, relevant to the full Lorentz invariant theory, is deÞned by
!
Pµ, P!

"
= 0 ; (2.19)

!
M µ! , P"

"
= i gµ" P! ! i g!" Pµ ; (2.20)

!
M µ! , M #"

"
= ! gµ#M !" ! g!" M µ# + gµ" M !# + g!# M µ" , (2.21)

where the generatorsK i = M 0i are boosts,J i = 1
2 ✏ink M jk are rotations, andPi = i @ i are

translations:

M µ! =

#

$
$
$
%

0 K 1 K 2 K 3

! K 1 0 ! J 3 J 2

! K 2 J 3 0 J 1

! K 3 ! J 2 ! J 1 0

&

'
'
'
(

. (2.22)

Since we are working with the theory expanded on the light cone, Lorentz invariance is

obscured. The remaining symmetries correspond to the Lorentz generators projected along

the vectorsn and øn:

R!
1 = ønµ M µ! ? , (2.23)

R!
2 = nµ M µ! ? , (2.24)

R3 = nµ øn! M µ! , (2.25)

corresponding to RPI-1, RPI-2, and RPI-3 transformations, respectively. The symbol⌫?
denotes that this index only takes values for directions orthogonal ton and øn.

In terms of the usual Poincare generators we Þnd the following Þve generators
)
B 1, B 2, S1, S2, J 3

*

corresponding to speciÞc combinations of rotations and boosts about the perpendicular di-
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Poincare group:

! µ"! µ" in powers of#, yielding (for simplicity we omit possible gauge interactions):

L n = " !
n2" n = " !

n

!
øn á! n á! ! ! 2

"

"
" n (2.25)

Note that 2 " O(#2) so the collinear scalar (as well as the soft and anti-collinear scalars)

scales asO(#). to ensure that Eq. 2.25 scales asO(#4) and similarly for the anti-collinear

and soft scalar (see Table1 for a summary).

2.3 RPI in Two-Components

This section addresses RPI by expanding the full Lorentz invariance of the theory along

the light cone deÞned byn and øn. While these arguments have previously appeared in the

literature [? ], this is the Þrst derivation that specializes to 2-component notation. It is

therefore useful to present the details so that this work is self contained.

Lorentz Symmetry is partially broken on the light cone. Rotations in the perpendicular

(generated byJ3) plan are unbroken, while the presence of the vectorsnµ and ønµ break Þve

of the Lorentz generators corresponding tonµMµ! and ønµMµ! , so that Lorentz symmetry

is non manifest in the e! ective theory. However even for the broken generators there is a

residual invariance under RPI. One manifestation of this is that we are free to choose the

light cone coordinates as long as they obeyn2 = 0 = øn2 and n áøn = 2. These conditions are

invariant under three di! erent kinds of reparameterization:

RPI-I RPI-II RPI-III

nµ # nµ + " "
µ nµ # nµ nµ # e" nµ

ønµ # ønµ ønµ # ønµ + $"
µ ønµ # e# " ønµ

where øn á$" = n á$" = øn á" " = n á" " = 0.

The RPI Generators and Algebra

The Poincar«e group, relevant to the full Lorentz invariant theory, is deÞned by
#
Pµ, P!

$
= 0 ; (2.26)

#
M µ! , P#

$
= i gµ# P! ! i g!# Pµ ; (2.27)

#
M µ! , M $#

$
= ! gµ$M !# ! g!# M µ$ + gµ#M !$ + g!$ M µ# , (2.28)

Since we are working with the theory expanded on the light cone, Lorentz invariance is

obscured. The remaining symmetries correspond to the Lorentz generators projected along
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We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Then four vectors are expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s " ! (" , " , " ) or ultra-soft modespµ

us " ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! , where a large separation of scales is given by" = ! QCD /m b # 1.
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(See our upcoming paper ÒSoft-Collinear SupersymmetryÓ 
for detailed transformations.) 



expand on the light cone:

in the EFT) and the interplay between these states (and therefore the supercharges) and

the RPI operators.

4.1 Supersymmetry and the SCET expansion

For N = 1 supersymmetry, the supercharges are defined by the graded algebra:
!

Q! , Q 
ú!

"
= 2! µ

! ú! P
µ

, (4.1)

where the spinor and anti-spinor indices run over " , "̇ = 1, 2. The algebra of the e↵ective

theory is simply given by considering the SCET expansion of the generator of translations

P
µ

= i#
µ

= i ønµ

2 n á# + i nµ

2 n̄ á# + i#! µ

. Therefore to leading power in the SCET expansion,

making use of Eq. 2.4, we find

{ Q! , Q 
ú! } = 2! µ

! ú! P
µ

= 2i

#
n á#

!
2#"

!
2# n̄ á#

$

! ú!

"

#
O($2) O($)

O($) O(1)

$

(4.2)

Thus in the EFT at leading power there will only be one supercharge (corresponding to Q2

given our choice of nµ and n̄µ conventions) present, while the second supercharge is higher

power in $ scaling.

Q2 " O(1) , Q1 " O($) . (4.3)

and similarly for conjugate charges. [GE: We further understand this by drawing

analogy to the SUSY multiplet in the massless limit. Useful to discuss here?]

4.1.1 Review: Representations of the Super-Poincare Algebra

[GE: The following are notes. We can shorten and incorporate content in

next section, move to appendix, or do away with.] The irreducible representations of

the Super-Poincare algebra are characterized by the eigenvalues of the momentum squared

P2 operators and the Casimir operators C2 = 2m4J
k

J k. Where J
k

is related to the spin

S
k

by mJ
k

= mS
k

# (Q  !̄ Q) and is therefore an angular momentum
%
J

k

, J
l

&
= i%

klm

J
m

.

Additionally
%
J

k

, Q!
&
= 0 =

%
J

k

, Q 
ú!

&
. So J 2 = J

k

J k is an invariant operator with eigen-

values j (j +1) just like ordinary angular momentum. Thus the irreducible representations of

the Super-Poincare algebra are characterized by values of m2 and j (j + 1) (the eigenvalues

of the Casimir operators). So the states in a representation are characterized by m2, j ,

and j 3 where the eigenvalue of J3 takes the values j 3 = # j, # j + 1, . . . j # 1, j as usual.

These states are not in general eigenstates of ordinary spin S2 and S3. We want to find the
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One supercharge 
suppressed

4.1 Supersymmetry and the SCET Power Counting

For N = 1 supersymmetry, the supercharges are deÞned by the graded algebra:
n

Q! , Q 
ú!

o

= 2! µ
! ú! Pµ , (4.1)

where the spinor and anti-spinor indices run over" , ú" = 1, 2. The algebra of the e! ective

theory is simply given by considering the SCET expansion of the generator of translations

Pµ = i#µ = i ønµ

2 n á# + i nµ

2 øn á# + i#! µ . Therefore to leading power in the SCET expansion,

making use of Eq. (2.4), we Þnd

{ Q! , Q 
ú! } = 2! µ

! ú! Pµ = 2i

"

n á#
!

2#"

!
2# øn á#

#

! ú!

"

"

O($2) O($)

O($) O(1)

#

(4.2)

Therefore to leading power in the EFT there will only be one supercharge (corresponding to

Q2 for the presentnµ and ønµ conventions) present, while the second supercharge is higher

power in $ scaling;

Q2 " O(1) , Q1 " O($) , (4.3)

and similarly for conjugate charges.[GE: We further understand this by drawing

analogy to the SUSY multiplet in the massless limit. Useful to discuss here?]

We would like to utilize the power of superspace to write the e! ective theory in a mani-

festly supersymmetric form. In addition to the usual space-time coordinatesxµ, superspace

involves the addition of anti-commuting spinor-valued grassmann coordinates%! and %  ú!

via a superspace translationyµ = xµ + i%!µ%  . In terms of superspace coordinates the

Supercharges may be expressed as di! erential operators in the usual way:

Q! = i
#

#%!
# (! á#)! ú! %  ú! Q 

ú! = # i
#

#%  ú!
+ %! (! á#)! ú! (4.4)

Which in the SCET expansion become

Q2 =
✓

i
#

#%2
# %  ú2øn á# #

!
2%  ú1#

◆

, Q1 =
✓

i
#

#%1
# %  ú1n á# #

!
2%  ú2#"

◆

, (4.5)

Q 
ú2

=
✓

# i
#

#%  ú2
+ %2øn á# +

!
2%1#"

◆

, Q 
ú1

=
✓

# i
#

#%  ú1
+ %1n á# +

!
2%2#"

◆

, (4.6)

Now recall that in the EFT the scaling of the Supercharges Eq. (4.3) is Q2 " O(1) and Q1 "

O($), while the momentum operator components scale as (øn á#, # and #" , n á#) " (1, $, $2).
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N  = 1 SUSY Algebra:                                  where

!USY and 1e SCET Expansio/
Charges,  Algebra,  and Superspace in the SCET limit

Supercharges

Q1 = Q2 Q  ú1 = Q 
ú2

Q2 = ! Q1 Q  ú2 = ! Q 
ú1

1 1 ! !

Superspace Coordinates

" 1 = "2 "   ú1 = "  
ú2

" 2 = ! "1 "   ú2 = ! "  
ú1

! ! 1 ! ! 1 1 1

Super-transformation Parameters

#1 = #2 #  ú1 = # 
ú2

#2 = ! #1 #  ú2 = ! # 
ú1

1 1 ! !

Table 3 : The non-trivial scaling of the superchargesQ, the superspace coordinates" , and
the super-transformation parameters#.

4.1 Power Counting the Supersymmetry Algebra

N = 1 SUSY is deÞned by the graded algebra
!

Q! , Q 
ú!

"
= 2$µ

! ú! Pµ . (4.1)

The corresponding algebra for the e! ective theory can be derived by considering the collinear

scaling for the generator of translationsPµ " (1, ! 2, ! ):

!
Q! , Q 

ú!

"
= 2$µ

! ú! Pµ = 2i

#
n á%

#
2%"

#
2% øn á%

$

! ú!

"

#
O(! 2) O(! )

O(! ) O(1)

$

, (4.2)

where we have used Eq. (??). Truncating to leading power in the EFT, it is clear that

there only one supercharge survives. For the concrete choice ofnµ and ønµ we are using

here, this prescription yieldsQ2 " O(1), while the second supercharge is higher order in! ,

see Table??. This scaling can also be inferred by constructing the multiplets directly, as

discussed below in Sec.??.

Lifting the theory to superspace provides a manifestly supersymmetric formulation of

the EFT. To this end, it will be useful to understand how power counting applies to the
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Supercharges

Q1 = Q2 Q  ú1 = Q 
ú2

Q2 = ! Q1 Q  ú2 = ! Q 
ú1

1 1 ! !

Superspace Coordinates

" 1 = "2 "   ú1 = "  
ú2

" 2 = ! "1 "   ú2 = ! "  
ú1

! ! 1 ! ! 1 1 1

Super-transformation Parameters

#1 = #2 #  ú1 = # 
ú2

#2 = ! #1 #  ú2 = ! # 
ú1

1 1 ! !

Table 3 : The non-trivial scaling of the superchargesQ, the superspace coordinates" , and
the super-transformation parameters#.

4.1 Power Counting the Supersymmetry Algebra

N = 1 SUSY is deÞned by the graded algebra
!

Q! , Q 
ú!

"
= 2$µ

! ú! Pµ . (4.1)

The corresponding algebra for the e! ective theory can be derived by considering the collinear

scaling for the generator of translationsPµ " (1, ! 2, ! ):

!
Q! , Q 

ú!

"
= 2$µ

! ú! Pµ = 2i

#
n á%

#
2%"

#
2% øn á%

$

! ú!

"

#
O(! 2) O(! )

O(! ) O(1)

$

, (4.2)

where we have used Eq. (??). Truncating to leading power in the EFT, it is clear that

there only one supercharge survives. For the concrete choice ofnµ and ønµ we are using

here, this prescription yieldsQ2 " O(1), while the second supercharge is higher order in! ,

see Table??. This scaling can also be inferred by constructing the multiplets directly, as

discussed below in Sec.??.

Lifting the theory to superspace provides a manifestly supersymmetric formulation of

the EFT. To this end, it will be useful to understand how power counting applies to the
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we only need to consider the commutation relation of supersymmetry with the Lorentz

transformations.

Using Eq. (2.33), it is then easy to write down the algebra of RPI with supersymmetry:

[R!
1, Q" ] = ! i

!
! !

!
øn áø!

2

" #

"
Q# , (4.31)

[R!
2, Q" ] = ! i

!
! !

!
n áø!

2

" #

"
Q# , (4.32)

[R3, Q" ] = i
! n á!

2
øn áø!

2
! 1

" #

"
Q# . (4.33)

If we choosenµ = (1 , 0, 0, 1) and ønµ = (1 , 0, 0, ! 1) (which is equivalent to the frame choice

used for Eqs. (4.29) and (4.30)), then the anti-commutator of the supersymmetry generators

to leading power is
#

Q" , Q 
ú"

$
= ( n á! )" ú" øn áP , (4.34)

which is identical to the expressions in Eqs. (4.29) and (4.30). The algebra of RPI with

supersymmetry becomes

[R!
1, Q1] = ! iøa! Q2 , [R!

1, Q2] = 0 , (4.35)

[R!
2, Q1] = 0 , [R!

2, Q2] = ! ia! Q1 , (4.36)

[R3, Q1] = ! iQ1 , [R3, Q2] = 0 . (4.37)

Here, a! = (0 , 1, i, 0) and øa! = (0 , 1, ! i, 0). RPI-1 and RPI-3 transformations correspond

to the residual Lorentz transformations that maintain the vectorPµ = ( E, 0, 0, E), while

RPI-2 is di! erent. That is, RPI-1 and RPI-3 are e! ectively symmetries of super-Poincar«e

as deÞned in the framePµ = ( E, 0, 0, E).

4.1.4 Superspace

We would like to utilize the power of superspace to write the e! ective theory in a mani-

festly supersymmetric form. In addition to the usual space-time coordinatesxµ, superspace

involves the addition of anti-commuting spinor-valued grassmann coordinates" " and "   ú"

via a superspace translationyµ = xµ + i "! µ"   . In terms of superspace coordinates the

Supercharges may be expressed as di! erential operators in the usual way:

Q" = i
#

#""
! (! á#)" ú" "   ú" Q 

ú" = ! i
#

#"  ú"
+ " " (! á#)" ú" (4.38)
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Charges differential operators in superspace:

SCET expansion:

Superspace coordinates scale:

di! erential form of the supercharges. Recall that in addition to the usual space-time coor-

dinates xµ, superspace is built from anti-commuting spinor-valued grassmann coordinates

! ! and !   ú! via a superspace translationyµ = xµ + i !" µ !   . Then the supercharges may be

expressed as di! erential operators in the usual way:

Q! = i
#

#! !
! (" á#)! ú! !   ú! , Q 

ú! = ! i
#

#!   ú!
+ ! ! (" á#)! ú! , (4.3)

which in light-cone coordinates become

Q2 =
!

i
#

#! 2
! !   ú2øn á# !

"
2!   ú1#

"
, Q1 =

!
i

#
#! 1

! !   ú1n á# !
"

2!   ú2#!

"
, (4.4)

Q 
ú2

=
!

! i
#

#!   ú2
+ ! 2øn á# +

"
2! 1#!

"
, Q 

ú1
=

!
! i

#

#!   ú1
+ ! 1n á# +

"
2! 2#!

"
. (4.5)

To maintain the consistency of the scalings for the supercharges and momentum operators,

the superspace coordinates must have non-trivial$ scaling as well, see Table??.

In SCET, the scaling of space-time coordinates (n áx, øn áx, x " ) # (1, 1/ $2, 1/ $) is Þxed

by requiring that the exponential of the Fourier transformpµxµ # O(1). For a general

superÞeldF we can write down the analogous Super-Fourier transform []

F (x, ! , !   ) =
1

(2%)2

#
d4pd2! d2!   ÷F (p,&, &  )ei(pµxµ+ " ! #! + "   ú! # 

ú! ) , (4.6)

where the spinor& are the SUSY transformation parameters

' SF (xµ, ! , !   ) = ! iy µPµF ! i&QF ! i&  Q  F . (4.7)

In analogy with the bosonic space-time coordinates, the non-trivial scaling of the superspace

coordinates Þxes the scaling of the supersymmetry transformation parameters, see Table??.

Additionally, the notion of a well-deÞned Super-Fourier transform will allow us to write

inverse derivative operators in superspace in terms of their eigenvalues analogous with the

interpretation of of 1/ øn á#.

Next that the superspace derivatives are

D! =
#

#! !
+ i (" á#)! ú! !   ú! , øD ú! = !

#
#!   ú!

! i ! ! (" á#)! ú! , (4.8)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
#

#! 2
+ i !   ú2(øn á#) + i

"
2#!   ú1 # O($0) , (4.9)
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di! erential form of the supercharges. Recall that in addition to the usual space-time coor-

dinates xµ, superspace is built from anti-commuting spinor-valued grassmann coordinates

! ! and !   ú! via a superspace translationyµ = xµ + i !" µ !   . Then the supercharges may be

expressed as di! erential operators in the usual way:

Q! = i
#

#! !
! (" á#)! ú! !   ú! , Q 

ú! = ! i
#

#!   ú!
+ ! ! (" á#)! ú! , (4.3)

which in light-cone coordinates become

Q2 =
!

i
#

#! 2
! !   ú2øn á# !

"
2!   ú1#

"
, Q1 =

!
i

#
#! 1

! !   ú1n á# !
"

2!   ú2#!

"
, (4.4)

Q 
ú2

=
!

! i
#

#!   ú2
+ ! 2øn á# +

"
2! 1#!

"
, Q 

ú1
=

!
! i

#

#!   ú1
+ ! 1n á# +

"
2! 2#!

"
. (4.5)

To maintain the consistency of the scalings for the supercharges and momentum operators,

the superspace coordinates must have non-trivial$ scaling as well, see Table??.

In SCET, the scaling of space-time coordinates (n áx, øn áx, x " ) # (1, 1/ $2, 1/ $) is Þxed

by requiring that the exponential of the Fourier transformpµxµ # O(1). For a general

superÞeldF we can write down the analogous Super-Fourier transform []

F (x, ! , !   ) =
1

(2%)2

#
d4pd2! d2!   ÷F (p,&, &  )ei(pµ xµ + " ! #! + "   ú! # 

ú! ) , (4.6)

where the spinor& are the SUSY transformation parameters

' SF (xµ, ! , !   ) = ! iy µPµF ! i&QF ! i&  Q  F . (4.7)

In analogy with the bosonic space-time coordinates, the non-trivial scaling of the superspace

coordinates Þxes the scaling of the supersymmetry transformation parameters, see Table??.

Additionally, the notion of a well-deÞned Super-Fourier transform will allow us to write

inverse derivative operators in superspace in terms of their eigenvalues analogous with the

interpretation of of 1/ øn á#.

Next that the superspace derivatives are

D! =
#

#! !
+ i (" á#)! ú! !   ú! , øD ú! = !

#
#!   ú!

! i ! ! (" á#)! ú! , (4.8)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
#

#! 2
+ i !   ú2(øn á#) + i

"
2#!   ú1 # O($0) , (4.9)
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øD ú2 = !
!

!"   ú2
! i " 2(øn á! ) ! i

"
2" 1! ! # O(#0) , (4.10)

which obey

!
D! , øD ú!

"
= ! 2i ($ á! )! ú! = ! 2i

#
n á!

"
2! !

"
2! øn á!

$

! ú!

#

#
O(#2) O(#)

O(#) O(1)

$

. (4.11)

This provides the full dictionary required for working with SCET in superspace.

4.2 Super-RPI; the Super-Poincar«e Group on the Light Cone

The Super-Poincar«e group of the full theory is deÞned by extending the bosonic algebra

Eqs. (2.26)-(2.28) with
%
Q! , Pµ

&
= 0 =

%
Q 

ú! , Pµ
&

; (4.12)
%
Mµ" , Q!

&
= i ($µ" )#

! Q# and
%
Mµ" , Q 

ú!

&
= i (ø$µ" )

ú#
ú! Q 

ú#
; (4.13)

{ Q! , Q 
ú! } = 2$µ

! ú! Pµ . (4.14)

For a massless mode, we can choosePµ = ( E, 0, 0, E), i.e., a collinear Þeld with# $ 0; the

supersymmetry algebra reduces to that of the leading power EFT:
!

Q1, Q 
ú1

"
= 0 , (4.15)

!
Q2, Q 

ú2

"
= 4E . (4.16)

In this frame, there are still unbroken Lorentz generators corresponding to boosts along

the direction of motion and rotations in the transverse directions. By contrast, the rest of

the Super-Poincar«e generators are broken down to the Super-RPI transformations. Using

Eq. (??) and the SUSY algebra,

[R"
1, Q! ] = ! i

%
$"

"
øn áø$

2

&#

!
Q# , (4.17)

[R"
2, Q! ] = ! i

%
$"

"
n áø$

2

&#

!
Q# , (4.18)

[R3, Q! ] = i
%n á$

2
øn áø$

2
! 1

&#

!
Q# . (4.19)

Expanding these explicitly fornµ = (1 , 0, 0, 1) and ønµ = (1 , 0, 0, ! 1), which is equivalent to

the frame choice used for Eqs. (4.15) and (4.16), the leading power anti-commutator of the
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Þelds6:

i n á Dn,s = i n á! + g n áAn + g n áAs ! O(" 2)

i øn á Dn = i øn á! + g øn áAn ! O(" 0) (2.19)

iDµ
! ,n = i ! µ

! + g Aµ
n! ! O(" ),

where we can treat the soft Þelds as background Þelds since they are slowly varying with

respect to the collinear Þelds.

Field un uøn us #n #s n áAn øn áAn An! As

Scaling " " 2 " 3 " " 2 " 2 " 0 " " 2

Table 1 : The scalings of the Þeld are chosen in such a way as to ensure the propagators areO(1) [? ].
Alternatively the action S =

!
d4xn (L ! + L u + L g)n +

!
d4xs (L ! + L u + L g)s, must scale asO(1) which

Þxes the scalings of the soft and collinear Þelds (all! dependence is moved to the interactions). For instance,
for soft Þeldsxs ! 1/ ! 2 sinceps áxs ! 1 and every component ofps scales like! O(! 2). So the soft volume
element d4xs scales asO(! ! 8) and L (0)

s ! O(! 8).

The collinear Þeld strength is then given byi g F µ!
n =

"
Dµ, D!

#
. This includes the full

Þeld strength for the collinear gauge boson, and also has interactions of the typeAn " An " As,

which do not transfer enough momentum as to spoil the virtuality of the collinear gauge

boson thereby taking it out of the regime of validity for SCET. To leading power, each

sector has its own independent gauge invariance. For a review of the details, including a

discussion of gauge Þxing and the gauge boson propagator and Feynman rules, see Sec. 4.3

of [? ]. Explicitly the gauge Þeld strength in the collinear sector is expanded as

igF aµ! ta =
"
Dµ, D!

#
=

$ nµ

2

"
øn á! , D! !

#
"

n!

2

"
øn á! , D! µ

#%
(2.20)

+
&

1
4

(nµ øn! " n! ønµ)
"
øn á! , n á D

#
+

"
D! µ, D! !

#
'

+
$ ønµ

2

"
n á D, D! !

#
"

øn!

2

"
n á D, D! µ

#%

! O(" ) + O(" 2) + O(" 3),

where the terms on the Þrst, second and third line scale asO(" ), O(" 2) and O(" 3) respec-

tively. Note that upon contraction of Lorentz indices, theO(" ) terms vanish sincen2 = 0.

So, to leading order the Lagrangian density scales asO(" 4) as expected.
6Here D means the usual covariant derivative. This should not be confused with the common notational

practice in the SCET literature of using D to describe a covariant derivative after it has absorbed a collinear
Wilson line.
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di! erential form of the supercharges. Recall that in addition to the usual space-time coor-

dinates xµ, superspace is built from anti-commuting spinor-valued grassmann coordinates

! ! and !   ú! via a superspace translationyµ = xµ + i !" µ !   . Then the supercharges may be

expressed as di! erential operators in the usual way:

Q! = i
#

#! !
! (" á#)! ú! !   ú! , Q 

ú! = ! i
#

#!   ú!
+ ! ! (" á#)! ú! , (4.3)

which in light-cone coordinates become

Q2 =
!

i
#

#! 2
! !   ú2øn á# !

"
2!   ú1#

"
, Q1 =

!
i

#
#! 1

! !   ú1n á# !
"

2!   ú2#!

"
, (4.4)

Q 
ú2

=
!

! i
#

#!   ú2
+ ! 2øn á# +

"
2! 1#!

"
, Q 

ú1
=

!
! i

#

#!   ú1
+ ! 1n á# +

"
2! 2#!

"
. (4.5)

To maintain the consistency of the scalings for the supercharges and momentum operators,

the superspace coordinates must have non-trivial$ scaling as well, see Table??.

In SCET, the scaling of space-time coordinates (n áx, øn áx, x " ) # (1, 1/ $2, 1/ $) is Þxed

by requiring that the exponential of the Fourier transformpµxµ # O(1). For a general

superÞeldF we can write down the analogous Super-Fourier transform []

F (x, ! , !   ) =
1

(2%)2

#
d4pd2! d2!   ÷F (p,&, &  )ei(pµ xµ + " ! #! + "   ú! # 

ú! ) , (4.6)

where the spinor& are the SUSY transformation parameters

' SF (xµ, ! , !   ) = ! iy µPµF ! i&QF ! i&  Q  F . (4.7)

In analogy with the bosonic space-time coordinates, the non-trivial scaling of the superspace

coordinates Þxes the scaling of the supersymmetry transformation parameters, see Table??.

Additionally, the notion of a well-deÞned Super-Fourier transform will allow us to write

inverse derivative operators in superspace in terms of their eigenvalues analogous with the

interpretation of of 1/ øn á#.

Next that the superspace derivatives are

D! =
#

#! !
+ i (" á#)! ú! !   ú! , øD ú! = !

#
#!   ú!

! i ! ! (" á#)! ú! , (4.8)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
#

#! 2
+ i !   ú2(øn á#) + i

"
2#!   ú1 # O($0) , (4.9)
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di! erential form of the supercharges. Recall that in addition to the usual space-time coor-

dinates xµ, superspace is built from anti-commuting spinor-valued grassmann coordinates

! ! and !   ú! via a superspace translationyµ = xµ + i !" µ !   . Then the supercharges may be

expressed as di! erential operators in the usual way:

Q! = i
#

#! !
! (" á#)! ú! !   ú! , Q 

ú! = ! i
#

#!   ú!
+ ! ! (" á#)! ú! , (4.3)

which in light-cone coordinates become

Q2 =
!

i
#

#! 2
! !   ú2øn á# !

"
2!   ú1#

"
, Q1 =

!
i

#
#! 1

! !   ú1n á# !
"

2!   ú2#!

"
, (4.4)

Q 
ú2

=
!

! i
#

#!   ú2
+ ! 2øn á# +

"
2! 1#!

"
, Q 

ú1
=

!
! i

#

#!   ú1
+ ! 1n á# +

"
2! 2#!

"
. (4.5)

To maintain the consistency of the scalings for the supercharges and momentum operators,

the superspace coordinates must have non-trivial$ scaling as well, see Table??.

In SCET, the scaling of space-time coordinates (n áx, øn áx, x " ) # (1, 1/ $2, 1/ $) is Þxed

by requiring that the exponential of the Fourier transformpµxµ # O(1). For a general

superÞeldF we can write down the analogous Super-Fourier transform []

F (x, ! , !   ) =
1

(2%)2

#
d4pd2! d2!   ÷F (p,&, &  )ei(pµ xµ + " ! #! + "   ú! # 

ú! ) , (4.6)

where the spinor& are the SUSY transformation parameters

' SF (xµ, ! , !   ) = ! iy µPµF ! i&QF ! i&  Q  F . (4.7)

In analogy with the bosonic space-time coordinates, the non-trivial scaling of the superspace

coordinates Þxes the scaling of the supersymmetry transformation parameters, see Table??.

Additionally, the notion of a well-deÞned Super-Fourier transform will allow us to write

inverse derivative operators in superspace in terms of their eigenvalues analogous with the

interpretation of of 1/ øn á#.

Next that the superspace derivatives are

D! =
#

#! !
+ i (" á#)! ú! !   ú! , øD ú! = !

#
#!   ú!

! i ! ! (" á#)! ú! , (4.8)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
#

#! 2
+ i !   ú2(øn á#) + i

"
2#!   ú1 # O($0) , (4.9)
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We will integrate out short distance modes in the superspace formalism to show 
that SCET lives on a slice of superspace; ÒCollinear superspaceÓ

[arXiv: 1603.09346]

Expect not present in 
the EFT

recall



¥ Infrared singularity structure known from QCD

¥ RPI invariant EFT Lagrangian known from QCD:

¥ Does a supersymmetric EFT exist to describe gauge-gaugino interactions of a vector multiplet? 

¥ Is a superspace formalism possible?

2auge ,eor$
The Vector Multiplet

of [10]. Explicitly the gauge Þeld strength in the collinear sector is expanded as

igF aµ! ta =
!
Dµ, D!

"
=

# nµ

2

!
øn á@, D! !

"
!

n!

2

!
øn á@, D! µ

"$
(2.14)

+
%

1
4

(nµ øn! ! n! ønµ)
!
øn á@, n á D

"
+

!
D! µ, D! !

"
&

+
# ønµ

2

!
n á D, D! !

"
!

øn!

2

!
n á D, D! µ

"$

" O(�) + O(�2) + O(�3),

where the terms on the Þrst, second and third line scale asO(�), O(�2) and O(�3) respec-

tively. Note that upon contraction, the O(�) terms vanish sincen2 = 0. So, to leading order

the Lagrangian density scales asO(�4) as expected.

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.9) with covariant

derivatives (now being careful not to move derivatives past gauge bosons). This gives the

two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø� á D! ,n

1
i øn á Dn

i � á D! ,n

&
øn áø�

2
un !

1
4

(F µ!
n )2 # L u + L g (2.15)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos.

Note that we can absorb the softn áAs Þelds by imagining we are working with the BPS

redeÞned Þelds []. Therefore, we will typically ignore the soft/ultrasoft gauge boson Þelds

in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.15).]

Finally for scalars we can write (for a review of scalar SCET see [9])

� = �n + �øn + �s (2.16)

The free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

@

µ
�@µ� in powers of�, yielding (for simplicity we omit possible gauge interactions):

L n = �

"
n ! �n = �

"
n

'
øn á@n á@ ! @

2
!

(
�n (2.17)

[GE: Move this discussion to earlier in the section - before we discuss scaling

of gauge Þeld strength]
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+
%

1
4

(nµ øn! ! n! ønµ)
!
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"
+

!
D! µ, D! !

"
&

+
# ønµ

2

!
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"
!
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2

!
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"$

" O(�) + O(�2) + O(�3),

where the terms on the Þrst, second and third line scale asO(�), O(�2) and O(�3) respec-

tively. Note that upon contraction, the O(�) terms vanish sincen2 = 0. So, to leading order

the Lagrangian density scales asO(�4) as expected.

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.9) with covariant

derivatives (now being careful not to move derivatives past gauge bosons). This gives the

two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø� á D! ,n

1
i øn á Dn

i � á D! ,n

&
øn áø�

2
un !

1
4

(F µ!
n )2 # L u + L g (2.15)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos.

Note that we can absorb the softn áAs Þelds by imagining we are working with the BPS

redeÞned Þelds []. Therefore, we will typically ignore the soft/ultrasoft gauge boson Þelds

in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.15).]

Finally for scalars we can write (for a review of scalar SCET see [9])

� = �n + �øn + �s (2.16)

The free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

@

µ
�@µ� in powers of�, yielding (for simplicity we omit possible gauge interactions):

L n = �

"
n ! �n = �

"
n

'
øn á@n á@ ! @

2
!

(
�n (2.17)

[GE: Move this discussion to earlier in the section - before we discuss scaling

of gauge Þeld strength]
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The SCET Lagrangian with two fermionic d.o.f.

RPI-1 RPI-2 RPI-3

n ! n + ! ! n e! n

n̄ ! n̄ n̄ + ✏! e" ! n̄

un !
!
1 + 1

4� á! ! n̄ á�̄
"

un

#
1 + "! á#

2
1

i øná$ i@! á�̄
$

un un

n áA ! n áA + ! ! áA n áA e! n áA

n̄ áA ! n̄ áA n̄ áA + ✏! áA e" ! n̄ áA

A! µ ! A! µ " 1
2! ! µ n̄ áA " ønµ

2 ! ! áA! Aµ! " "µ !
2 n áA " nµ

2 ✏! áA Aµ!

�n ! �n �n �n

Table 2 : The RPI transformations for fermions, scalars, gauge Þelds, and derivative op-
erators. Here! ! # O(! ) parametrizes invariance ofn áøn = 2 under small deviations
away from the collinearnµ direction, while "! # O(1) parametrizes invariance ofn áøn = 2
under small deviations away from the anti-collinear øn

µ direction. Unlike RPII the devi-
ation away from the anti-collinear direction may be large,O(1). The components of the
derivative (øn á#, #µ! , n á#), and therefore the components of the gauge covariant derivative
Dµ = #µ " igAµ, have the same transformations as the gauge Þeld.

3 Light-Cone Gauge Formulation of SCET

CHECK THIS SECTION FOR TYPOS. Then comment out some of the

note equations

The gauge choice ønáA = 0 deÞnes Light Cone Gauge (LCG) [13Ð17], see [18] for a review.

Additionally, to construct a LCG Lagrangian one integrates out the non-propagating gauge

modenáA. As described in Sec.2 above, deriving a Lagrangian for collinear fermions requires

integrating out half the fermionic degrees of freedom. The SCET model with collinear

fermions and gauge bosons expressed in LCG contains two bosonic and two fermionic degrees

of freedom. This equivalent number of degrees of freedom hints at the possibility of a

SUSY relation between these Þelds. However note that gauge and Poincare invariance (and

therefore RPI) are not manifest in non-covariant gauges such as LCG.5 This is why we verify

RPI using an alternative description of the model (which we will prove to be equivalent to

this one). [GE: This is why we checked RPI for the theory in the previous section.

We leave it to future work to see how to do this directly (WZ gauge etc) ]

5This issue is arrises in the standard approach to SYM theories since SUSY is not manifest in the
Wess-Zumino gauge.
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To explicitly see supersymmetry it is convenient to go to Light Cone Gauge (LCG), deÞned by the choice:

And integrate out non-propagating modes:

Making use of Eq. (2.15) we Þnd the variation of the gauge and gaugino Lagrangian:

! (L u + L g)
! n áAa

= gu!
2u2ta !

1
2ig

ta
! g

4
(n! ønµ ! nµ øn! ) øn á" + g

ønµ

2
D" ! ! g

øn!

2
D" µ

"
F µ!

= gu!
2u2ta !

ig
4g

ta{ øn á"
#
øn á" , n áA

$
+ 2D" µ

#
øn á" , Aµ

"

$

!
#
øn á" , n áA

$
øn á" ! 2

#
øn á" , Aµ

"

$
D" µ}

= gu!
2u2ta !

i
4

ta
%
(øn á" )2n áA + 2D" µ(øn á" Aµ

" )
&

= 0 (3.6)

Where, for instance, we have used
#
øn á" , n áAata

$
ub = øn á" (n áAataub) ! n áAata(øn á" ub) =

øn á" (n áAata)ub, and contracted gauge indices are implied. Next we convert to LC Þelds

and derivatives. Note that

! D" µ(øn á" Aµ
" ) = D1øn á" A1 + D2øn á" A2 = " ! (øn á" A) + " (øn á" A ! ) (3.7)

Finally solving the above forn áAa we Þndcheck gauge structure :

n áAb = !
4ig

(øn á" )2
u! a

2 uc
2(tb)ac !

2
(øn á" )2

{ " ! (øn á" A b) + " (øn á" A ! b)} (3.8)

! L
! n áA

= 0 # n áA = !
4ig

(øn á" )2
u!

2u2 !
2

(øn á" )2
D" µ øn á" Aµ

" (3.9)

3.2 The LCG Lagrangian

[GE: This section needs to be double checked for typos. Especially the gauge

index structure. Then cut out steps.]

Integrating out n áAn and converting to LC scalars, the gaugino part of the Lagrangian

in Eq. (2.16), becomes (we have also applied the projections øn áø#un/ 2 = un,2):

L u = u! a
2

'
! acin á" ! 2i " ab

1
i øn á"

i " !
bc

(
uc

2 ! u! a
2

'
2g

(øn á" )2
(" ! øn á" A + " øn á" A ! )ac

(
uc

2 + h.c

(3.10)

Where the four fermion termu!
2u2u!

2u2 $ 0 vanishes by asymmetry of spinors. Since we

are ultimately interested in analyzing pure SUSY Yang-Mills, we will assume Þelds are
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To formulate this in LCG we simply set ønáAn = 0, and integrate out the non-propagating

gauge moden áA. In the LCG formalism it is convenient to re-organize the transverse

components of the gauge ÞeldA! µ = (0 , A1, A2, 0) into a complex scalarA deÞned by the

relation:

! ! áAn! = ! ! " A ! ! A " (3.1)

Explicitly,

" áA!"
2

=
1

"
2

!
0 A1 ! iA 2

A1 + iA 2 0

"

! ú!

#

!
0 A "

A 0

"

! ú!

,
ø" áA!"

2
#

!
0 ! A "

! A 0

" ú!!

(3.2)

Likewise for the transverse derivative and gauge covariant derivative6:

" á! !"
2

#

!
0 ! "

! 0

"

! ú!

,
" á D!"

2
#

!
0 $ "

$ 0

"

! ú!

(3.3)

Hence, a! without a Lorentz index should be interpreted as this particular linear combina-

tion of ! ! µ . In terms of this notion it will be very useful to keep in mind that the" matrix

contracted with derivatives, gauge Þelds and therefore covariant derivatives can be written

in the following matrix form:

" µ! µ =

!
n á!

"
2! "

"
2! øn á!

"

! ú!

, " µAµ =

!
n áA

"
2A "

"
2A øn áA

"

! ú!

. (3.4)

3.1 Integrating out n áAn

[GE: make sure we all agree, then cut out steps]

In this section we derive the equation of motion for then áAn mode in the usual way

#L / #n áAn = 0. From the gaugino and gauge Lagrangian we get the contribution.

#L u

#n áAb
= gu" a

2 (tb)acuc
2 = igf abcu" a

2 uc
2

#L g

#n áAd
= !

1
2

#
#F a

µ#

#n áAd

$
F aµ# (3.5)

6In light cone gauge notation ! ! = 1 / øn á! and A+ = øn áA/
"

2 = 0. Meanwhile uøn and A! = n áA/
"

2
are integrated out. In the notation of Leibbrandt [] AT # A " and A øT # A .

Ð 15 Ð

Two remaining physical gauge dof make up a complex Òlight cone scalarÓ deÞned by:

igF aµ! ta =
!
Dµ, D!

"
(2.16)

=
# nµ

2

!
øn á! , D! !

"
!

n!

2

!
øn á! , D! µ

"$

+
%

1
4

(nµ øn! ! n! ønµ)
!
øn á! , n á D

"
+

!
D! µ, D! !

"
&

+
# ønµ

2

!
n á D, D! !

"
!

øn!

2

!
n á D, D! µ

"$

" O(" ) + O(" 2) + O(" 3),

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.11) with covari-

ant derivatives (now being careful not to move derivatives past gauge bosons). This gives

the two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø# á D! ,n

1
i øn á Dn

i # á D! ,n

&
øn áø#

2
un !

1
4

(F µ!
n )2 # L u + L g (2.17)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos. Note that we can absorb the

soft n áAs Þelds by imagining we are working with the BPS redeÞned Þelds []. Therefore,

we will typically ignore the soft/ultrasoft gauge boson Þelds in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.16).] [GE: added]

As previously discussed the light cone expansion breaks Lorentz invariance, and therefore

Eq. (2.16) does not have manifest Lorentz symmetry. However Eq. (2.16) is still invariant

under the subset of unbroken Lorentz generatorsmisleading? . Alternatively this residual

symmetry, which is referred to as reparametrization invariance (RPI), can be understood by

noting that any choice of ønµ which satisÞes the conditionsn áøn = 2 and øn2 = 0 must yield

the same EFT namely Eq. (2.16). In the Sec2.1 we will present the RPI transformations

for 2-component fermions. In AppA we present an example of how to check that a theory

with two component spinors is RPI invariant.

Finally for scalars we can write (for a review of scalar SCET see [9])

$ = $n + $øn + $s (2.18)

[GE: need to look at [ 9] again to understand what is meant by $ = $n + $øn + $s] The

free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian
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¥ After the SCET expansion and Þxing LCG, we are left with two on-shell fermionic and two 
on-shell bosonic degrees of freedom. 

¥ In this gauge SUSY is manifest. 

¥ The remaining on-shell degrees of freedom organize into a chiral supermultiplet.

2auge ,eor$
Light Cone Gauge



kinetic Lagrangain becomes:

� 4L kin = 2(øn á! Aa
! µ)(n á! Aaµ

! ) � 4Aa
! ! ! 2

! Aa!
! � 2(! ! áA! )2 (3.13)

+ 8gf abcAa
! µ

! µ
!

øn á!

�

u" b
2 uc

2

� � 2gf abcAa
! µ

! µ
!

øn á!

�

Ab
! µ øn á! Acµ

!

�

= �(øn á! A )(n á! A " ) + 8 A " !! " A � 2
�

(! A " )2 + ( ! " A )(! A " )
�

� 8gf abcA " a !
øn á!

�

u" b
2 uc

2

� � 2gf abcA " a !
øn á!

�

A bøn á! A " c + A " bøn á! A c
�

+ h.c.

Similarly for the interaction terms we Þnd:

� 4L O(g) = 2gf abcAb
nµ Ac

n! (! µA! a
n � ! ! Aµa

n ) (3.14)

= 8g2f abcf bde 1
(øn á! )2

u" d
2 ue

2 (A cøn á! A " a + A " cøn á! A a)

+ 2gf abc 2
(øn á! )2

�

{ ! " (øn á! A b) + ! (øn á! A " b)} (A cøn á! A " a + A " cøn á! A a)
�

� 2g2f abcf ebd 2
(øn á! )2

�

{A e" (øn á! Ad) + A e(øn á! A " d)} (A cøn á! A " a + A " cøn á! A a)
�

+ 4gf abc
�

A bA " c! " A a + A " bA c! A a
�

� 4L O(g2) = g2f abcf adeAb
nµ Ac

n! Aµd
n A! e

n = g2f abcf adeAb
! µAc

! ! Aµd
! A! e

! (3.15)

= g2f abcf ade(A bA cA " dA " e + A bA " cA " dA a + A " bA " cA dA e + A " bA cA dA e)

3.3 summary of mess

L = iu   ø" á! u � 1
4

(F µ! )2 (3.16)
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Figure 1 : Sketch of proof[TC: Fill In] .

We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
n̄ " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s

" ! (" , " , " ) or ultra-soft modespµ
us

" ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of
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kinetic Lagrangain becomes:
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u" d
2 ue
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(øn á! )2
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�

+ 4gf abc
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of [10]. Explicitly the gauge Þeld strength in the collinear sector is expanded as
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"
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+
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1
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!
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"
+

!
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"
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+
# ønµ

2

!
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"
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!
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where the terms on the Þrst, second and third line scale asO(�), O(�2) and O(�3) respec-

tively. Note that upon contraction, the O(�) terms vanish sincen2 = 0. So, to leading order

the Lagrangian density scales asO(�4) as expected.

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.9) with covariant

derivatives (now being careful not to move derivatives past gauge bosons). This gives the

two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø� á D! ,n

1
i øn á Dn

i � á D! ,n

&
øn áø�

2
un !

1
4

(F µ!
n )2 # L u + L g (2.15)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos.

Note that we can absorb the softn áAs Þelds by imagining we are working with the BPS

redeÞned Þelds []. Therefore, we will typically ignore the soft/ultrasoft gauge boson Þelds

in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.15).]

Finally for scalars we can write (for a review of scalar SCET see [9])

� = �n + �øn + �s (2.16)

The free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

@

µ
�@µ� in powers of�, yielding (for simplicity we omit possible gauge interactions):

L n = �

"
n ! �n = �

"
n

'
øn á@n á@ ! @

2
!

(
�n (2.17)

[GE: Move this discussion to earlier in the section - before we discuss scaling

of gauge Þeld strength]
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We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
n̄ " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s

" ! (" , " , " ) or ultra-soft modespµ
us

" ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of
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where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
n̄ " ! (1, " 2, " ). Depending on the process of interest there are also soft modes
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s

" ! (" , " , " ) or ultra-soft modespµ
us

" ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.
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kinetic Lagrangain becomes:

� 4L kin = 2(øn á! Aa
! µ)(n á! Aaµ

! ) � 4Aa
! ! ! 2

! Aa!
! � 2(! ! áA! )2 (3.13)

+ 8gf abcAa
! µ

! µ
!

øn á!

�

u" b
2 uc

2

� � 2gf abcAa
! µ

! µ
!

øn á!

�

Ab
! µ øn á! Acµ

!

�

= �(øn á! A )(n á! A " ) + 8 A " !! " A � 2
�

(! A " )2 + ( ! " A )(! A " )
�

� 8gf abcA " a !
øn á!

�

u" b
2 uc

2

� � 2gf abcA " a !
øn á!

�

A bøn á! A " c + A " bøn á! A c
�

+ h.c.

Similarly for the interaction terms we Þnd:

� 4L O(g) = 2gf abcAb
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n! (! µA! a
n � ! ! Aµa

n ) (3.14)
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n = g2f abcf adeAb
! µAc

! ! Aµd
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! (3.15)

= g2f abcf ade(A bA cA " dA " e + A bA " cA " dA a + A " bA " cA dA e + A " bA cA dA e)

3.3 summary of mess
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of [10]. Explicitly the gauge Þeld strength in the collinear sector is expanded as

igF aµ! ta =
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Dµ, D!
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"
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!
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"
!
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!
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" O(�) + O(�2) + O(�3),

where the terms on the Þrst, second and third line scale asO(�), O(�2) and O(�3) respec-

tively. Note that upon contraction, the O(�) terms vanish sincen2 = 0. So, to leading order

the Lagrangian density scales asO(�4) as expected.

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.9) with covariant

derivatives (now being careful not to move derivatives past gauge bosons). This gives the

two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø� á D! ,n

1
i øn á Dn

i � á D! ,n

&
øn áø�

2
un !

1
4

(F µ!
n )2 # L u + L g (2.15)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos.

Note that we can absorb the softn áAs Þelds by imagining we are working with the BPS

redeÞned Þelds []. Therefore, we will typically ignore the soft/ultrasoft gauge boson Þelds

in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.15).]

Finally for scalars we can write (for a review of scalar SCET see [9])

� = �n + �øn + �s (2.16)

The free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

@

µ
�@µ� in powers of�, yielding (for simplicity we omit possible gauge interactions):

L n = �

"
n ! �n = �

"
n

'
øn á@n á@ ! @

2
!

(
�n (2.17)

[GE: Move this discussion to earlier in the section - before we discuss scaling

of gauge Þeld strength]
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Making use of Eq. (2.15) we Þnd the variation of the gauge and gaugino Lagrangian:

! (L u + L g)
! n áAa

= gu

!
2u2t

a !
1

2ig
t

a
!
g

4
(n! ønµ ! nµ øn! ) øn á" + g

ønµ

2
D" ! ! g

øn!

2
D" µ

"
F

µ!

= gu

!
2u2t

a !
ig

4g
t

a{ øn á"
#
øn á" , n áA

$
+ 2D" µ

#
øn á" , Aµ

"

$

!
#
øn á" , n áA

$
øn á" ! 2

#
øn á" , Aµ

"

$
D" µ}

= gu

!
2u2t

a !
i

4
t

a
%
(øn á" )2

n áA + 2D" µ(øn á" Aµ
" )

&
= 0 (3.6)

Where, for instance, we have used
#
øn á" , n áAa

t

a
$
u

b = øn á" (n áAa
t

a
u

b) ! n áAa
t

a(øn á" ub) =

øn á" (n áAa
t

a)ub, and contracted gauge indices are implied. Next we convert to LC Þelds

and derivatives. Note that

! D" µ(øn á" Aµ
" ) = D1øn á" A1 + D2øn á" A2 = " ! (øn á" A) + " (øn á" A ! ) (3.7)

Finally solving the above forn áAa we Þndcheck gauge structure :

n áAb = !
4ig

(øn á" )2
u

! a
2 u

c
2(tb)ac !

2
(øn á" )2

{ " ! (øn á" A b) + " (øn á" A ! b)} (3.8)

n áAb
n = 0 (3.9)

n áAb
n = !

4ig
(øn á" )2

u

! a
2 u

c
2(tb)ac (3.10)

!
2

(øn á" )2
{ " ! (øn á" A b) + " (øn á" A ! b)}

3.2 The LCG Lagrangian

[GE: This section needs to be double checked for typos. Especially the gauge

index structure. Then cut out steps.]

Integrating out náAn and converting to LC scalars, the gaugino part of the Lagrangian
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and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of
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Making use of Eq. (2.15) we find the variation of the gauge and gaugino Lagrangian:
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Where, for instance, we have used
#
n̄ á" , n áAata

$
ub = n̄ á" (n áAataub) ! n áAata(n̄ á" ub) =

n̄ á" (n áAata)ub, and contracted gauge indices are implied. Next we convert to LC fields

and derivatives. Note that

! D" µ(n̄ á" Aµ
" ) = D1n̄ á" A1 + D2n̄ á" A2 = " ! (n̄ á" A ) + " (n̄ á" A ! ) (3.7)

Finally solving the above for n áAa we find check gauge structure :

n áAb = !
4ig

(n̄ á" )2
u! a

2 uc
2(t

b)ac !
2

(n̄ á" )2
{ " ! (n̄ á" A b) + " (n̄ á" A ! b)} (3.8)

n áAb
n = 0 (3.9)

n áAb
n = !

4ig
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2 uc

2(t
b)ac (3.10)
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(n̄ á" )2
{ " ! (n̄ á" A b) + " (n̄ á" A ! b)}

3.2 The LCG Lagrangian

[GE: This section needs to be double checked for typos. Especially the gauge

index structure. Then cut out steps.]

Integrating out n áAn and converting to LC scalars, the gaugino part of the Lagrangian
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collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as
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The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
n̄ " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s

" ! (" , " , " ) or ultra-soft modespµ
us

" ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
n̄ " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s

" ! (" , " , " ) or ultra-soft modespµ
us

" ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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kinetic Lagrangain becomes:

� 4L kin = 2(øn á! Aa
! µ)(n á! Aaµ

! ) � 4Aa
! ! ! 2

! Aa!
! � 2(! ! áA! )2 (3.13)

+ 8gf abcAa
! µ

! µ
!

øn á!

�

u" b
2 uc

2

� � 2gf abcAa
! µ

! µ
!

øn á!

�

Ab
! µ øn á! Acµ

!

�

= �(øn á! A )(n á! A " ) + 8 A " !! " A � 2
�

(! A " )2 + ( ! " A )(! A " )
�

� 8gf abcA " a !
øn á!

�

u" b
2 uc

2

� � 2gf abcA " a !
øn á!

�

A bøn á! A " c + A " bøn á! A c
�

+ h.c.

Similarly for the interaction terms we Þnd:

� 4L O(g) = 2gf abcAb
nµ Ac

n! (! µA! a
n � ! ! Aµa

n ) (3.14)

= 8g2f abcf bde 1
(øn á! )2

u" d
2 ue

2 (A cøn á! A " a + A " cøn á! A a)

+ 2gf abc 2
(øn á! )2

�

{ ! " (øn á! A b) + ! (øn á! A " b)} (A cøn á! A " a + A " cøn á! A a)
�

� 2g2f abcf ebd 2
(øn á! )2

�

{A e" (øn á! Ad) + A e(øn á! A " d)} (A cøn á! A " a + A " cøn á! A a)
�

+ 4gf abc
�

A bA " c! " A a + A " bA c! A a
�

� 4L O(g2) = g2f abcf adeAb
nµ Ac

n! Aµd
n A! e

n = g2f abcf adeAb
! µAc

! ! Aµd
! A! e

! (3.15)

= g2f abcf ade(A bA cA " dA " e + A bA " cA " dA a + A " bA " cA dA e + A " bA cA dA e)

3.3 summary of mess

L = iu   ø" á! u � 1
4

(F µ! )2 (3.16)
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of [10]. Explicitly the gauge Þeld strength in the collinear sector is expanded as

igF aµ! ta =
!
Dµ, D!

"
=

# nµ

2

!
øn á@, D! !

"
!

n!

2

!
øn á@, D! µ

"$
(2.14)

+
%

1
4

(nµ øn! ! n! ønµ)
!
øn á@, n á D

"
+

!
D! µ, D! !

"
&

+
# ønµ

2

!
n á D, D! !

"
!

øn!

2

!
n á D, D! µ

"$

" O(�) + O(�2) + O(�3),

where the terms on the Þrst, second and third line scale asO(�), O(�2) and O(�3) respec-

tively. Note that upon contraction, the O(�) terms vanish sincen2 = 0. So, to leading order

the Lagrangian density scales asO(�4) as expected.

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.9) with covariant

derivatives (now being careful not to move derivatives past gauge bosons). This gives the

two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø� á D! ,n

1
i øn á Dn

i � á D! ,n

&
øn áø�

2
un !

1
4

(F µ!
n )2 # L u + L g (2.15)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos.

Note that we can absorb the softn áAs Þelds by imagining we are working with the BPS

redeÞned Þelds []. Therefore, we will typically ignore the soft/ultrasoft gauge boson Þelds

in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.15).]

Finally for scalars we can write (for a review of scalar SCET see [9])

� = �n + �øn + �s (2.16)

The free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

@

µ
�@µ� in powers of�, yielding (for simplicity we omit possible gauge interactions):

L n = �

"
n ! �n = �

"
n

'
øn á@n á@ ! @

2
!

(
�n (2.17)

[GE: Move this discussion to earlier in the section - before we discuss scaling

of gauge Þeld strength]
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Making use of Eq. (2.15) we Þnd the variation of the gauge and gaugino Lagrangian:

! (L u + L g)
! n áAa

= gu

!
2u2t

a !
1

2ig
t

a
!
g

4
(n! ønµ ! nµ øn! ) øn á" + g

ønµ

2
D" ! ! g

øn!

2
D" µ

"
F

µ!

= gu

!
2u2t

a !
ig

4g
t

a{ øn á"
#
øn á" , n áA

$
+ 2D" µ

#
øn á" , Aµ

"

$

!
#
øn á" , n áA

$
øn á" ! 2

#
øn á" , Aµ

"

$
D" µ}

= gu

!
2u2t

a !
i

4
t

a
%
(øn á" )2

n áA + 2D" µ(øn á" Aµ
" )

&
= 0 (3.6)

Where, for instance, we have used
#
øn á" , n áAa

t

a
$
u

b = øn á" (n áAa
t

a
u

b) ! n áAa
t

a(øn á" ub) =

øn á" (n áAa
t

a)ub, and contracted gauge indices are implied. Next we convert to LC Þelds

and derivatives. Note that

! D" µ(øn á" Aµ
" ) = D1øn á" A1 + D2øn á" A2 = " ! (øn á" A) + " (øn á" A ! ) (3.7)

Finally solving the above forn áAa we Þndcheck gauge structure :

n áAb = !
4ig

(øn á" )2
u

! a
2 u

c
2(tb)ac !

2
(øn á" )2

{ " ! (øn á" A b) + " (øn á" A ! b)} (3.8)

n áAb
n = 0 (3.9)

n áAb
n = !

4ig
(øn á" )2

u

! a
2 u

c
2(tb)ac (3.10)

!
2

(øn á" )2
{ " ! (øn á" A b) + " (øn á" A ! b)}

3.2 The LCG Lagrangian

[GE: This section needs to be double checked for typos. Especially the gauge

index structure. Then cut out steps.]

Integrating out náAn and converting to LC scalars, the gaugino part of the Lagrangian
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and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of
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2auge ,eor$
The Vector Multiplet

Making use of Eq. (2.15) we find the variation of the gauge and gaugino Lagrangian:

! (L u + L g)

! n áAa
= gu!

2u2ta !
1

2ig
ta

! g
4
(n! n̄µ ! nµn̄! ) n̄ á" + g

n̄µ

2
D" ! ! g

n̄!

2
D" µ

"
F µ!

= gu!
2u2ta !

ig
4g

ta{ n̄ á"
#
n̄ á" , n áA

$
+ 2D" µ

#
n̄ á" , Aµ

"

$

!
#
n̄ á" , n áA

$
n̄ á" ! 2

#
n̄ á" , Aµ

"

$
D" µ}

= gu!
2u2ta !

i
4

ta
%
(n̄ á" )2n áA + 2D" µ(n̄ á" Aµ

" )
&
= 0 (3.6)

Where, for instance, we have used
#
n̄ á" , n áAata

$
ub = n̄ á" (n áAataub) ! n áAata(n̄ á" ub) =

n̄ á" (n áAata)ub, and contracted gauge indices are implied. Next we convert to LC fields

and derivatives. Note that

! D" µ(n̄ á" Aµ
" ) = D1n̄ á" A1 + D2n̄ á" A2 = " ! (n̄ á" A ) + " (n̄ á" A ! ) (3.7)

Finally solving the above for n áAa we find check gauge structure :

n áAb = !
4ig

(n̄ á" )2
u! a

2 uc
2(t

b)ac !
2

(n̄ á" )2
{ " ! (n̄ á" A b) + " (n̄ á" A ! b)} (3.8)

n áAb
n = 0 (3.9)

n áAb
n = !

4ig
(n̄ á" )2

u! a
2 uc

2(t
b)ac (3.10)

!
2

(n̄ á" )2
{ " ! (n̄ á" A b) + " (n̄ á" A ! b)}

3.2 The LCG Lagrangian

[GE: This section needs to be double checked for typos. Especially the gauge

index structure. Then cut out steps.]

Integrating out n áAn and converting to LC scalars, the gaugino part of the Lagrangian
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To formulate this in LCG we simply set ønáAn = 0, and integrate out the non-propagating

gauge moden áA. In the LCG formalism it is convenient to re-organize the transverse

components of the gauge ÞeldA! µ = (0 , A1, A2, 0) into a complex scalarA deÞned by the

relation:

! ! áAn! = ! ! " A ! ! A " (3.1)

Explicitly,

" áA!"
2

=
1

"
2

!
0 A1 ! iA 2

A1 + iA 2 0

"

! ú!

#

!
0 A "

A 0

"

! ú!

,
ø" áA!"

2
#

!
0 ! A "

! A 0

" ú!!

(3.2)

Likewise for the transverse derivative and gauge covariant derivative6:

" á! !"
2

#

!
0 ! "

! 0

"

! ú!

,
" á D!"

2
#

!
0 $ "

$ 0

"

! ú!

(3.3)

Hence, a! without a Lorentz index should be interpreted as this particular linear combina-

tion of ! ! µ . In terms of this notion it will be very useful to keep in mind that the" matrix

contracted with derivatives, gauge Þelds and therefore covariant derivatives can be written

in the following matrix form:

" µ! µ =

!
n á!

"
2! "

"
2! øn á!

"

! ú!

, " µAµ =

!
n áA

"
2A "

"
2A øn áA

"

! ú!

. (3.4)

3.1 Integrating out n áAn

[GE: make sure we all agree, then cut out steps]

In this section we derive the equation of motion for then áAn mode in the usual way

#L / #n áAn = 0. From the gaugino and gauge Lagrangian we get the contribution.

#L u

#n áAb
= gu" a

2 (tb)acuc
2 = igf abcu" a

2 uc
2

#L g

#n áAd
= !

1
2

#
#F a

µ#

#n áAd

$
F aµ# (3.5)

6In light cone gauge notation ! ! = 1 / øn á! and A+ = øn áA/
"

2 = 0. Meanwhile uøn and A! = n áA/
"

2
are integrated out. In the notation of Leibbrandt [] AT # A " and A øT # A .
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If A can really be interpreted as a complex scalar, thenL U(1) should reduce to the free

Klein-Gordon equation once we integrate outn áA and Þx the gauge øn áA = 0. We can see

this explicitly by plugging Eq. (3.14) into Eq. (3.13), which yields

L U(1) = A ! ! A . (3.15)

In the next section, we will follow the same procedure for a non-Abelian gauge boson coupled

to an adjoint fermion. Since the steps are all the same, we will provide less detail for this

derivation.

3.2 The Non-Abelian Theory in LCG

(too much white-space in this section. Should change eqnarray to align so

that equations can be split. Ðajl)

The starting point is the adjoint QCD SCET Lagrangian given above in Eq. (2.21). For

convenience, letL u contain the interactions between the gauge bosons and fermions, and

L g be the pure gauge part of the Lagrangian, which is the same as YM theory:

! 4L g = F a
µ! F µ! a =

!
! µAa

n! ! ! ! Aa
nµ

"
(! µA! a

n ! ! ! Aµa
n ) (3.16)

+ 2gf abcAb
nµ Ac

n! (! µA! a
n ! ! ! Aµa

n ) + g2f abcf adeAb
nµ Ac

n! Aµd
n A! e

n

" ! 4
#

L g0 + L g1 + L g2

$

The rest of this subsection follows the same procedure as for the Abelian model, and includes

the terms involving the fermion as well. The Þrst step is to derive the equations of motion

for n áAa
n.

Integrating out n áAa
n

Working with a non-Abelian theory will not change the argument given in the previous

section that n áAa is non-propagating with respect to LC time. Hence, we need to derive

the equation of motion forn áAn. Setting "L / "n áAa
n = 0, gives

"L u

"n áAb
= gu! a

2

!
tb

"
ac

uc
2 = igf abcu! a

2 uc
2 ; (3.17)

"L g

"n áAd
= !

1
2

%
"F a

µ!

"n áAd

&
F aµ! , (3.18)

Making use of Eq. (2.20) we Þnd:

" (L u + L g)
"n áAa

= gu!
2u2ta !

1
2ig

ta
# g

4
(n! ønµ ! nµ øn! ) øn á! + g

ønµ

2
D" ! ! g

øn!

2
D" µ

$
F µ!
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We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
n̄ " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s

" ! (" , " , " ) or ultra-soft modespµ
us

" ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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from Sec 3 Eq. (??). Additionally we provide a check that each termL kin - L 3 is individually

invariant under the SUSY transformations Eq. (4.58)

Expanding out components and integrating over superspace, we Þnd the expected kinetic

EFT Lagrangian for the single component of a Weyl fermion and a complex scalar:

iL kin = iu ! a
ú2

!
øn á!

ua
2 + A ! a! A a (4.57)

Which is invariant under the SUSY transformations:

"! ua
2 = i

!
2#  ú2øn á! A a , "! A a =

!
2#2ua

2 . (4.58)

where we have used (n á$)2ú2 = 2. Note that our EFT is no longer covariant, so upper and

lower indices simply distinguish the Þeld components that remain in the EFT. As expected

these are the SUSY transformations for the single component of a adjoint Weyl fermion

(expanded out leading order in SCET power counting parameter) and a complex scalar

namely "! %=
!

2#" &" and "! &" = i
!

2$µ
" ú" #  ú" ! µ%= i

!
2ná#

2 #  øn á!%10. The minus sign in

the variation "! A ! may appear contradictory to the literature but appears when we reduce

to single component spinors# 
ú2
u! ú2 = " #  ú2u!

ú2
. Note that since the SUSY transformation

parameter scales as#2 # O(' ) why was this again? the SUSY transformations are higher

order with respect to the Þelds themselves, that is"! ua
2 and "! A a scale as# O(' 2) while

the Þelds themselves scale as# O(' ).

Next we consider theL 2 term. Expanding out and integrating over superspace we Þnd

L 2 = 2gf abc

!
"

i
2

øn á!
"
A aA ! bP ! A c

#
+ iA a(øn á! A ! b)P ! A c " uau! bP ! A c + A au! bP ! uc

$

" 2gf abc

!
i
2

øn á!
"
A ! aA bPA ! c

#
" iA ! a(øn á! A b)PA ! c + u! aubPA ! c " A ! aubPu! c

$

(4.59)

Where for convenience we have deÞnedP! $ ! ! / øná! and P $ ! / øná! . Upon SUSY variation

the above terms vanish up to total derivatives and by symmetrization. For instance the terms

% #  in the Þrst line of the above, combine to form a total derivativei#øn á! (A au! bP ! uc),

while the terms% # all cancel. Note that we have made use of#2u2 = " u2#2.

10In the literature these correspond to what is referred to as kinematical supersymmetry, that is the
remaining super symmetries that remain linearly realized on the light cone. The remaining ÒdynamicalÓ
super symmetries, associated with the superspace coordinates that have been integrated out, along with
some of the Lorentz symmetries are no longer manifest and so realized non-linearly. In other words we
may think of Q2 as generating the kinematical supersymmetry, while the power suppressedQ1 charges as
generating the dynamical supersymmetry.
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from Sec 3 Eq. (??). Additionally we provide a check that each termL kin - L 3 is individually

invariant under the SUSY transformations Eq. (4.58)

Expanding out components and integrating over superspace, we Þnd the expected kinetic

EFT Lagrangian for the single component of a Weyl fermion and a complex scalar:

iL kin = iu ! a
ú2

2

øn á!
ua
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where we have used (n á$)2ú2 = 2. Note that our EFT is no longer covariant, so upper and

lower indices simply distinguish the Þeld components that remain in the EFT. As expected

these are the SUSY transformations for the single component of a adjoint Weyl fermion

(expanded out leading order in SCET power counting parameter) and a complex scalar
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!

2#" &" and "! &" = i
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2 #  øn á!%10. The minus sign in

the variation "! A ! may appear contradictory to the literature but appears when we reduce

to single component spinors# 
ú2
u! ú2 = " #  ú2u!

ú2
. Note that since the SUSY transformation

parameter scales as#2 # O(' ) why was this again? the SUSY transformations are higher

order with respect to the Þelds themselves, that is"! ua
2 and "! A a scale as# O(' 2) while

the Þelds themselves scale as# O(' ).

Next we consider theL 2 term. Expanding out and integrating over superspace we Þnd

L 2 = 2gf abc

!
"

i
2

øn á!
"
A aA ! bP ! A c

#
+ iA a(øn á! A ! b)P ! A c " uau! bP ! A c + A au! bP ! uc

$

" 2gf abc

!
i
2

øn á!
"
A ! aA bPA ! c

#
" iA ! a(øn á! A b)PA ! c + u! aubPA ! c " A ! aubPu! c

$

(4.59)

Where for convenience we have deÞnedP! $ ! ! / øná! and P $ ! / øná! . Upon SUSY variation

the above terms vanish up to total derivatives and by symmetrization. For instance the terms

% #  in the Þrst line of the above, combine to form a total derivativei#øn á! (A au! bP ! uc),

while the terms% # all cancel. Note that we have made use of#2u2 = " u2#2.

10In the literature these correspond to what is referred to as kinematical supersymmetry, that is the
remaining super symmetries that remain linearly realized on the light cone. The remaining ÒdynamicalÓ
super symmetries, associated with the superspace coordinates that have been integrated out, along with
some of the Lorentz symmetries are no longer manifest and so realized non-linearly. In other words we
may think of Q2 as generating the kinematical supersymmetry, while the power suppressedQ1 charges as
generating the dynamical supersymmetry.
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kinetic Lagrangain becomes:

� 4L kin = 2(øn á! Aa
! µ)(n á! Aaµ

! ) � 4Aa
! ! ! 2

! Aa!
! � 2(! ! áA! )2 (3.13)

+ 8gf abcAa
! µ

! µ
!

øn á!

�

u" b
2 uc

2

� � 2gf abcAa
! µ

! µ
!

øn á!

�

Ab
! µ øn á! Acµ

!

�

= �(øn á! A )(n á! A " ) + 8 A " !! " A � 2
�

(! A " )2 + ( ! " A )(! A " )
�

� 8gf abcA " a !
øn á!

�

u" b
2 uc

2

� � 2gf abcA " a !
øn á!

�

A bøn á! A " c + A " bøn á! A c
�

+ h.c.

Similarly for the interaction terms we Þnd:

� 4L O(g) = 2gf abcAb
nµ Ac

n! (! µA! a
n � ! ! Aµa

n ) (3.14)

= 8g2f abcf bde 1
(øn á! )2

u" d
2 ue

2 (A cøn á! A " a + A " cøn á! A a)

+ 2gf abc 2
(øn á! )2

�

{ ! " (øn á! A b) + ! (øn á! A " b)} (A cøn á! A " a + A " cøn á! A a)
�

� 2g2f abcf ebd 2
(øn á! )2

�

{A e" (øn á! Ad) + A e(øn á! A " d)} (A cøn á! A " a + A " cøn á! A a)
�

+ 4gf abc
�

A bA " c! " A a + A " bA c! A a
�

� 4L O(g2) = g2f abcf adeAb
nµ Ac

n! Aµd
n A! e

n = g2f abcf adeAb
! µAc

! ! Aµd
! A! e

! (3.15)

= g2f abcf ade(A bA cA " dA " e + A bA " cA " dA a + A " bA " cA dA e + A " bA cA dA e)

3.3 summary of mess

L = iu   ø" á! u � 1
4

(F µ! )2 (3.16)
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of [10]. Explicitly the gauge Þeld strength in the collinear sector is expanded as

igF aµ! ta =
!
Dµ, D!

"
=

# nµ

2

!
øn á@, D! !

"
!

n!

2

!
øn á@, D! µ

"$
(2.14)

+
%

1
4

(nµ øn! ! n! ønµ)
!
øn á@, n á D

"
+

!
D! µ, D! !

"
&

+
# ønµ

2

!
n á D, D! !

"
!

øn!

2

!
n á D, D! µ

"$

" O(�) + O(�2) + O(�3),

where the terms on the Þrst, second and third line scale asO(�), O(�2) and O(�3) respec-

tively. Note that upon contraction, the O(�) terms vanish sincen2 = 0. So, to leading order

the Lagrangian density scales asO(�4) as expected.

Finally, one can dress the free fermion Lagrangian given above in Eq. (2.9) with covariant

derivatives (now being careful not to move derivatives past gauge bosons). This gives the

two-component Lagrangian for QCD SCET:

L = u 
n

%
i n á Dn,s + i ø� á D! ,n

1
i øn á Dn

i � á D! ,n

&
øn áø�

2
un !

1
4

(F µ!
n )2 # L u + L g (2.15)

This expression will be used below to describe the SUSY vector multiplet, withun as adjoint

fermions, which will be identiÞed as the collinear gauginos.

Note that we can absorb the softn áAs Þelds by imagining we are working with the BPS

redeÞned Þelds []. Therefore, we will typically ignore the soft/ultrasoft gauge boson Þelds

in what follows.

[TC: Here is where we should discuss the RPI of Eq. ( 2.15).]

Finally for scalars we can write (for a review of scalar SCET see [9])

� = �n + �øn + �s (2.16)

The free scalar Lagrangian is trivial in the sense that we do not have to integrate out any high

virtuality modes, and to leading order the collinear, anti-collinear, and soft sectors do not

mix. Thus for each sector we simply expand the derivative operators in the free Lagrangian

@

µ
�@µ� in powers of�, yielding (for simplicity we omit possible gauge interactions):

L n = �

"
n ! �n = �

"
n

'
øn á@n á@ ! @

2
!

(
�n (2.17)

[GE: Move this discussion to earlier in the section - before we discuss scaling

of gauge Þeld strength]
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Making use of Eq. (2.15) we Þnd the variation of the gauge and gaugino Lagrangian:

! (L u + L g)
! n áAa

= gu

!
2u2t

a !
1

2ig
t

a
!
g

4
(n! ønµ ! nµ øn! ) øn á" + g

ønµ

2
D" ! ! g

øn!

2
D" µ

"
F

µ!

= gu

!
2u2t

a !
ig

4g
t

a{ øn á"
#
øn á" , n áA

$
+ 2D" µ

#
øn á" , Aµ

"

$

!
#
øn á" , n áA

$
øn á" ! 2

#
øn á" , Aµ

"

$
D" µ}

= gu

!
2u2t

a !
i

4
t

a
%
(øn á" )2

n áA + 2D" µ(øn á" Aµ
" )

&
= 0 (3.6)

Where, for instance, we have used
#
øn á" , n áAa

t

a
$
u

b = øn á" (n áAa
t

a
u

b) ! n áAa
t

a(øn á" ub) =

øn á" (n áAa
t

a)ub, and contracted gauge indices are implied. Next we convert to LC Þelds

and derivatives. Note that

! D" µ(øn á" Aµ
" ) = D1øn á" A1 + D2øn á" A2 = " ! (øn á" A) + " (øn á" A ! ) (3.7)

Finally solving the above forn áAa we Þndcheck gauge structure :

n áAb = !
4ig

(øn á" )2
u

! a
2 u

c
2(tb)ac !

2
(øn á" )2

{ " ! (øn á" A b) + " (øn á" A ! b)} (3.8)

n áAb
n = 0 (3.9)

n áAb
n = !

4ig
(øn á" )2

u

! a
2 u

c
2(tb)ac (3.10)

!
2

(øn á" )2
{ " ! (øn á" A b) + " (øn á" A ! b)}

3.2 The LCG Lagrangian

[GE: This section needs to be double checked for typos. Especially the gauge

index structure. Then cut out steps.]

Integrating out náAn and converting to LC scalars, the gaugino part of the Lagrangian
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Making use of Eq. (2.15) we find the variation of the gauge and gaugino Lagrangian:

! (L u + L g)

! n áAa
= gu!

2u2ta !
1

2ig
ta

! g
4
(n! n̄µ ! nµn̄! ) n̄ á" + g

n̄µ

2
D" ! ! g

n̄!

2
D" µ

"
F µ!

= gu!
2u2ta !

ig
4g

ta{ n̄ á"
#
n̄ á" , n áA

$
+ 2D" µ

#
n̄ á" , Aµ

"

$

!
#
n̄ á" , n áA

$
n̄ á" ! 2

#
n̄ á" , Aµ

"

$
D" µ}

= gu!
2u2ta !

i
4

ta
%
(n̄ á" )2n áA + 2D" µ(n̄ á" Aµ

" )
&
= 0 (3.6)

Where, for instance, we have used
#
n̄ á" , n áAata

$
ub = n̄ á" (n áAataub) ! n áAata(n̄ á" ub) =

n̄ á" (n áAata)ub, and contracted gauge indices are implied. Next we convert to LC fields

and derivatives. Note that

! D" µ(n̄ á" Aµ
" ) = D1n̄ á" A1 + D2n̄ á" A2 = " ! (n̄ á" A ) + " (n̄ á" A ! ) (3.7)

Finally solving the above for n áAa we find check gauge structure :

n áAb = !
4ig

(n̄ á" )2
u! a

2 uc
2(t

b)ac !
2

(n̄ á" )2
{ " ! (n̄ á" A b) + " (n̄ á" A ! b)} (3.8)

n áAb
n = 0 (3.9)

n áAb
n = !

4ig
(n̄ á" )2

u! a
2 uc

2(t
b)ac (3.10)

!
2

(n̄ á" )2
{ " ! (n̄ á" A b) + " (n̄ á" A ! b)}

3.2 The LCG Lagrangian

[GE: This section needs to be double checked for typos. Especially the gauge

index structure. Then cut out steps.]

Integrating out n áAn and converting to LC scalars, the gaugino part of the Lagrangian
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and

To formulate this in LCG we simply set ønáAn = 0, and integrate out the non-propagating

gauge moden áA. In the LCG formalism it is convenient to re-organize the transverse

components of the gauge ÞeldA! µ = (0 , A1, A2, 0) into a complex scalarA deÞned by the

relation:

! ! áAn! = ! ! " A ! ! A " (3.1)

Explicitly,

" áA!"
2

=
1

"
2

!
0 A1 ! iA 2

A1 + iA 2 0

"

! ú!

#

!
0 A "

A 0

"

! ú!

,
ø" áA!"

2
#

!
0 ! A "

! A 0

" ú!!

(3.2)

Likewise for the transverse derivative and gauge covariant derivative6:

" á! !"
2

#

!
0 ! "

! 0

"

! ú!

,
" á D!"

2
#

!
0 $ "

$ 0

"

! ú!

(3.3)

Hence, a! without a Lorentz index should be interpreted as this particular linear combina-

tion of ! ! µ . In terms of this notion it will be very useful to keep in mind that the" matrix

contracted with derivatives, gauge Þelds and therefore covariant derivatives can be written

in the following matrix form:

" µ! µ =

!
n á!

"
2! "

"
2! øn á!

"

! ú!

, " µAµ =

!
n áA

"
2A "

"
2A øn áA

"

! ú!

. (3.4)

3.1 Integrating out n áAn

[GE: make sure we all agree, then cut out steps]

In this section we derive the equation of motion for then áAn mode in the usual way

#L / #n áAn = 0. From the gaugino and gauge Lagrangian we get the contribution.

#L u

#n áAb
= gu" a

2 (tb)acuc
2 = igf abcu" a

2 uc
2

#L g

#n áAd
= !

1
2

#
#F a

µ#

#n áAd

$
F aµ# (3.5)

6In light cone gauge notation ! ! = 1 / øn á! and A+ = øn áA/
"

2 = 0. Meanwhile uøn and A! = n áA/
"

2
are integrated out. In the notation of Leibbrandt [] AT # A " and A øT # A .
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and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of

Ð 7 Ð

Can show explicitly that Lagrangian is invariant under SUSY transformations

2auge ,eor$

If A can really be interpreted as a complex scalar, thenL U(1) should reduce to the free

Klein-Gordon equation once we integrate outn áA and Þx the gauge øn áA = 0. We can see

this explicitly by plugging Eq. (3.14) into Eq. (3.13), which yields

L U(1) = A ! ! A . (3.15)

In the next section, we will follow the same procedure for a non-Abelian gauge boson coupled

to an adjoint fermion. Since the steps are all the same, we will provide less detail for this

derivation.

3.2 The Non-Abelian Theory in LCG

(too much white-space in this section. Should change eqnarray to align so

that equations can be split. Ðajl)

The starting point is the adjoint QCD SCET Lagrangian given above in Eq. (2.21). For

convenience, letL u contain the interactions between the gauge bosons and fermions, and

L g be the pure gauge part of the Lagrangian, which is the same as YM theory:

! 4L g = F a
µ! F µ! a =

!
! µAa

n! ! ! ! Aa
nµ

"
(! µA! a

n ! ! ! Aµa
n ) (3.16)

+ 2gf abcAb
nµ Ac

n! (! µA! a
n ! ! ! Aµa

n ) + g2f abcf adeAb
nµ Ac

n! Aµd
n A! e

n

" ! 4
#

L g0 + L g1 + L g2

$

The rest of this subsection follows the same procedure as for the Abelian model, and includes

the terms involving the fermion as well. The Þrst step is to derive the equations of motion

for n áAa
n.

Integrating out n áAa
n

Working with a non-Abelian theory will not change the argument given in the previous

section that n áAa is non-propagating with respect to LC time. Hence, we need to derive

the equation of motion forn áAn. Setting "L / "n áAa
n = 0, gives

"L u

"n áAb
= gu! a

2

!
tb

"
ac

uc
2 = igf abcu! a

2 uc
2 ; (3.17)

"L g

"n áAd
= !

1
2

%
"F a

µ!

"n áAd

&
F aµ! , (3.18)

Making use of Eq. (2.20) we Þnd:

" (L u + L g)
"n áAa

= gu!
2u2ta !

1
2ig

ta
# g

4
(n! ønµ ! nµ øn! ) øn á! + g

ønµ

2
D" ! ! g

øn!

2
D" µ

$
F µ!
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The Vector Multiplet



2auge ,eor$
The LCG Component Lagrangian:  a consistent supersymmetric EFT

Putting together Eqs. (3.31), (3.37), and (3.39), the LCG Lagrangian is:

Lg = A! b! Ab ! gf abcA! bAc(! ! Aa ! ! A! a) !
1

2
g2f abcf adeA! bAcA! dAe

! 2gf abc
!
! ! Ab + ! A! b

"
#

1

n̄ · !

$
A! an̄ · ! Ac + Aan̄ · ! A! c

%&

+ 2g2f abcf ebh

#
1

n̄ · !
(u! auc)

& #
1

n̄ · !
(u! euh)

&

+ 4g2f abcf ebh

#
1

n̄ · !
(u! auc)

& #
1

n̄ · !

$
A! en̄ · ! Ah + Aen̄ · ! A! h

%&

+
3

2
g2f abcf ebh

#
1

n̄ · !

$
A! an̄ · ! Ac + Aan̄ · ! A! c

%& #
1

n̄ · !

$
A! en̄ · ! Ah + Aen̄ · ! A! h

%&

(3.40)

We can now make simplifications for instance

f abc
$ 1

n̄ · !
(A! an̄ · ! Ac + Aan̄ · ! A! c)

%
= f abc

$#
1

n̄ · !
A! a

&
(n̄ · ! Ac) +

#
1

n̄ · !
Aa

&
(n̄ · ! A! c)

%

because asymmetry f abcA! aAc = ! f abcAaA! c.

3.2.1 Gauge Boson Ð Fermion Interactions

Fixing the LCG condition, n ·An = 0, in Eq. (2.21) and explicitly writing out the gauge

structure, the gaugino Lagrangian becomes;

Lu = u 
n

#
i n · Dn,s + i "̄ · D" ,n

1

i n̄ · Dn
i " · D" ,n

&
n̄ · "̄

2
un (3.41)

= u! a
2 (in · !# acuc

2) + u! a
2 (gn · Ae(te)acuc

2) ! 2iu ! a
2

$
" ab

1

n̄ · !
" !

bcu
c
2

%

= u! a
2 (i n̄ · ! ua

2) ! igf eacu! a
2 (n · Ae)uc

2
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! 2iu ! a
2

!
!! !

øn á!
ua

2

"
+ 2igf eabu! a

2

#
A e ! !

øn á!
ub

2 +
!

øn á!
(A ! eub

2)
$

! 2ig2f eabf hbcu! a
2 A e

# 1
øn á!

(A ! huc
2)

$

where again we have taken the gauge and gaugino to be in the adjoint representation.

Reorganizing the above as

L u = u! a
2

!
i øn á! +

2!! !

i øn á!

"
ua

2 + 2igf eabu! a
2

#
A e ! !

øn á!
ub

2 +
!

øn á!
(A ! eub

2)
$

(3.42)

! 2ig2f eabf hbcu! a
2 A e

# 1
øn á!

(A ! huc
2)

$
! igf eacu! a

2 (n áAe)uc
2 ,

we can plug in the equation of motion ofn áAe from Eq. (3.21):

L u = iu ! a
2

!
øn á! !

2!! !

øn á!

"
ua

2

+ 2igf bac

%
ua

2
! !

øn á!
(u! c

2 A b) + u! a
2

!
øn á!

(A ! buc
2) + u! a

2 uc
2

!
1

øn á!

&
! ! A b + ! A ! b

'
" (

! 4ig2f bacf ebhu! a
2 uc

2

!
1

(øn á! )2
(u! euh)

"
! 2ig2f eabf hbcu! a

2 A e

%
1

øn á!
(A ! huc

2)
(

! 2ig2f bacf ebhu! a
2 uc

2

!
1

(øn á! )2

#
A ! eøn á! A h + A eøn á! A ! h

$"
.

(3.43)

Note that ! 2
" = ! 2! ! ! so we recover the expected kinetic gaugino term Eq. (2.15).

3.3 Infrared Structure in LCG

FILL IN Soft limits are trivially checked - see literature

Collinear Photon Emission

For simplicity we Þrst consider an Abelian gauge theory coupled to a left handed Weyl

fermion, and compare to the IR structure of QED presented in Sec.2. The gauge Lagrangian
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¥ Supersymmetric: invariant under

¥ Consistency Check: Reproduces IR 
singularity structure.

¥ Consistency Check: RPI invariant.

Can we utilize the power of superspace to write 
this in a more simple/ transparent form?

from Sec 3 Eq. (??). Additionally we provide a check that each termL kin - L 3 is individually

invariant under the SUSY transformations Eq. (4.58)

Expanding out components and integrating over superspace, we Þnd the expected kinetic

EFT Lagrangian for the single component of a Weyl fermion and a complex scalar:

iL kin = iu ! a
ú2

!
øn á!

ua
2 + A ! a! A a (4.57)

Which is invariant under the SUSY transformations:

"! ua
2 = i

!
2#  ú2øn á! A a , "! A a =

!
2#2ua

2 . (4.58)

where we have used (n á$)2ú2 = 2. Note that our EFT is no longer covariant, so upper and

lower indices simply distinguish the Þeld components that remain in the EFT. As expected

these are the SUSY transformations for the single component of a adjoint Weyl fermion

(expanded out leading order in SCET power counting parameter) and a complex scalar

namely "! %=
!

2#" &" and "! &" = i
!

2$µ
" ú" #  ú" ! µ%= i

!
2ná#

2 #  øn á!%10. The minus sign in

the variation "! A ! may appear contradictory to the literature but appears when we reduce

to single component spinors# 
ú2
u! ú2 = " #  ú2u!

ú2
. Note that since the SUSY transformation

parameter scales as#2 # O(' ) why was this again? the SUSY transformations are higher

order with respect to the Þelds themselves, that is"! ua
2 and "! A a scale as# O(' 2) while

the Þelds themselves scale as# O(' ).

Next we consider theL 2 term. Expanding out and integrating over superspace we Þnd

L 2 = 2gf abc

!
"

i
2

øn á!
"
A aA ! bP ! A c

#
+ iA a(øn á! A ! b)P ! A c " uau! bP ! A c + A au! bP ! uc

$

" 2gf abc

!
i
2

øn á!
"
A ! aA bPA ! c

#
" iA ! a(øn á! A b)PA ! c + u! aubPA ! c " A ! aubPu! c

$

(4.59)

Where for convenience we have deÞnedP! $ ! ! / øná! and P $ ! / øná! . Upon SUSY variation

the above terms vanish up to total derivatives and by symmetrization. For instance the terms

% #  in the Þrst line of the above, combine to form a total derivativei#øn á! (A au! bP ! uc),

while the terms% # all cancel. Note that we have made use of#2u2 = " u2#2.

10In the literature these correspond to what is referred to as kinematical supersymmetry, that is the
remaining super symmetries that remain linearly realized on the light cone. The remaining ÒdynamicalÓ
super symmetries, associated with the superspace coordinates that have been integrated out, along with
some of the Lorentz symmetries are no longer manifest and so realized non-linearly. In other words we
may think of Q2 as generating the kinematical supersymmetry, while the power suppressedQ1 charges as
generating the dynamical supersymmetry.
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from Sec 3 Eq. (??). Additionally we provide a check that each termL kin - L 3 is individually

invariant under the SUSY transformations Eq. (4.58)

Expanding out components and integrating over superspace, we Þnd the expected kinetic

EFT Lagrangian for the single component of a Weyl fermion and a complex scalar:

iL kin = iu ! a
ú2

2

øn á!
ua

2 + A ! a2A a (4.57)

Which is invariant under the SUSY transformations:

"! ua
2 = i

!
2#  ú2øn á! A a , "! A a =

!
2#2ua

2 . (4.58)

where we have used (n á$)2ú2 = 2. Note that our EFT is no longer covariant, so upper and

lower indices simply distinguish the Þeld components that remain in the EFT. As expected

these are the SUSY transformations for the single component of a adjoint Weyl fermion

(expanded out leading order in SCET power counting parameter) and a complex scalar

namely "! %=
!

2#" &" and "! &" = i
!

2$µ
" ú" #  ú" ! µ%= i

!
2ná#

2 #  øn á!%10. The minus sign in

the variation "! A ! may appear contradictory to the literature but appears when we reduce

to single component spinors# 
ú2
u! ú2 = " #  ú2u!

ú2
. Note that since the SUSY transformation

parameter scales as#2 # O(' ) why was this again? the SUSY transformations are higher

order with respect to the Þelds themselves, that is"! ua
2 and "! A a scale as# O(' 2) while

the Þelds themselves scale as# O(' ).

Next we consider theL 2 term. Expanding out and integrating over superspace we Þnd

L 2 = 2gf abc

!
"

i
2

øn á!
"
A aA ! bP ! A c

#
+ iA a(øn á! A ! b)P ! A c " uau! bP ! A c + A au! bP ! uc

$

" 2gf abc

!
i
2

øn á!
"
A ! aA bPA ! c

#
" iA ! a(øn á! A b)PA ! c + u! aubPA ! c " A ! aubPu! c

$

(4.59)

Where for convenience we have deÞnedP! $ ! ! / øná! and P $ ! / øná! . Upon SUSY variation

the above terms vanish up to total derivatives and by symmetrization. For instance the terms

% #  in the Þrst line of the above, combine to form a total derivativei#øn á! (A au! bP ! uc),

while the terms% # all cancel. Note that we have made use of#2u2 = " u2#2.

10In the literature these correspond to what is referred to as kinematical supersymmetry, that is the
remaining super symmetries that remain linearly realized on the light cone. The remaining ÒdynamicalÓ
super symmetries, associated with the superspace coordinates that have been integrated out, along with
some of the Lorentz symmetries are no longer manifest and so realized non-linearly. In other words we
may think of Q2 as generating the kinematical supersymmetry, while the power suppressedQ1 charges as
generating the dynamical supersymmetry.
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and

(See our upcoming paper ÒSoft-Collinear 
SupersymmetryÓ for a scenario where a consistent 

EFT cannot be constructed.) 
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Figure 1 : Sketch of proof[TC: Fill In] .

We will work in Minkowski space with signaturegµ! = diag (+1 , �1, �1, �1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, �1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
?, or pµ = ( n áp, øn áp,!p?). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n ⇠ ! (" 2, 1, " ),

where ! is some dimensionful scale, and" ⌧ 1 is the SCET power counting parameter.1

We can therefore interpretp2 ⇠ " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn ⇠ ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s ⇠ ! (" , " , " ) or ultra-soft modespµ

us ⇠ ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B ! X s! . In this case a large separation of scales is created by" = ! QCD /m b ⌧ 1.
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Full Theory:  Consider a chiral multiplet: left handed Weyl fermion and complex scalar

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

" = ! + u! " ! + F " ! " ! (1.1)

[GE: Gauge Invariance?]

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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scalings:

K (! , !   ) ! ! 2 , W(! ) ! ! 3 , (4.44)

4.2 The Collinear Superspace Action

Maybe here should be the start of a new section. Or move this to the end

of Sec 5

SCET lives on a subsurface of superspace. That is by requiring that we are close to

the LC we are picking out a subspace of the usualN = 1 superspace. For the case of the

vector multiplet, this subsurface can be shown to be equivalent to Light Cone Superspace;

an on-shell superspace that has been studied in the context of (discuss) []. Since the EFT

only has half the supercharges (as previously discuss) this is equivalent to Òintegrating outÓ

half the superspace, speciÞcally the high virtuality coordinates" 1 and "   ú1 ! O(! ! 1). So in

N = 1 we are left with only two superspace coordinates" 2 and "   ú2 which scale asO(! 0).

Now recall that the Superspace Derivatives are

D! =
#

#"!
+ i ($ á#)! ú! "   ú! , øD ú! = "

#
#"  ú!

" i " ! ($ á#)! ú! , (4.45)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
#

#"2
+ i "   ú2(øn á#) + i

#
2#"  ú1 ! O(! 0) , øD ú2 = "

#

#"  ú2
" i " 2(øn á#) " i

#
2" 1#" ! O(! 0) ,

(4.46)

which obey

{ D2, øD ú2} = " i øn á#. (4.47)

my conventions are o ! by 1/2 factors, but should be self consistent Note that the

other components are suppressedD1 ! O(! ) ! øD ú1. The Chiral and anti-Chiral superÞelds

are constructed such that the Chirality condition is obeyedD2!   a = 0 = øD ú2! a7, wherea is

the gauge index.

4.2.1 The Wess-Zumino Model

Before introducing gauge Þelds in its instructive to try to formulate SUSY-SCET in

the simplest possible model; an interacting scalar and Weyl fermion of the Wess-Zumino

model. While the non-interacting theory is trivial, we Þnd that that the interacting theory

7Note for N > 1 there is an additional non-trivial reality constraint on the ! []
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whereChirality constraint: D! !   = 0 = øD ú! ! (4.1)

4.1 Supersymmetry and the SCET Power Counting

For N = 1 supersymmetry, the supercharges are deÞned by the graded algebra:
!

Q! , Q 
ú!

"
= 2! µ

! ú! Pµ , (4.2)

where the spinor and anti-spinor indices run over" , ú" = 1, 2. The algebra of the e" ective

theory is simply given by considering the SCET expansion of the generator of translations

Pµ = i#µ = i ønµ

2 n á# + i nµ

2 øn á# + i#! µ . Therefore to leading power in the SCET expansion,

making use of Eq. (2.4), we Þnd

{ Q! , Q 
ú! } = 2! µ

! ú! Pµ = 2i

#
n á#

!
2#"

!
2# øn á#

$

! ú!

"

#
O($2) O($)

O($) O(1)

$

(4.3)

Therefore to leading power in the EFT there will only be one supercharge (corresponding to

Q2 for the presentnµ and ønµ conventions) present, while the second supercharge is higher

power in $ scaling;

Q2 " O(1) , Q1 " O($) , (4.4)

and similarly for conjugate charges.[GE: We further understand this by drawing

analogy to the SUSY multiplet in the massless limit. Useful to discuss here?]

We would like to utilize the power of superspace to write the e" ective theory in a mani-

festly supersymmetric form. In addition to the usual space-time coordinatesxµ, superspace

involves the addition of anti-commuting spinor-valued grassmann coordinates%! and %  ú!

via a superspace translationyµ = xµ + i%!µ%  . In terms of superspace coordinates the

Supercharges may be expressed as di" erential operators in the usual way:

Q! = i
#

#%!
# (! á#)! ú! %  ú! Q 

ú! = # i
#

#%  ú!
+ %! (! á#)! ú! (4.5)

Which in the SCET expansion become

Q2 =
%

i
#

#%2
# %  ú2øn á# #

!
2%  ú1#

&
, Q1 =

%
i

#
#%1

# %  ú1n á# #
!

2%  ú2#"

&
, (4.6)
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Solution:

L =
!

d4! !   ! = " ! ! " + iu   ø# á$u (4.12)

4.2 Representations of the Light-Cone Super-Poincare Algebra

In this section we construct the representations of the super-Poincare algebra on the

light cone agree?; the collinear chiral and vector supermultiplets. The interplay between

the super-Poincare generators and Reparametrization is discussedadd more motivation .

4.2.1 Review

[GE: The following are notes. We can shorten and incorporate content in

next section, move to appendix, or do away with.] The irreducible representations of

the Super-Poincare algebra are characterized by the eigenvalues of the momentum squared

P2 operators and the Casimir operatorsC2 = 2m4J kJ k. Where J k is related to the spin

Sk by mJ k = mSk ! (Q  ø#Q) and is therefore an angular momentum
"
J k, J l

#
= i%klm J m.

Additionally
"
J k, Q!

#
= 0 =

"
J k, Q 

ú!

#
. So J 2 = J kJ k is an invariant operator with eigen-

valuesj (j +1) just like ordinary angular momentum. Thus the irreducible representations of

the Super-Poincare algebra are characterized by values ofm2 and j (j + 1) (the eigenvalues

of the Casimir operators). So the states in a representation are characterized bym2, j ,

and j 3 where the eigenvalue ofJ3 takes the valuesj 3 = ! j, ! j + 1, . . . j ! 1, j as usual.

These states are not in general eigenstates of ordinary spinS2 and S3. We want to Þnd the

corresponding spin eigenstates. From the algebra
$
Q 

ú! , M µ"
%

= Q 
ú#
(ø#µ" )

ú#
! (4.13)

With S3 = M 12 we Þnd
$
S3, Q 

ú1

%
=

1
2

Q 
ú1

(4.14)
$
S3, Q 

ú2

%
= !

1
2

Q 
ú2

check signs arenÕt ßipped

In the rest framePµ = ( m, 0, 0, 0) the SUSY algebra becomes

{ Q! , Q 
ú! } = 2#µ

! ú! Pµ =

&
2m 0

0 2m

'

! ú!

(4.15)
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Action:

EFT:  By supersymmetry: 

scalings:

K (! , !   ) ! ! 2 , W(! ) ! ! 3 , (4.44)

4.2 The Collinear Superspace Action

Maybe here should be the start of a new section. Or move this to the end

of Sec 5

SCET lives on a subsurface of superspace. That is by requiring that we are close to

the LC we are picking out a subspace of the usualN = 1 superspace. For the case of the

vector multiplet, this subsurface can be shown to be equivalent to Light Cone Superspace;

an on-shell superspace that has been studied in the context of (discuss) []. Since the EFT

only has half the supercharges (as previously discuss) this is equivalent to Òintegrating outÓ

half the superspace, speciÞcally the high virtuality coordinates" 1 and "   ú1 ! O(! ! 1). So in

N = 1 we are left with only two superspace coordinates" 2 and "   ú2 which scale asO(! 0).

Now recall that the Superspace Derivatives are

D! =
#

#"!
+ i ($ á#)! ú! "   ú! , øD ú! = "

#
#"  ú!

" i " ! ($ á#)! ú! , (4.45)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
#

#"2
+ i "   ú2(øn á#) + i

#
2#"  ú1 ! O(! 0) , øD ú2 = "

#

#"  ú2
" i " 2(øn á#) " i

#
2" 1#" ! O(! 0) ,

(4.46)

which obey

{ D2, øD ú2} = " i øn á#. (4.47)

my conventions are o ! by 1/2 factors, but should be self consistent Note that the

other components are suppressedD1 ! O(! ) ! øD ú1. The Chiral and anti-Chiral superÞelds

are constructed such that the Chirality condition is obeyedD2!   a = 0 = øD ú2! a7, wherea is

the gauge index.

4.2.1 The Wess-Zumino Model

Before introducing gauge Þelds in its instructive to try to formulate SUSY-SCET in

the simplest possible model; an interacting scalar and Weyl fermion of the Wess-Zumino

model. While the non-interacting theory is trivial, we Þnd that that the interacting theory

7Note for N > 1 there is an additional non-trivial reality constraint on the ! []
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scalings:

K (! , !   ) ! ! 2 , W(! ) ! ! 3 , (4.44)

4.2 The Collinear Superspace Action

Maybe here should be the start of a new section. Or move this to the end

of Sec 5

SCET lives on a subsurface of superspace. That is by requiring that we are close to

the LC we are picking out a subspace of the usualN = 1 superspace. For the case of the

vector multiplet, this subsurface can be shown to be equivalent to Light Cone Superspace;

an on-shell superspace that has been studied in the context of (discuss) []. Since the EFT

only has half the supercharges (as previously discuss) this is equivalent to Òintegrating outÓ

half the superspace, speciÞcally the high virtuality coordinates" 1 and "   ú1 ! O(! ! 1). So in

N = 1 we are left with only two superspace coordinates" 2 and "   ú2 which scale asO(! 0).

Now recall that the Superspace Derivatives are

D! =
#

#"!
+ i ($ á#)! ú! "   ú! , øD ú! = "

#
#"  ú!

" i " ! ($ á#)! ú! , (4.45)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
#

#"2
+ i "   ú2(øn á#) + i

#
2#"  ú1 ! O(! 0) , øD ú2 = "

#

#"  ú2
" i " 2(øn á#) " i

#
2" 1#" ! O(! 0) ,

(4.46)

which obey

{ D2, øD ú2} = " i øn á#. (4.47)

my conventions are o ! by 1/2 factors, but should be self consistent Note that the

other components are suppressedD1 ! O(! ) ! øD ú1. The Chiral and anti-Chiral superÞelds

are constructed such that the Chirality condition is obeyedD2!   a = 0 = øD ú2! a7, wherea is

the gauge index.

4.2.1 The Wess-Zumino Model

Before introducing gauge Þelds in its instructive to try to formulate SUSY-SCET in

the simplest possible model; an interacting scalar and Weyl fermion of the Wess-Zumino

model. While the non-interacting theory is trivial, we Þnd that that the interacting theory

7Note for N > 1 there is an additional non-trivial reality constraint on the ! []
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of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

" = ( Pn + Pøn) " = " n + " øn (1.1)

[GE: Gauge Invariance?]

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

D2"  
n = 0 = øD ú2" n (1.1)

[GE: Gauge Invariance?]

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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is plagued with inconsistencies which we discuss in detail in Appendix??. Nevertheless we

use the on-shell Chiral multiplet of the Wess-Zumino model as a simple example to build

up the framework of SUSY-SCET.

The collinear Chiral superÞeld of the e! ective theory obeys the EFT Chirality constraint

discussed above:

D2"   a = 0 = D  
2" a (4.48)

Solving this constraint we arrive at the chiral superÞeld

" n = ei !   ú2 ! 2 øná"
!
! n (yµ) +

!
2" 2u2 (yµ)

"
= ! n +

!
2" 2u2 + i "   ú2" 2øn á#! n , (4.49)

The action in collinear superspace (which will be derived in the next section) reduces to the

expected component EFT lagrangian Eq.2.11 for the free theory:

L =
#

d" 2d"   ú2i "  
n

!
øn á#

" n = iu !
ú2

!
øn á#

u2 + ! ! ! ! (4.50)

Where ! = øn á#n á# + #2
" . Adding a Yukawa interaction the corresponding EFT Lagrangian

in collinear superspace becomes

L =
#

d" 2d"   ú2i "  
n

!
øn á#

" n + |y|2
#

d" 2d"   ú2 1
øn á#

(" nD2" n)
1

øn á#

$
"   øD ú2"  

n

%
(4.51)

= iu !
ú2

!
øn á#

u2 + ! ! ! ! + |y|2! !
nu!

2
1

i øn á#
u2! n "

|y|2

4
|! n |4 (4.52)

The interaction terms still serves to illustrate the kind of superspace terms that arise upon

integrating out modes8. Note that it is simple to see that we can derive the same answer

in terms of the component Lagrangian;

L = " ! ! ! ! + iu   ø$µ#µu "
|y|2

4
|! |4 "

&
y
2

! uu +
y!

2
! ! u  u 

'
(4.53)

Applying the projection operatorsu = un + uøn, and solving for the classical equation of

motion for the anti-collinear Þeld in Eq. (4.53) we arrive at;

uøn,# = ( $ á#" )# ú#

1
øn á#

( øn áø$
2

) ú#$

un,$ + y! ! !
n

1
i øn á#

( øn á$
2

)

# ú$
u  ú$

n (4.54)

which upon re-inserting into the Lagrangian yields Eq. (4.52).

8Note that including the Yukawa interaction results in a Lagrangian that violates RPI-11 at the compo-
nent level, and does not reproduce the correct collinear limits of the full theory. This will be discussed in
detail in App. ??.
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(note: this is on-shell)

and

another term to the constraint equation in superspace which will yield additional

interactions] ]

Based on our intuition for the equation of motion of the component Þelds, we can guess

an ansatz for the equation of motion of the anti-collinear vector superÞeld.

Vøn = ! Vn !
1

øn á! D2
øD1 D1

øD ú2 DD
!

øD ú2 D1 Vn

"
!

1
øn á! øD ú2 D1

øD ú1
D2

øD øD
!

D2
øD ú1 Vn

"
(5.28)

Here both terms are required to ensure the reality conditionVøn = V  
øn . Additionally Eq. ( 5.28)

can be seen to satisfy the constraint equation Eq. (5.21) by using the relationsDDD ú! DD =

0 = øD øDD !
øD øD. Additionally we can see how the component EOM motivated our anstaz as

follows: to pick out the uøn,1 component:

øD1D2D1Vøn = ! øD1D2D1Vn ! øD1D2D1
1

øn á! D1D2
øD1

øD 1DD ( øD ú2D1Vn) (5.29)

" øuøn,1 = ! øun,1 !
1

øn á!
øD 1DD (" 2øuú2) = !

1
øn á!

(ø# á! )
ú12 D2" 2øuú2

" uøn,1 =

#
2! !

øn á!
un,2

Dividing by superspace derivatives may seem odd but recall that we can just think about

this as taking a Super-Fourier transform

V(x, " , "   ) =
1

(2$)2

#
d4pd2"d2"   ÷V(p,%, %  )ei(pµ xµ + " ! #! + "   ú! # 

ú! ) (5.30)

Which allows us to deÞne inverse derivative operators in superspace in terms of their eigen-

values. Also recall that" 1 = "2 $ 1/ & and " 2 = ! "1 $ 1, so%1 = %2 $ 1 and %2 = ! %1 $ &.

In the LCG EFT the remaining physical degrees of freedomun and A form a chiral

superÞeld. This can be justiÞed in superspace by taking projections on a vector superÞeld

Eq. (5.18), for instance

! % øD ú2 D1 Vn

$
$
$
#1=0= #  ú1

=
#

2A ! + 2 i " 2u!
n,2 + i

#
2" 2"   ú2 øn á! A ! ,

which obeys the chirality constraint øD ú2 ! = 0; for the anti-chiral multiplet, simply take the

conjugate of Eq. (6.11). Therefore, the ansatz for integrating out the anti-collinear modes

Eq. (5.28) can be expressed in terms of the chiral and anti-chiral superÞelds.

Where as usual we have the chirality constraintD!   = 0 = øD! . Note that in order to

make contact with the Chiral SuperÞelds we wrote down in the previous section we need to

absorb the factor ofi into the gaugino, and do a superspace rotation to express the Þeld in
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*  Wess Zumino Model:

* Light Cone Gauge Theory:

!uperspac'
A Chiral Multiplet

Chirality constraint: where

Solution:

Action:      ???



¥ Find projection operators which separate the superÞeld into collinear and anti-
collinear superÞelds.

¥ Given the superspace action for the full theory we integrate out the anti-collinear 
Þeld, yielding a constraint equation.

¥ Motivated by the form of the constraint equation we can now guess an ansatz that 
solves the eom of the anti-collinear superÞeld. This should obey the EOM and any 
other constraints (chirality, reality etc.)

¥ Plug ansatz back into the full theory action, yielding the superspace action of the EFT.

2eneral Algori13
Constructing Lagrangians in Collinear Superspace



4o"inear Superspac'
The Chiral Multiplet Kinetic Term

and non-Abelian vector superÞelds in LCG forN = 1 SYM. In the process we will see how

the SCET formulation acts to Òintegrate outÓ half of superspace.cite our paper

5.1 Deriving the Collinear Wess-Zumino Model

To gain intuition into the derivation of the collinear superspace, it is instructive to

Þrst derive the Lagrangian for the collinear chiral superÞeld in the interacting Wess-Zumino

model. The interacting Wess-Zuminio by itself does not form a consistent EFT and we shall

discuss this further in App.A, however as we have argued and will soon show - the physical

degrees of freedom of the vector superÞeld in LCG can be rewritten in terms of a chiral

superÞeld.

Ignoring interactions for the moment the full theory Lagrangian for a massless chiral

superÞeld is:

L =
!

d4!
"

! n + ! øn

#  "
! n + ! øn

#
=

!
d4!

"
!  

n ! n + !  
n ! øn + !  

øn ! n + !  
øn ! øn

#
(5.1)

The Þrst step is to integrate out the full anti-collinear superÞeld. To do so recall that

"V [z]/ "V [z0] = " 4(z ! z0) where zµ = ( xµ, ! ! , !   ú! ), and that in terms of xµ = yµ ! i !# µ!  

we can make the exchange integration and di" erentiation over superspace (e.g.
$

d4xd2! "

! 1
4

$
d4xDD ). Therefore the equation of motion can be found in the usual way;

!
1
4

DD ! øn !
1
4

DD ! n = 0 (5.2)

Acting on the above with øD ú! picks out the fermonic component (sinceD! ! |" =0= "   = u! )

and should reproduce the equation of motion:

øD ú! DD ! øn = ! øD ú! DD ! n # 4i (ø# á$) ú!! D! ! øn = ! 4i (ø# á$) ú!! D! ! n (5.3)

Taking the øD ú1 projection of this equation will give the e.o.m for the fermion component.

Sinceuøn,2 = 0 = un,1 we have

(ø# á$) ú! 1 uøn1 = ! (ø# á$) ú! 2 uøn2 (5.4)

Note that $2
? = ! $⇤$. Taking the ú% = 1 component yields the expected free equation

uøn1 = $un,2/ øn á$. We take the take ú%= 1 component as this corresponds to the superspace

coordinates that we have not integrated out. (The ú%= 2 component yieldsun,2 = ná$un,1/ $

which has the right scaling but is non-local.) This helps us write an ansatz for the solution
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model. The interacting Wess-Zuminio by itself does not form a consistent EFT and we shall

discuss this further in App.A, however as we have argued and will soon show - the physical

degrees of freedom of the vector superÞeld in LCG can be rewritten in terms of a chiral

superÞeld.

Ignoring interactions for the moment the full theory Lagrangian for a massless chiral
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Taking the øD ú1 projection of this equation will give the e.o.m for the fermion component.

Sinceuøn,2 = 0 = un,1 we have

(ø# á$) ú! 1 uøn1 = ! (ø# á$) ú! 2 uøn2 (5.4)

Note that $2
" = ! $#$. Taking the ú% = 1 component yields the expected free equation

uøn1 = $un,2/ øn á$. We take the take ú%= 1 component as this corresponds to the superspace

coordinates that we have not integrated out. (The ú%= 2 component yieldsun,2 = ná$un,1/ $
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Check this reproduces expected component EOM, e.g.

and non-Abelian vector superÞelds in LCG forN = 1 SYM. In the process we will see how

the SCET formulation acts to Òintegrate outÓ half of superspace.cite our paper

5.1 Deriving the Collinear Wess-Zumino Model

! uøn1 =
!

øn á!
un,2 (5.1)

To gain intuition into the derivation of the collinear superspace, it is instructive to Þrst

derive the Lagrangian for the collinear chiral superÞeld in the interacting Wess-Zumino

model. The interacting Wess-Zuminio by itself does not form a consistent EFT and we shall

discuss this further in App.A, however as we have argued and will soon show - the physical

degrees of freedom of the vector superÞeld in LCG can be rewritten in terms of a chiral

superÞeld.

Ignoring interactions for the moment the full theory Lagrangian for a massless chiral

superÞeld is:

L =
!

d4"
"

! n + ! øn

#  "
! n + ! øn

#
=

!
d4"

"
!  

n ! n + !  
n ! øn + !  

øn ! n + !  
øn ! øn

#
(5.2)

The Þrst step is to integrate out the full anti-collinear superÞeld. To do so recall that

#V[z]/ #V[z!] = #4(z " z!) where zµ = ( xµ, " ! , "   ú! ), and that in terms of xµ = yµ " i "$ µ"  

we can make the exchange integration and di" erentiation over superspace (e.g.
$

d4xd2" #

" 1
4

$
d4xDD ). Therefore the equation of motion can be found in the usual way;

"
1
4

DD ! øn "
1
4

DD ! n = 0 (5.3)

Acting on the above with øD ú! picks out the fermonic component (sinceD! ! |" =0= "   = u! )

and should reproduce the equation of motion:

øD ú! DD ! øn = " øD ú! DD ! n ! 4i (ø$ á! ) ú!! D! ! øn = " 4i (ø$ á! ) ú!! D! ! n (5.4)

Taking the øD ú1 projection of this equation will give the e.o.m for the fermion component.

Sinceuøn,2 = 0 = un,1 we have

(ø$ á! ) ú! 1 uøn1 = " (ø$ á! ) ú! 2 uøn2 (5.5)

Note that ! 2
" = " ! #! . Taking the ú% = 1 component yields the expected free equation

uøn1 = ! un,2/ øn á! . We take the take ú%= 1 component as this corresponds to the superspace

coordinates that we have not integrated out. (The ú%= 2 component yieldsun,2 = ná! un,1/ !
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Taking the variation in superspace with respect to!  
øn yields the equation of motion;

!
1
4

DD ! øn !
1
4

DD ! n +
! W ! (!  

n , !  
øn)

! !  
øn

= 0 (5.9)

with a similar expression for the conjugate equation. Consider for example the superpoten-

tial of the Wess-Zumino Model is11 which contains a mass term and a yukawa interaction;

W = m! n! øn +
y
3

!
! 2

n ! øn + ! 2
øn ! n

"
(5.10)

Taking ! L / ! !  
øn yields:

!
1
4

DD ! øn !
1
4

DD ! n + m! !  
n +

y!

3

#
!   2

n + 2!  
øn !  

n

$
= 0 (5.11)

To get the equation of motion for the fermion component we again act on the above with
øD ú1 and take the space projection. Making use of some identities and the chirality condition,

this reproduces the expected equation of motion:

uøn,1 =
"

øn á"
un,2 + m! 1

i øn á"
u!

n,2 +
2
3

y! (#!
n + #!

øn)
1

i øn á"
u!

n,2 (5.12)

Note that the #øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution

! øn = ! ! n +
øD ú1DD

4i (øn á" )D1
! n ! m!

øD ú1

i (øn á" )D1
!  

n !
2
3

y!
øD ú1

i (øn á" )D1
!  

n , (5.13)

which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;

|y|2
%

d$2d$  ú2 1
øn á"

(! nD2! n)
1

øn á"
(!  

n
øD ú2!  

n ) " |y2|#!
nu!

n,2
1

i øn á"
un,2#n. (5.14)

In App. A we will further discuss why this interaction term results in the breakdown of a

constant EFT.

5.2 Deriving the Abelian Vector Model

! S

! !  
øn

= 0 # (5.15)

11Expect to drop terms like ! øn ! øn .
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Expand full theory action:

1) By supersymmetry:

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

" = ( Pn + Pøn) " = " n + " øn (1.1)

[GE: Gauge Invariance?]

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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2) Constraint equation:

Chiral Þeld of Wess-Zumino Model or Light Cone Gauge on-shell Vector Multiplet 

and uøn,2 = 0; the two component spinors collinear/anti-collinear projection operators are

equivalent to the chiral projection operators. Similar expressions for a right-handed Weyl

fermion v = vn + vøn are given in App.C.

In Eq. (2.6), the contraction of two component spinor indices is implied. The spinor

and anti-spinor indices ofu! and the conjugate Þeldu 
ú! run over ! , ú! = 1, 2, and we work

in the Weyl basis, see App.F for details. Note our focus is on the left handed Weyl spinor

since these are the two fermionic degrees of freedom included in either the chiral multiplet

or the vector multiplet for N = 1 SUSY.

Finally, we are in a position to integrate out the anti-collinear part of the left-handed

free fermion. Starting Eq. (2.2), the Lagrangian for a free fermion, and expanding out

u = un + uøn:

L = i u  
n ø" á# un + i u  

øn ø" á# un + i u  
n ø" á# uøn + i u  

øn ø" á# uøn, (2.7)

Therefore it is clear that the light-cone time componentuøn term is suppressed relative to

un, and so it can be treated as non-propagating in the e! ective theory. [TC: Actually

show this scaling argument for kinetic term explicitly.] [GE: I have included a

discussion showing the scaling argument for the kinetic term in the end of the

section where we discuss scalings, or do we want to move it here? Therefore, we

integrate out these anti-collinear modes by solving for the classical equation of motion for

uøn:

uøn = !
øn á"

2
1

øn á#

!
ø" á#!

"
un. (2.8)

Then plugging this back into Eq. (2.7) yields the free leading power collinear Lagrangian

for a Weyl fermion:

L (0)
un

= u 
n

#
i n á# !

#2
!

i øn á#

$
øn áø"

2
un (2.9)

where we have used ø" á#! " á#! = ! #2
! . Hence, the SCET fermion is given by (for our

speciÞc choice of øn" )

un =

%
0

u

&

, uøn =

%
(" #! ,1+ i #! ,2 )

øná# u

0

&

, (2.10)

whereu " un,2.

Note the unusual non-local operator, 1/ øn á#, can be meaningfully deÞned in terms of
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to the free equation of motion:

! øn = ! ! n !
1

(øn á! ) D1

øD ú1DD ! n (5.5)

Which can be shown to be consistent withDD ! øn = ! DD ! n using identities such as

DDD   ú! DD = 0. Plugging this back into the Lagrangian
!

d4"
"

!  
n ! n + !  

n ! øn + !  
øn ! n + !  

øn ! øn

#
=

!
d4"

$
D 1 øD øD!  

n

% 1
(øn á! )2 øD ú1D1

"
øD ú1DD ! n

#

=
!

d"1d"2d"  
ú1
d"  

ú2

i !  
n ! ! n

(øn á! ) øD ú1D1
=

!
d" 2d"   ú2!  

n
i !

øn á!
! n

Where we have integrated by parts and used

øD øDD 1 øD ú1DD ! n " øD øDD 1
&
(øn á! )D1 ! aD2

'
! n " (øn á! )! ! n

So integrating out the anti-collinear fermion translates to integrating out two superspace

coordinates, namely" 1 # 1/ # and "   1 # 1/ #. To reiterate the relevant expression is:

!
d" 2d"   ú2i !  

n
!

øn á!
! n $ iu !

n,2

(
n á! +

! 2
"

øn á!

)
un,2 + i$! ! $ (5.6)

Since only{ Q2, Q 
ú2
} = 2 i øná! is non-vanishing at leading order the above is clearly supersym-

metric under a subset of those supersymmetry transformations that are linearly realized.

The superÞeld after the" 1 and "   ú1 coordinates have been integrated out can be expressed

as:

! n = ei "   ú2" 2 øná#
"

$(y) +
%

2" 2u(y)
#

= $(x) +
%

2" 2u(x) + i "   ú2" 2øn á!$ (x) (5.7)

Note that the F term " "" = 2" 1" 2 is not present as is consistent with the counting of the

on-shell fermionic and bosonic degrees of freedom: we have a complex scalar and a single

component of a Weyl spinor (which we can now think of as an anti-commuting complex

scalar).

Next it is instructive to see how this procedure can be extended to include theories with

scalar-fermion interactions (although these will prove yield inconsistent EFTs);

L =
!

d4"
"

!  
n ! n + !  

n ! øn + !  
øn ! n + !  

øn ! øn

#
+

!
d2"W (! n , ! øn) + h.c. (5.8)
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on-shell fermionic and bosonic degrees of freedom: we have a complex scalar and a single

component of a Weyl spinor (which we can now think of as an anti-commuting complex
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We can extend this to other theories following our general algorithm

As expected there is no dependency on the superspace coordinates with suppressed power counting scalings.

4) Plug back into Lagrangian:

to the free equation of motion:
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L =
!

d4"
"

!  
n ! n + !  

n ! øn + !  
øn ! n + !  

øn ! øn

#
+

!
d2"W (! n , ! øn) + h.c. (5.8)
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Consider the super-Fourier transform e.gits eigenvalues in momentum space:

1
øn á!

" (x) =
1

øn á!

!
d4p e! i páx ÷" (p) =

!
d4p e! i páx 1

øn áp
÷" (p). (2.11)

Then the propagator for a collinear fermion can be extracted inverting the free momentum

space Lagrangian:i (øn áø#/ 2) (n áp + p2
" / øn áp)! 1. [TC: DidnÕt include i$ prescription

here. Do you agree?]

Next we can turn on interactions for the collinear fermions. Of particular interest are

the interactions with collinear and soft gauge bosons.3 Start by expanding the full theory

gauge boson Þelds as

Aµ = Aµ
n + Aµ

øn + Aµ
s + . . . , (2.12)

in analogy with the treatment of the fermion. Using the collinear and soft scalings appro-

priate for a vector given above, it is straight forward to derive the leading contributions for

the gauge covariant derivativeDµ
n = (ønµ/ 2) n áDn,s + ( nµ/ 2) øn áDn + Dµ

" ,n acting on collinear

Þelds:

i n á Dn,s = i n á! + g n áAn + g n áAs

i øn á Dn = i øn á! + gøn áAn (2.13)

iDµ
" ,n = i ! µ

" + gAµ
n" ,

where we can treat the soft Þelds as background Þelds since they are slowly varying with

respect to the collinear Þelds.

The collinear Þeld strength is then given byi g F µ!
n =

"
Dµ, D!

#
. This includes the full

Þeld strength for the collinear gauge boson, and also has interactions of the typeAn ! An ! As,

which do not transfer enough momentum as to spoil the virtuality of the collinear gauge

boson thereby taking it out of the regime of validity for SCET. Again to leading power, each

sector has its own independent gauge invariance. For a nice review of the details, including

a discussion of gauge Þxing and the gauge boson propagator and Feynman rules, see Sec. 4.3

3For everything that follows we will not distinguish between soft and ultrasoft gauge bosons.
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Well deÞned by momentum eigenvalues 
as seen from the Fourier Transform

Therefore the superspace coordinates must scale non-trivially as well, see Table3. Now recall

Coordinate ! 1 = ! 2 !   ú1 = !  
ú2

! 2 = ! ! 1 !   ú2 = ! !  
ú1

Scaling " ! 1 " ! 1 1 1

Table 3 : The non-trivial scaling of the superspace coordinates! ! and !   ú! , is dictated by
yµ = xµ + i !# µ!   . For instanceadd explicit

that in SCET the scaling of space-time coordinates (n áx, øn áx, x " ) " (1, 1/ " 2, 1/ " ) is Þxed

by requiring that the exponential of the Fourier transformpµxµ " O(1). For a general

superÞeldF we can write down the analogous Super-Fourier transform []

! n(x, ! , !   ) =
1

(2$)2

!
d4pd2! d2!   ÷! n(p,%, %  )ei(pµ xµ + " ! #! + "   ú! # 

ú! ) (4.7)

Compare to N=8 SUGRA paper where the spinor%are the SUSY transformation

parameters

&SF (xµ, ! , !   ) = ! iy µPµF ! i%QF ! i%  Q  F (4.8)

Thus in the same way as fur the usual space-time coordinates, the non-trivial scaling of the

superspace coordinates Þxes the scaling of the supersymmetry transformation parameters to

be %1 = %2 " 1 and %2 = ! %1 " " . Additionally the notion of a well-deÞned Super-Fourier

transform will allow us to write inverse derivative operators in superspace in terms of their

eigenvalues analogously to the deÞnition of 1/ øn á' .

Next that the superspace derivatives are

D! =
'

'! !
+ i (# á' )! ú! !   ú! , øD ú! = !

'
'!   ú!

! i ! ! (# á' )! ú! , (4.9)

The leading order superspace derivatives (in terms ofxµ variables) in the EFT are:

D2 =
'

'! 2
+ i !   ú2(øn á' ) + i

#
2'!   ú1 " O(" 0) , øD ú2 = !

'

'!   ú2
! i ! 2(øn á' ) ! i

#
2! 1' # " O(" 0) ,

(4.10)

which obey

{ D! , øD ú! } ! i

"
n á'

#
2' #

#
2' øn á'

#

! ú!

"

"
O(" 2) O(" )

O(" ) O(1)

#

(4.11)
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3) Guess an ansatz that solves the constraint equation:

of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

" n = ! n +
!

2" 2u2 + i "   ú2" 2øn á#! n (1.1)

[GE: Gauge Invariance?]

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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where:

another term to the constraint equation in superspace which will yield additional

interactions] ]

Based on our intuition for the equation of motion of the component Þelds, we can guess

an ansatz for the equation of motion of the anti-collinear vector superÞeld.

Vøn = ! Vn !
1

øn á! D2
øD1 D1

øD ú2 DD
!

øD ú2 D1 Vn

"
!

1
øn á! øD ú2 D1

øD ú1
D2

øD øD
!

D2
øD ú1 Vn

"
(5.28)

Here both terms are required to ensure the reality conditionVøn = V  
øn . Additionally Eq. ( 5.28)

can be seen to satisfy the constraint equation Eq. (5.21) by using the relationsDDD ú! DD =

0 = øD øDD !
øD øD. Additionally we can see how the component EOM motivated our anstaz as

follows: to pick out the uøn,1 component:

øD1D2D1Vøn = ! øD1D2D1Vn ! øD1D2D1
1

øn á! D1D2
øD1

øD 1DD ( øD ú2D1Vn) (5.29)

" øuøn,1 = ! øun,1 !
1

øn á!
øD 1DD (" 2øuú2) = !

1
øn á!

(ø# á! )
ú12 D2" 2øuú2

" uøn,1 =

#
2! !

øn á!
un,2

Dividing by superspace derivatives may seem odd but recall that we can just think about

this as taking a Super-Fourier transform

V(x, " , "   ) =
1

(2$)2

#
d4pd2"d2"   ÷V(p,%, %  )ei(pµ xµ + " ! #! + "   ú! # 

ú! ) (5.30)

Which allows us to deÞne inverse derivative operators in superspace in terms of their eigen-

values. Also recall that" 1 = "2 $ 1/ & and " 2 = ! "1 $ 1, so%1 = %2 $ 1 and %2 = ! %1 $ &.

In the LCG EFT the remaining physical degrees of freedomun and A form a chiral

superÞeld. This can be justiÞed in superspace by taking projections on a vector superÞeld

Eq. (5.18), for instance

! % øD ú2 D1 Vn

$
$
$
#1=0= #  ú1

=
#

2A ! + 2 i " 2u!
n,2 + i

#
2" 2"   ú2 øn á! A ! ,

which obeys the chirality constraint øD ú2 ! = 0; for the anti-chiral multiplet, simply take the

conjugate of Eq. (6.11). Therefore, the ansatz for integrating out the anti-collinear modes

Eq. (5.28) can be expressed in terms of the chiral and anti-chiral superÞelds.

Where as usual we have the chirality constraintD!   = 0 = øD! . Note that in order to

make contact with the Chiral SuperÞelds we wrote down in the previous section we need to

absorb the factor ofi into the gaugino, and do a superspace rotation to express the Þeld in
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chiral theory

LCG vector theory



¥ Reduces to LCG SCET component Lagrangian e.g.

¥ Invariant under SUSY transformations:

Full theory  
Yang-Mills 

+ adjoint fermion

Integrate out 
modes away 

from light cone

SCET 
+ adjoint fermion

Integrate out 
unphysical 

gluon 
polarization

Light cone 
SCET 

+ adjoint fermion

Full theory  
light cone gauge 
 SUSY Yang-Mills

Integrate out 
superspace 

coordinates away 
from light cone

SUSY Yang-Mills 
light cone EFT !

ConÞrm RPI

ConÞrm SUSY

Figure 1 : Sketch of proof[TC: Fill In] .

We will work in Minkowski space with signaturegµ! = diag (+1 , �1, �1, �1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, �1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
?, or pµ = ( n áp, øn áp,!p?). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n ⇠ ! (" 2, 1, " ),

where ! is some dimensionful scale, and" ⌧ 1 is the SCET power counting parameter.1

We can therefore interpretp2 ⇠ " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn ⇠ ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s ⇠ ! (" , " , " ) or ultra-soft modespµ

us ⇠ ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B ! X s! . In this case a large separation of scales is created by" = ! QCD /m b ⌧ 1.
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Non-Abelian vector multiplet:

4.2.2 SUSY Yang-Mills

Start a new section here??

Next consider a vector multiplet of SUSY Yang-Mills consisting of a gauge ÞeldAµ

left handed Weyl spinor gauginou! = u!
n + u!

øn . As we shall see explicitly in Sec.5, after

integrating out unphysical modes the remaining two fermionic and two bosonic degrees of

freedom (u2 and A) can be expressed together as a Collinear Chiral SuperÞeld! .

! a = e�
i
2 " †ú2" 2 øná#

!
A a + ! 2u2

"
= A a + ! 2u2 !

i
2

!   ú2! 2øn á" A a (4.55)

!   a = e
i
2 " †ú2" 2 øná#

#
A ⇤a + !   ú2u⇤a

2

$
= A ⇤a + !   ú2u⇤a

2 +
i
2

!   ú2! 2øn á" A ⇤a

Note that this remarkable organization of the gauge degrees of freedom into a chiral multiplet

is a feature of working in LCG. A di" erent gauge choice, for instance Wes-Zumino gauge,

would require a vector multiplet with the usual constraintV = V   . We can now construct

the Superspace Lagrangian of the EFT in LCG9:

iL =
%

d! 2dø! ú2
&
!   a !

øn á"
! a + 2gf abc

'
! a!   b " ⇤

øn á"
! c ! !   a! b "

øn á"
!   c

(
(4.56)

+ 2g2f abcf ade 1
øn á"

#
! bD  

ú2
!   c

$ 1
øn á"

!
!   dD2! e

"

" L kin + L 2 + L 3

Where ! = øn á" n á" + " 2
? = øn á" n á" ! 2" ⇤" . Note that the factors of 2 come from

taking the hermitian conjugate.

[Show that supersymmetry is implicit when writing these terms in LC su-

perspace - similar to the argument in Terning for chiral superÞelds the usual

superspace (then donÕt have to work through all the component terms)]

4.3 SUSY Yang-Mills in Components

[GE: recheck]

In this section we expand out the superspace Lagrangian Eq. (4.56) in components,

integer over superspace, and show that it reproduces the expected component Lagrangian

9Note that similar results are written down in the literature, for instance in [ 19] where the N = 4
Lagrangian is dimensionally reduced toN + 1 our approach is novel in the sense that we show that this is
the equivalent N = 1 Lagrangian achieved by integrating out superspace coordinates
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from Sec 3 Eq. (??). Additionally we provide a check that each term L kin - L 3 is individually

invariant under the SUSY transformations Eq. (4.58)

Expanding out components and integrating over superspace, we find the expected kinetic

EFT Lagrangian for the single component of a Weyl fermion and a complex scalar:

iL kin = iu ! a
ú2

!
n̄ á!

ua
2 + A ! a! A a (4.57)

Which is invariant under the SUSY transformations:

"! ua
2 = i

!
2#  ú2n̄ á! A a , "! A a =

!
2#2ua

2 . (4.58)

where we have used (n á$)2ú2 = 2. Note that our EFT is no longer covariant, so upper and

lower indices simply distinguish the field components that remain in the EFT. As expected

these are the SUSY transformations for the single component of a adjoint Weyl fermion

(expanded out leading order in SCET power counting parameter) and a complex scalar

namely "! %=
!
2#" &" and "! &" = i

!
2$µ

" ú" #  ú" ! µ%= i
!
2ná#

2 #  n̄ á!%10. The minus sign in

the variation "! A ! may appear contradictory to the literature but appears when we reduce

to single component spinors # 
ú2
u! ú2 = " #  ú2u!

ú2
. Note that since the SUSY transformation

parameter scales as #2 # O(' ) why was this again? the SUSY transformations are higher

order with respect to the fields themselves, that is "! ua
2 and "! A a scale as # O(' 2) while

the fields themselves scale as # O(' ).

Next we consider the L 2 term. Expanding out and integrating over superspace we find

L 2 = 2gf abc

!
"

i
2

n̄ á!
"
A aA ! bP ! A c

#
+ iA a(n̄ á! A ! b)P! A c " uau! bP ! A c + A au! bP ! uc

$

" 2gf abc

!
i
2

n̄ á!
"
A ! aA bPA ! c

#
" iA ! a(n̄ á! A b)PA ! c + u! aubPA ! c " A ! aubPu! c

$

(4.59)

Where for convenience we have defined P! $ ! ! / n̄á! and P $ ! / n̄á! . Upon SUSY variation

the above terms vanish up to total derivatives and by symmetrization. For instance the terms

% #  in the first line of the above, combine to form a total derivative i#n̄ á! (A au! bP ! uc),

while the terms % # all cancel. Note that we have made use of #2u2 = " u2#2.

10In the literature these correspond to what is referred to as kinematical supersymmetry, that is the
remaining super symmetries that remain linearly realized on the light cone. The remaining ÒdynamicalÓ
super symmetries, associated with the superspace coordinates that have been integrated out, along with
some of the Lorentz symmetries are no longer manifest and so realized non-linearly. In other words we
may think of Q2 as generating the kinematical supersymmetry, while the power suppressedQ1 charges as
generating the dynamical supersymmetry.
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from Sec 3 Eq. (??). Additionally we provide a check that each termL kin - L 3 is individually

invariant under the SUSY transformations Eq. (4.58)

Expanding out components and integrating over superspace, we Þnd the expected kinetic

EFT Lagrangian for the single component of a Weyl fermion and a complex scalar:

iL kin = iu ! a
ú2

!
øn á!

ua
2 + A ! a! A a (4.57)

Which is invariant under the SUSY transformations:

"! ua
2 = i

!
2#  ú2øn á! A a , "! A a =

!
2#2ua

2 . (4.58)

where we have used (n á$)2ú2 = 2. Note that our EFT is no longer covariant, so upper and

lower indices simply distinguish the Þeld components that remain in the EFT. As expected

these are the SUSY transformations for the single component of a adjoint Weyl fermion

(expanded out leading order in SCET power counting parameter) and a complex scalar

namely "! %=
!

2#" &" and "! &" = i
!

2$µ
" ú" #  ú" ! µ%= i

!
2ná#

2 #  øn á!%10. The minus sign in

the variation "! A ! may appear contradictory to the literature but appears when we reduce

to single component spinors# 
ú2
u! ú2 = " #  ú2u!

ú2
. Note that since the SUSY transformation

parameter scales as#2 # O(' ) why was this again? the SUSY transformations are higher

order with respect to the Þelds themselves, that is"! ua
2 and "! A a scale as# O(' 2) while

the Þelds themselves scale as# O(' ).

Next we consider theL 2 term. Expanding out and integrating over superspace we Þnd

L 2 = 2gf abc

!
"

i
2

øn á!
"
A aA ! bP ! A c

#
+ iA a(øn á! A ! b)P ! A c " uau! bP ! A c + A au! bP ! uc

$

" 2gf abc

!
i
2

øn á!
"
A ! aA bPA ! c

#
" iA ! a(øn á! A b)PA ! c + u! aubPA ! c " A ! aubPu! c

$

(4.59)

Where for convenience we have deÞnedP! $ ! ! / øná! and P $ ! / øná! . Upon SUSY variation

the above terms vanish up to total derivatives and by symmetrization. For instance the terms

% #  in the Þrst line of the above, combine to form a total derivativei#øn á! (A au! bP ! uc),

while the terms% # all cancel. Note that we have made use of#2u2 = " u2#2.

10In the literature these correspond to what is referred to as kinematical supersymmetry, that is the
remaining super symmetries that remain linearly realized on the light cone. The remaining ÒdynamicalÓ
super symmetries, associated with the superspace coordinates that have been integrated out, along with
some of the Lorentz symmetries are no longer manifest and so realized non-linearly. In other words we
may think of Q2 as generating the kinematical supersymmetry, while the power suppressedQ1 charges as
generating the dynamical supersymmetry.
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from Sec 3 Eq. (??). Additionally we provide a check that each termL kin - L 3 is individually

invariant under the SUSY transformations Eq. (4.58)

Expanding out components and integrating over superspace, we Þnd the expected kinetic

EFT Lagrangian for the single component of a Weyl fermion and a complex scalar:

iL kin = iu ! a
ú2

2

øn á!
ua

2 + A ! a2A a (4.57)

Which is invariant under the SUSY transformations:

"! ua
2 = i

!
2#  ú2øn á! A a , "! A a =

!
2#2ua

2 . (4.58)

where we have used (n á$)2ú2 = 2. Note that our EFT is no longer covariant, so upper and

lower indices simply distinguish the Þeld components that remain in the EFT. As expected

these are the SUSY transformations for the single component of a adjoint Weyl fermion

(expanded out leading order in SCET power counting parameter) and a complex scalar

namely "! %=
!

2#" &" and "! &" = i
!

2$µ
" ú" #  ú" ! µ%= i

!
2ná#

2 #  øn á!%10. The minus sign in

the variation "! A ! may appear contradictory to the literature but appears when we reduce

to single component spinors# 
ú2
u! ú2 = " #  ú2u!

ú2
. Note that since the SUSY transformation

parameter scales as#2 # O(' ) why was this again? the SUSY transformations are higher

order with respect to the Þelds themselves, that is"! ua
2 and "! A a scale as# O(' 2) while

the Þelds themselves scale as# O(' ).

Next we consider theL 2 term. Expanding out and integrating over superspace we Þnd

L 2 = 2gf abc

!
"

i
2

øn á!
"
A aA ! bP ! A c

#
+ iA a(øn á! A ! b)P ! A c " uau! bP ! A c + A au! bP ! uc

$

" 2gf abc

!
i
2

øn á!
"
A ! aA bPA ! c

#
" iA ! a(øn á! A b)PA ! c + u! aubPA ! c " A ! aubPu! c
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(4.59)

Where for convenience we have deÞnedP! $ ! ! / øná! and P $ ! / øná! . Upon SUSY variation

the above terms vanish up to total derivatives and by symmetrization. For instance the terms

% #  in the Þrst line of the above, combine to form a total derivativei#øn á! (A au! bP ! uc),

while the terms% # all cancel. Note that we have made use of#2u2 = " u2#2.

10In the literature these correspond to what is referred to as kinematical supersymmetry, that is the
remaining super symmetries that remain linearly realized on the light cone. The remaining ÒdynamicalÓ
super symmetries, associated with the superspace coordinates that have been integrated out, along with
some of the Lorentz symmetries are no longer manifest and so realized non-linearly. In other words we
may think of Q2 as generating the kinematical supersymmetry, while the power suppressedQ1 charges as
generating the dynamical supersymmetry.

Ð 29 Ð

can correctly identify the various projections ofVn with a chiral superÞeld, via Eq. (??), in

the EFT.

5.3 The Non-Abelian Theory

FINISH

For the Non-Abelian theory the matrix valuedW chiral multiplets are (asV   = V is a

real superÞeld):

W! = !
i

4
ø
D

ø
De

! (Vn + Vøn )
D! e

(Vn + Vøn ) (5.31)

øW ú! = !
i

4
DDe

! (Vn + Vøn ) ø
D ú! e

(Vn + Vøn )

The corresponding action is

S =
!

d

4
xd

2! Tr
"
W ! W!

#
+

!
d

4
xd

2ø! Tr
" øW ú!

øW ú!
#

(5.32)

Where in terms of the adjoint superÞeld strength Tr
"
W ! W!

#
= 1

4W a! W a
! . Expanding out

the exponentials of theW SuperÞeld, and keeping all terms in the Taylor expansion that

donÕt combine to zero:

4iW! = ø
D

ø
DD! !

1
2

ø
D

ø
D

"
(Vn + Vøn), D! (Vn + Vøn)

#
+

1
6

ø
D

ø
D

"
(Vn + Vøn),

"
(Vn + Vøn), D! (Vn + Vøn)

##

where it can be show that only the Þrst two terms contribute in WZ gauge.

W! = !
i

4
ø
D

ø
DD! (Vn + Vøn) +

i

4
ø
D

ø
D

"
(Vn + Vøn), D! (Vn + Vøn)

#
(5.33)

which in the adjoint W! = 2gat
aW a

! becomes

W a
! = !

i

4
ø
D

ø
DD! (Vn + Vøn)a +

g

4
f

abc ø
D

ø
D(Vn + Vøn)b

D! (Vn + Vøn)c (5.34)

øW a
ú! = !

i

4
DD

ø
D ú! (Vn + Vøn)a +

g

4
f

abc
DD(Vn + Vøn)b ø

D ú! (Vn + Vøn)c (5.35)

Taking the variation of the action to integrate out Vøn

"S[z]
"V e

øn [z"]
= 2

!
d

4
xd

2!
"W a!

"V e
øn [z"]

W a
! + 2

!
d

4
xd

2ø!
" øW a

ú!

"V e
øn [z"]

øW a ú! (5.36)

Where we will use"V [z]/"V [z"] = " 4(z ! z

") and z

µ = ( xµ
, ! !

,

ø! ú! ).

"W a!

"V e
øn [z"]

= !
i

4
ø
D

ø
DD

! " ae +
g

4
f

abc ø
D

ø
D" eb

D

! (Vn + Vøn)c +
g

4
f

abc ø
D

ø
D(Vn + Vøn)b

D

! " ec (5.37)
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can correctly identify the various projections ofVn with a chiral superÞeld, via Eq. (??), in

the EFT.

5.3 The Non-Abelian Theory

FINISH

For the Non-Abelian theory the matrix valuedW chiral multiplets are (asV   = V is a

real superÞeld):

W! = � i
4

øD øDe! (Vn + Vøn )D! e(Vn + Vøn ) (5.31)

øW ú! = � i
4

DDe! (Vn + Vøn ) øD ú! e(Vn + Vøn )

The corresponding action is

S =
!

d4xd2! Tr
"
W ! W!

#
+

!
d4xd2ø! Tr

" øW ú!
øW ú!

#
(5.32)

Where in terms of the adjoint superÞeld strength Tr
"
W ! W!

#
= 1

4W a! W a
! . Expanding out

the exponentials of theW SuperÞeld, and keeping all terms in the Taylor expansion that

donÕt combine to zero:

4iW! = øD øDD ! � 1
2

øD øD
"
(Vn + Vøn), D! (Vn + Vøn)

#
+

1
6

øD øD
"
(Vn + Vøn),

"
(Vn + Vøn), D! (Vn + Vøn)

##

where it can be show that only the Þrst two terms contribute in WZ gauge.

W! = � i
4

øD øDD ! (Vn + Vøn) +
i
4

øD øD
"
(Vn + Vøn), D! (Vn + Vøn)

#
(5.33)

which in the adjoint W! = 2gataW a
! becomes

W a
! = � i

4
øD øDD ! (Vn + Vøn)a +

g
4

f abc øD øD(Vn + Vøn)bD! (Vn + Vøn)c (5.34)

øW a
ú! = � i

4
DD øD ú! (Vn + Vøn)a +

g
4

f abcDD (Vn + Vøn)b øD ú! (Vn + Vøn)c (5.35)

Taking the variation of the action to integrate out Vøn

"S[z]
"V e

øn [z"]
= 2

!
d4xd2!

"W a!

"V e
øn [z"]

W a
! + 2

!
d4xd2ø!

" øW a
ú!

"V e
øn [z"]

øW a ú! (5.36)

Where we will use"V[z]/ "V [z"] = " 4(z � z") and zµ = ( xµ, ! ! , ø! ú! ).

"W a!

"V e
øn [z"]

= � i
4

øD øDD ! " ae +
g
4

f abc øD øD" ebD ! (Vn + Vøn)c +
g
4

f abc øD øD(Vn + Vøn)bD ! " ec (5.37)

Ð 38 Ð

So that (writing V = Vn + Vøn):

! S[z]
! V e

øn [z!]
=

1

8

!
d4xd2"d2"̄

"
! iD ! ! ea + gf abc(! ebD ! V c + ! ecV bD ! )

#
D̄D̄

"
! iD ! V a + gf adhV dD! V h

#

+
1

8

!
d4xd2"̄d2"

"
! i D̄ ú! ! ea + gf abc(! ebD̄ ú! V c + ! ecV bD̄ ú! )

#
DD

"
! i D̄ ú! V a + gf adhV dD̄ ú! V h

#

=
1

8

!
d4xd2"d2"̄ (! D ! D̄ D̄D ! V e + igf ace

"
D ! D̄ D̄V c +

$
D ! , Vc

%̄
DD̄

#
D! V a

! g2f acef adh
$
D ! , Vc

%̄
DD̄V dD! V h)

+
1

8

!
d4xd2"̄d2" (! D̄ ú! DD D̄ ú! V e + igf ace

"
D̄ ú! DDV c +

$
D̄ ú! , Vc

%
DD

#
D̄ ú! V a

! g2f acef adh
$
D̄ ú! , Vc

%
DDV dD̄ ú! V h) (5.38)

So the constraint equation is

! D ! D̄ D̄D ! V e + igf ace
"
D ! D̄ D̄V c +

$
D ! , Vc

%̄
DD̄

#
D! V a ! g2f acef adh

$
D ! , Vc

%̄
DD̄V dD! V h = 0

(5.39)

5.3.1 Identities and Formulas

For a non-abelian adjoint Superspace field strength recall

W a
! =

1

4
D̄ D̄ (D! V a ! igaf abcV bD! V c + ) (5.40)

Which in WZ gauge becomes

W a
! = #a

! + " ! D a +
i
2
($µ$̄" " )! F a

µ" + i "" ($µ" µ#  a)! (5.41)

F a
µ" = %µAa

" ! %" Aa
µ + gf abcAb

µAc
"

" µ#a = %µ#a + gf abcAb
µ#c

1

2g2
a
Tr

$
W ! W!

%
=

1

2g2
a
Tr

$
tatb

%
W a! W b

! = W a! W a
! (5.42)

6 Candidate Supercurrent

Still donÕt know how to connect this with the Noether Procedure. We can

just say this is a candidate super current and we leave the actual connection to

future work Simple supercurrent for the (free) Wess-Zumino model or the free Light-Cone
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where

Taking the variation in superspace with respect to!  
øn yields the equation of motion;

!
1
4

DD ! øn !
1
4

DD ! n +
! W ! (!  

n , !  
øn)

! !  
øn

= 0 (5.9)

with a similar expression for the conjugate equation. Consider for example the superpoten-

tial of the Wess-Zumino Model is11 which contains a mass term and a yukawa interaction;

W = m! n! øn +
y
3

!
! 2

n ! øn + ! 2
øn ! n

"
(5.10)

Taking ! L / ! !  
øn yields:

!
1
4

DD ! øn !
1
4

DD ! n + m! !  
n +

y!

3

#
!   2

n + 2!  
øn !  

n

$
= 0 (5.11)

To get the equation of motion for the fermion component we again act on the above with
øD ú1 and take the space projection. Making use of some identities and the chirality condition,

this reproduces the expected equation of motion:

uøn,1 =
"

øn á"
un,2 + m! 1

i øn á"
u!

n,2 +
2
3

y! (#!
n + #!

øn)
1

i øn á"
u!

n,2 (5.12)

Note that the #øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution

! øn = ! ! n +
øD ú1DD

4i (øn á" )D1
! n ! m!

øD ú1

i (øn á" )D1
!  

n !
2
3

y!
øD ú1

i (øn á" )D1
!  

n , (5.13)

which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;

|y|2
%

d$2d$  ú2 1
øn á"

(! nD2! n)
1

øn á"
(!  

n
øD ú2!  

n ) " |y2|#!
nu!

n,2
1

i øn á"
un,2#n. (5.14)

In App. A we will further discuss why this interaction term results in the breakdown of a

constant EFT.

5.2 Deriving the Abelian Vector Model

! S
! Vøn

= 0 # (5.15)

11Expect to drop terms like ! øn ! øn .
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where

4.2.2 SUSY Yang-Mills

Start a new section here??

Next consider a vector multiplet of SUSY Yang-Mills consisting of a gauge ÞeldAµ

left handed Weyl spinor gauginou! = u!
n + u!

øn . As we shall see explicitly in Sec.5, after

integrating out unphysical modes the remaining two fermionic and two bosonic degrees of

freedom (u2 and A) can be expressed together as a Collinear Chiral SuperÞeld! .

! a = e! i
2 "   ú2" 2 øná#

!
A a + ! 2u2

"
= A a + ! 2u2 !

i
2

!   ú2! 2øn á" A a (4.55)

!   a = e
i
2 "   ú2" 2 øná#

#
A " a + !   ú2u" a

2

$
= A " a + !   ú2u" a

2 +
i
2

!   ú2! 2øn á" A " a

FIX

! " øD ú2 D1 Vn

%
%
%
" 1=0= "   ú1

=
#

2A " + 2 i ! 2u"
n,2 + i

#
2! 2!   ú2 øn á" A " ,

! a =
#

2A " a+ 2 i ! 2u" a
n,2 + i

#
2! 2!   ú2 øn á" A " a,

Note that this remarkable organization of the gauge degrees of freedom into a chiral multiplet

is a feature of working in LCG. A di" erent gauge choice, for instance Wes-Zumino gauge,

would require a vector multiplet with the usual constraintV = V   . We can now construct

the Superspace Lagrangian of the EFT in LCG9:

iL =
&

d! 2dø! ú2
'
!   a !

øn á"
! a + 2gf abc

(
! a!   b " "

øn á"
! c ! !   a! b "

øn á"
!   c

)
(4.56)

+ 2g2f abcf ade 1
øn á"

#
! bD  

ú2
!   c

$ 1
øn á"

!
!   dD2! e

"

" L kin + L 2 + L 3

Where ! = øn á" n á" + " 2
# = øn á" n á" ! 2" " " . Note that the factors of 2 come from

taking the hermitian conjugate.

[Show that supersymmetry is implicit when writing these terms in LC su-

perspace - similar to the argument in Terning for chiral superÞelds the usual

superspace (then donÕt have to work through all the component terms)]

9Note that similar results are written down in the literature, for instance in [ 19] where the N = 4
Lagrangian is dimensionally reduced toN + 1 our approach is novel in the sense that we show that this is
the equivalent N = 1 Lagrangian achieved by integrating out superspace coordinates
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and

Constraint equation:

2auge ,eor$
In Collinear Superspace



¥  Is the SCET limit of Super Yang-Mills self consistent? (Choice of a speciÞc frame 
which obscures Lorentz invariance. Possible obstruction for compatibility with extended 
space-time invariance.)

¥  Formulate SCET with Weyl Fermions? 

¥  Chiral multiplet? 

¥  N  = 1 Gauge multiple?

¥  Superspace formalism?

¥  Subtleties of Super-Poincare invariance on the lightcone?

¥  Operators?

¥  Extension to N  > 1 SUSY?

¥  Supergravity?

¥  Gravity?

¥  ???

%any Ques&ons Remai/
Can we explore the SCET limits of more general theories?
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Using Eq. (2.33), it is then easy to write down the algebra of RPI with supersymmetry:

[R!
1, Q" ] = ! i

!
! !

!
øn áø!

2

" #

"
Q# , (4.31)

[R!
2, Q" ] = ! i

!
! !

!
n áø!

2

" #

"
Q# , (4.32)

[R3, Q" ] = i
! n á!

2
øn áø!

2
! 1

" #

"
Q# . (4.33)

If we choosenµ = (1 , 0, 0, 1) and ønµ = (1 , 0, 0, ! 1) (which is equivalent to the frame choice

used for Eqs. (4.29) and (4.30)), then the anti-commutator of the supersymmetry generators

to leading power is
#

Q" , Q 
ú"

$
= ( n á! )" ú" øn áP , (4.34)

which is identical to the expressions in Eqs. (4.29) and (4.30). The algebra of RPI with

supersymmetry becomes

[R!
1, Q1] = ! iøa! Q2 , [R!

1, Q2] = 0 , (4.35)

[R!
2, Q1] = 0 , [R!

2, Q2] = ! ia! Q1 , (4.36)

[R3, Q1] = ! iQ1 , [R3, Q2] = 0 . (4.37)

Here, a! = (0 , 1, i, 0) and øa! = (0 , 1, ! i, 0). RPI-1 and RPI-3 transformations correspond

to the residual Lorentz transformations that maintain the vectorPµ = ( E, 0, 0, E), while

RPI-2 is di! erent. That is, RPI-1 and RPI-3 are e! ectively symmetries of super-Poincar«e

as deÞned in the framePµ = ( E, 0, 0, E).

4.1.4 Superspace

We would like to utilize the power of superspace to write the e! ective theory in a mani-

festly supersymmetric form. In addition to the usual space-time coordinatesxµ, superspace

involves the addition of anti-commuting spinor-valued grassmann coordinates" " and "   ú"

via a superspace translationyµ = xµ + i "! µ"   . In terms of superspace coordinates the

Supercharges may be expressed as di! erential operators in the usual way:

Q" = i
#

#""
! (! á#)" ú" "   ú" Q 

ú" = ! i
#

#"  ú"
+ " " (! á#)" ú" (4.38)

Which in the SCET expansion become

Q2 =
%

i
#

#"2
! "   ú2øn á# !

"
2"   ú1#

&
, Q1 =

%
i

#
#"1

! "   ú1n á# !
"

2"   ú2#"

&
, (4.39)
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Lorentz Symmetry is partially broken on the light cone. Rotations in the perpendicular

(generated byJ3) plan are unbroken, while the presence of the vectorsnµ and ønµ break Þve

of the Lorentz generators corresponding tonµMµ! and ønµMµ! , so that Lorentz symmetry

is non manifest in the e! ective theory. However even for the broken generators there is a

residual invariance under RPI. One manifestation of this is that we are free to choose the

light cone coordinates as long as they obeyn2
µ = 0 = øn2

µ and n áøn = 2. These expressions

are invariant under three di! erent kinds of reparameterization.

2.1.1 The RPI Generators and Algebra

The Poincar«e group, relevant to the full Lorentz invariant theory, is deÞned by
!
Pµ, P!

"
= 0 ; (2.19)

!
M µ! , P"

"
= i gµ" P! ! i g!" Pµ ; (2.20)

!
M µ! , M #"

"
= ! gµ#M !" ! g!" M µ# + gµ" M !# + g!# M µ" , (2.21)

where the generatorsK i = M 0i are boosts,J i = 1
2 ! ink M jk are rotations, andPi = i " i are

translations:

M µ! =

#

$
$
$
%

0 K 1 K 2 K 3

! K 1 0 ! J 3 J 2

! K 2 J 3 0 J 1

! K 3 ! J 2 ! J 1 0

&

'
'
'
(

. (2.22)

Since we are working with the theory expanded on the light cone, Lorentz invariance is

obscured. The remaining symmetries correspond to the Lorentz generators projected along

the vectorsn and øn:

R!
1 = ønµ M µ! ! , (2.23)

R!
2 = nµ M µ! ! , (2.24)

R3 = nµ øn! M µ! , (2.25)

corresponding to RPI-1, RPI-2, and RPI-3 transformations, respectively. The symbol#!

denotes that this index only takes values for directions orthogonal ton and øn.

In terms of the usual Poincare generators we Þnd the following Þve generators
)
B 1, B 2, S1, S2, J 3

*

corresponding to speciÞc combinations of rotations and boosts about the perpendicular di-
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We can now write the full two component left handed fermion as;

! |0! = un|0! + uøn|0! =

!
0

Q 
ú2

"

" n |0! +

!
Q 

ú1

0

"

" n |0! (4.23)

Now consider the vector multiplet. The Cli! ord vacua is the spin one half Weyl fermion

state. In a massless theory we construct the on-shell physical gauge degrees of freedom as

follows

Q 
ú2
un|0! = Q 

ú2
|h = " 1/ 2! = |h = " 1! # # (4.24)

and the CTP conjugate yields

Q 
ú2
u 

n |0! = Q 
ú2
|h = 1/ 2! = |h = 0! # # (4.25)

These correspond to the two transverse gauge degrees of freedomA and A ! .

4.1.3 SUSY and RPI

The Super Poincar«e group of the full theory is deÞned the usual Poincar«e group Eq. (2.19)-

Eq. (2.21) supplemented with
#
Q! , Pµ

$
= 0 =

#
Q 

ú! , Pµ
$

(4.26)
#
Mµ" , Q!

$
= i ($µ" )#

! Q# and
#
Mµ" , Q 

ú!

$
= i (ø$µ" )

ú#
ú! Q 

ú#
(4.27)

{ Q! , Q 
ú! } = 2$µ

! ú! Pµ (4.28)

As previously disused, for the massless full theory, we can choosePµ = ( E, 0, 0, E) and so

the supersymmetry algebra reproduces that of the EFT
%

Q1, Q 
ú1

&
= 0 , (4.29)

%
Q2, Q 

ú2

&
= 4E . (4.30)

With this choice of frame, there are still unbroken Lorentz generators corresponding to

boosts along the direction of motion and rotations in the transverse directions. These

symmetries maintain the properties ofQ1 and Q2. With the rest of the Poincar«e generators,

the supersymmetry generators close into the super-Poincar«e algebra. For our purposes,

we only need to consider the commutation relation of supersymmetry with the Lorentz

transformations.
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Super-Poincare:

Lorentz Symmetry is partially broken on the light cone. Rotations in the perpendicular
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is non manifest in the e! ective theory. However even for the broken generators there is a

residual invariance under RPI. One manifestation of this is that we are free to choose the

light cone coordinates as long as they obeyn2
µ = 0 = øn2

µ and n áøn = 2. These expressions

are invariant under three di! erent kinds of reparameterization.

2.1.1 The RPI Generators and Algebra

The Poincar«e group, relevant to the full Lorentz invariant theory, is deÞned by
!
Pµ, P!

"
= 0 ; (2.19)

!
M µ! , P"

"
= i gµ" P! ! i g!" Pµ ; (2.20)

!
M µ! , M #"

"
= ! gµ#M !" ! g!" M µ# + gµ" M !# + g!# M µ" , (2.21)

where the generatorsK i = M 0i are boosts,J i = 1
2 ✏ink M jk are rotations, andPi = i @ i are

translations:

M µ! =

#

$
$
$
%

0 K 1 K 2 K 3

! K 1 0 ! J 3 J 2

! K 2 J 3 0 J 1

! K 3 ! J 2 ! J 1 0

&

'
'
'
(

. (2.22)

Since we are working with the theory expanded on the light cone, Lorentz invariance is

obscured. The remaining symmetries correspond to the Lorentz generators projected along

the vectorsn and øn:

R!
1 = ønµ M µ! ? , (2.23)

R!
2 = nµ M µ! ? , (2.24)

R3 = nµ øn! M µ! , (2.25)

corresponding to RPI-1, RPI-2, and RPI-3 transformations, respectively. The symbol⌫?
denotes that this index only takes values for directions orthogonal ton and øn.

In terms of the usual Poincare generators we Þnd the following Þve generators
)
B 1, B 2, S1, S2, J 3

*

corresponding to speciÞc combinations of rotations and boosts about the perpendicular di-
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rections [TC: Currently inconsistent upper vs lower index.] [GE:Þxed]

R!
1 = ønµM µ! ! = M 0! ! ! M 3! ! =" S1 # K 1 ! J 2 and S2 # K 2 + J 1 (2.26)

R!
2 = nµM µ! ! = M 0! ! + M 3! ! =" B 1 # K 1 + J 2 and B 2 # K 2 ! J 1

R3 = ønµn! M µ! = 2 K 3

So that we can now re-write [12] as in terms of the transformed generators[TC: Need to

deÞne C"
µ .] [GE: removed C"

µ since we donÕt use it for anything.]

M µ! ,c =

!

"
"
"
#

0 ! S1 ! S2 ! K 3

S1 0 J 3 B 1

S2 ! J 3 0 B 2

K 3 ! B 1 ! B 2 0

$

%
%
%
&

. (2.27)

[GE: Is this even useful to show? We donÕt use it for anything at the moment.]

Note that we can use the Lorentz algebra given in Eq. (2.21) to verify that the RPI

algebra closes, for instance[TC: Index structure on this eq is confusing. The Þnal

formula has no indices (I assume the non-zero choices correspond to the choice

of ± ). We should clarify this.]
'
R!

1, R#
2

(
= ønµ n"

'
M µ! ! , M "# !

(
= ! 2M ! ! #! + g!#

! R3 = ± (2 J3 + R3) (2.28)

where the± reßect the choice of! ! = 1, 2.

Now that we have the full algebra, it is possible to infer the action of the RPI transfor-

mations along with their power counting properties. Starting with Eq. (2.20) the algebra of

RPI acting on the various components ofPµ are:
)
R!

1, n áP
*

= 2 i P !
! ,

)
R!

2, n áP
*

= 0 ,
)
R3, n áP

*
= ! 2i n áP , (2.29)
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R!

1, øn áP
*

= 0 ,
)
R!

2, øn áP
*

= 2 i P !
! ,

)
R3, øn áP

*
= 2 i øn áP , (2.30)

)
R!

1, P#
!

*
= ! i g!#

! øn áP ,
)
R!

2, P#
!

*
= ! i g!#

! n áP ,
)
R3, P#

!

*
= 0 . (2.31)

This is precisely the algebra expected from the inÞnitesimal RPI transformations of a four-

vector. [TC: Why is the ÒexpectedÓ?] AssumingP is collinear, it also possible to use

these results to infer how the generators of RPI scale:

R!
1 $ " " 1 , R!

2 $ " , R3 $ 1. (2.32)

[TC: Some comments on what we learn from this scaling.]
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This is precisely the algebra expected from the inÞnitesimal RPI transformations of a four-

vector. [TC: Why is the ÒexpectedÓ?] AssumingP is collinear, it also possible to use

these results to infer how the generators of RPI scale:

R!
1 $ " " 1 , R!

2 $ " , R3 $ 1. (2.32)

[TC: Some comments on what we learn from this scaling.]
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scaling:

!uper-Poincare on 1e Lightcon'



0eparame#iza&on Invariance -RPI.
of this procedure as summarized in Table2, it can be deduced that RPI-I and RPI-II lead

to a mixing of the di! erent components of the fermion and gauge Þelds. This property is

straightforward to see for the gauge Þelds using Eq. (2.32).

Deriving the fermion transformations requires a bit more care. For example, there is a

subtlety regarding what is actually meant byun, since it is deÞned by a projectionPnun = un

and the n/øn directions are modiÞed by the action of RPI, see Eq. (2.10). One self consistent

approach is to impose that these projections are invariant:

n á!
2

øn áø!
2

un ����!
RPI-I

!
n á!

2
øn áø!

2
+

" ! á!
2

øn áø!
2

"
un = un . (2.34)

Using Eq. (2.8), it is clear that RPI-I acts to rotate in the helicity component that has been

integrated out:

un,! =

#
0

u2

$

����!
RPI-I

#
1
2(" ! á! )1ú2u2

u2

$

. (2.35)

Applying the same argument for RPI-II, we see that it e! ectively acts as a rescaling of the

fermion Þeldsun

un,! =

#
0

u2

$

����!
RPI-II

#
0

%
1 + 1

2("! á! )2ú1
1

ønáD (D! áø! ) ú12
&
u2

$

. (2.36)

Finally, consider the RPI-III transformations for the fermion. The fermion Lagrangian must

be invariant under RPI-III, and in particular the term

L u = iu  
n

2

øn á#
øn áø!

2
un ����!

RPI-III
u 

n
2

e! øn á#
e! øn áø!

2
un , (2.37)

where we have used that2 is an RPI invariant. Therefore, the full two-component collinear

spinor un does not transform under RPI-III.7

These explicit transformation rules can be used to show that Eq. (2.21) is an RPI

invariant. This is a standard result in SCET in four component notation, seee.g. [? ]. The

procedure in two-component spinors is trivially generalized from the four component case,

7Note, however, a confusion arises when we specify explicit vectors nµ = (1, 0, 0, 1) and n̄µ = (1, 0, 0, �1),
such that the term in Eq. (2.37) can be written as

L u = u 
n, ú2

2

n̄ á!
un, 2 ! u 

n, ú2

2

e! n̄ á!
un, 2 . (2.38)

This would lead one to the incorrect inference that the collinear degree of freedom un, 2 inherits a transfor-
mation un, 2 ! e! ! / 2un, 2.
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This would lead one to the incorrect inference that the collinear degree of freedomun, 2 inherits a transfor-
mation un, 2 " e! ! / 2un, 2.
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Projections should be invariant

of this procedure as summarized in Table2, it can be deduced that RPI-I and RPI-II lead
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This would lead one to the incorrect inference that the collinear degree of freedomun, 2 inherits a transfor-
mation un, 2 " e! ! / 2un, 2.
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RPI-I: rotates in back the helicity component which has been integrated out

RPI-II: rescaling of fermion Þeld

of this procedure as summarized in Table2, it can be deduced that RPI-I and RPI-II lead
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This would lead one to the incorrect inference that the collinear degree of freedomun, 2 inherits a transfor-
mation un, 2 " e! ! / 2un, 2.
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RPI-III: boost that leaves the fermion Þeld invariant

of this procedure as summarized in Table2, it can be deduced that RPI-I and RPI-II lead
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subtlety regarding what is actually meant byun, since it is deÞned by a projectionPnun = un

and the n/øn directions are modiÞed by the action of RPI, see Eq. (2.10). One self consistent

approach is to impose that these projections are invariant:

n á!
2

øn áø!
2

un !!!!"
RPI-I

!
n á!

2
øn áø!

2
+

" ! á!
2

øn áø!
2

"
un = un . (2.34)

Using Eq. (2.8), it is clear that RPI-I acts to rotate in the helicity component that has been

integrated out:

un,! =

#
0

u2

$

!!!!"
RPI-I

#
1
2(" ! á! )1ú2u2

u2

$

. (2.35)

Applying the same argument for RPI-II, we see that it e! ectively acts as a rescaling of the

fermion Þeldsun

un,! =

#
0

u2

$

!!!!"
RPI-II

#
0

%
1 + 1

2("! á! )2ú1
1

ønáD (D! áø! ) ú12
&
u2

$

. (2.36)

Finally, consider the RPI-III transformations for the fermion. The fermion Lagrangian must
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where we have used that! is an RPI invariant. Therefore, the full two-component collinear

spinor un does not transform under RPI-III.7

These explicit transformation rules can be used to show that Eq. (2.21) is an RPI

invariant. This is a standard result in SCET in four component notation, seee.g. [? ]. The

procedure in two-component spinors is trivially generalized from the four component case,

7Note, however, a confusion arises when we specify explicit vectorsnµ = (1 , 0, 0, 1) and ønµ = (1 , 0, 0, ! 1),
such that the term in Eq. ( 2.37) can be written as

L u = u 
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This would lead one to the incorrect inference that the collinear degree of freedomun, 2 inherits a transfor-
mation un, 2 " e! ! / 2un, 2.
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e.g

Transformation of Þelds

RPI-1 RPI-2 RPI-3

n ! n + ! ! n e! n

øn ! øn øn + ! ! e" ! øn

un !
!
1 + 1

4" á! ! øn áø"
"

un

#
1 + "! á#

2
1

i øná$ i#! áø"
$

un un

n áA ! n áA + ! ! áA n áA e! n áA

øn áA ! øn áA øn áA + ! ! áA e" ! øn áA

A! µ ! A! µ " 1
2! ! µ øn áA " ønµ

2 ! ! áA! Aµ! " "µ !
2 n áA " nµ

2 ! ! áA Aµ!

$n ! $n $n $n

Table 2 : The RPI transformations for fermions, scalars, gauge Þelds, and derivative op-
erators. Here! ! # O(! ) parametrizes invariance ofn áøn = 2 under small deviations
away from the collinearnµ direction, while "! # O(1) parametrizes invariance ofn áøn = 2
under small deviations away from the anti-collinear ønµ direction. Unlike RPII the devi-
ation away from the anti-collinear direction may be large,O(1). The components of the
derivative (øn á#, #µ! , n á#), and therefore the components of the gauge covariant derivative
Dµ = #µ " igAµ, have the same transformations as the gauge Þeld.

3 Light-Cone Gauge Formulation of SCET

CHECK THIS SECTION FOR TYPOS. Then comment out some of the

note equations

The gauge choice ønáA = 0 deÞnes Light Cone Gauge (LCG) [13Ð17], see [18] for a review.

Additionally, to construct a LCG Lagrangian one integrates out the non-propagating gauge

modenáA. As described in Sec.2 above, deriving a Lagrangian for collinear fermions requires

integrating out half the fermionic degrees of freedom. The SCET model with collinear

fermions and gauge bosons expressed in LCG contains two bosonic and two fermionic degrees

of freedom. This equivalent number of degrees of freedom hints at the possibility of a

SUSY relation between these Þelds. However note that gauge and Poincare invariance (and

therefore RPI) are not manifest in non-covariant gauges such as LCG.5 This is why we verify

RPI using an alternative description of the model (which we will prove to be equivalent to

this one). [GE: This is why we checked RPI for the theory in the previous section.

We leave it to future work to see how to do this directly (WZ gauge etc) ]

5This issue is arrises in the standard approach to SYM theories since SUSY is not manifest in the
Wess-Zumino gauge.
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Summary:

i.e. Full theory spinor should be RPI invariant 



we find the constraint that yields the equation of motion for Vøn

!
D ! D̄ D̄D !

"!
Vn + Vøn

"
=

!
! 16 ! + 4 i D !

#
! á"

$
! ú!

D̄ ú!
" #

Vn + Vøn
$
= 0 (5.22)

Note that we can use the relation D ! D̄ D̄D ! V = D̄ ú! DD D̄ ú! V to write this constraint simply

as D ! D̄ D̄D ! (Vn + Vøn) = 0. Also note that in terms of the W ! Chiral Superfield we have

the relation D ! Wn! +D ! Wøn! = 0, however we will find it more useful to work directly with

the Vector Superfield.

It is instructive to see that we can extract the equation of motion for the component

fields that we integrate out, #øn and n áAn from the constraint, as this will help us later to

write an anstaz for the equation of motion of the anti-collinear vector superfield. From the

constraint equation.

D ! D̄ D̄D ! (Vn + Vøn) = (! 16! + 4iD ! (! á" )! ú! D̄ ú! )(Vn + Vøn) = 0 (5.23)

To find the equation of motion of the anti-collinear gaugino project with D̄ ú2 (recall that
%

d$! " D! and
%

d$  ú! " D̄ ú! when integrated over d4x):

D̄ ú2D ! (! á" )! ú! D̄ ú! Vøn = ! D̄ ú2D ! (! á" )! ú! D̄ ú! Vn (5.24)

(the other choice D̄ ú! DD D̄ ú! (Vn +Vøn) simply gives the conjugate equations of motion for the

anti-gaugino). The superspace derivatives act to pick out various components of the vector

supefield Eq. 5.19, and using Eq. F.7, we find:

D̄ ú2D 2(! á" )2ú2D̄ ú2Vøn = ! D̄ ú2D 1(! á" )1ú2D̄ ú2Vn # uøn,1 =

$
2" !

n̄ á"
un,2 (5.25)

which reproduces the expected equation of motion for the anti-collinear gaugino.

We must also check that we have Eq. 5.22 integrates out the unphysical gauge polar-

ization n áAn . For this we see that acting Eq. 5.22 on the vector superfield simply picks out

the $$̄$$̄ term in the vector superfield and sets it to zero so that in LCG n̄ áAøn = 0 we find

0 = " µAµ =
1

2
n̄ á" n áAn +

1

2
n á" n̄ áAn + " " áA" =

1

2
n̄ á" n áAn ! " ! A ! " A ! (5.26)

# n áAn = !
2

n̄ á"
(" ! A + " A ! )

" áA term not there in x-coordinates. We need to go back to showing this proof

using the components of W which reproduces the expected equation of motion for the

free theory as compared to Eq. 3.8.

Based on our intuition for the equation of motion of the component fields, we can guess
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Abelian vector multiplet

Where (!" á#!   )( !" áA!   ) = ! !!!   !   # áA = !!!   !  
!

1
2n á#øn áA + 1

2 øn á#n áA ! #! A ! #A !
"
,

so that expanding out the spinor components.

V(x) = ! ! 1!   ú1n áA !
"

2(! 1!   ú2A ! + ! 2!   ú1A ) + 2 i ! 1! 2(øuú1!   ú1 + øuú2!   ú2) ! 2i !   ú1!   ú2(! 1u1 + ! 2u2)

+ 2i ! 2! 1!   ú2!   ú1

#
1
2

øn á#n áA +
1
2

n á#øn áA + #" áA"

$
! ! 2!   ú2øn áA (5.16)

By supersymmetry the projection operators acting on the gauginos of a vector multiplet

must require the entire superÞeld to obey the decomposition:

V = V   = Pn V + Pøn V = Vn + Vøn , (5.17)

Recall that in terms of component Þelds the projections operators eliminate half of the spin

states from the EFT, namelyun,1 = 0 = uøn,2. Therefore the collinear and anti-collinear

vector superÞelds (in terms ofxµ variables) are;

Vn = ! ! 1 !   ú1 n áAn !
"

2
%

! 1 !   ú2A !
n + ! 2 !   ú1 A n

&
+ 2 i ! 1 ! 2 !   ú2 u!

n, ú2 ! 2 i !   ú1 !   ú2 ! 2 un,2 , (5.18)

Vøn = ! ! 1 !   ú1 n áAøn ! ! 2 !   ú2 øn áAøn !
"

2
%

! 1 !   ú2 A !
øn + ! 2 !   ú1 A øn

&
+ 2 i ! 1 ! 2 !   ú1 u!

øn, ú1 ! 2 i !   ú1 !   ú2 ! 1 uøn,1 ,

Note that in the above we have gauge Þxed øn áAn = 0, but have not yet integrated out the

unphysical modes from the EFT.

The action for the Abelian theory is

S =
'

d4xd2! W ! W! +
'

d4xd2!   øW ú!
øW ú! (5.19)

Where in WZ gauge the Chiral SuperÞeld is given by

W! = !
i
4

øD øDD !

%
Vn + Vøn

&
. (5.20)

We integrate out the anti-collinear vector superÞeld by taking the variation of the su-

perspace action in analogy to what we did for the chiral superÞeld:

$S[z]
$Vøn[z#]

= !
1
2

'
d4xd2!

$W !

$Vøn[z#]
W! !

1
2

'
d4xd2!   $ øW ú!

$Vøn[z#]
øW ú!

=
1
32

'
d4xd2! øD øDD ! øD øDD ! (Vn + Vøn) +

1
32

'
d4xd2!   DD øD ú! DD øD ú! (Vn + Vøn)

= !
1
8

'
d4xd2! d2!  

!
D ! øD øDD ! + øD ú! DD øD ú!

"
(Vn + Vøn) = 0 , (5.21)
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Note that in the above we have gauge Þxed øn áAn = 0, but have not yet integrated out the

unphysical modes from the EFT.

The action for the Abelian theory is

S =
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Recall that in terms of component Þelds the projections operators eliminate half of the spin
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Vn = ! ! 1 !   ú1 n áAn !
"

2
%

! 1 !   ú2A !
n + ! 2 !   ú1 A n

&
+ 2 i ! 1 ! 2 !   ú2 u!

n, ú2 ! 2 i !   ú1 !   ú2 ! 2 un,2 , (5.18)

Vøn = ! ! 1 !   ú1 n áAøn ! ! 2 !   ú2 øn áAøn !
"

2
%

! 1 !   ú2 A !
øn + ! 2 !   ú1 A øn

&
+ 2 i ! 1 ! 2 !   ú1 u!

øn, ú1 ! 2 i !   ú1 !   ú2 ! 1 uøn,1 ,

Note that in the above we have gauge Þxed øn áAn = 0, but have not yet integrated out the

unphysical modes from the EFT.

The action for the Abelian theory is

S =
'

d4xd2! W ! W! +
'

d4xd2!   øW ú!
øW ú! (5.19)

Where in WZ gauge the Chiral SuperÞeld is given by

W! = !
i
4

øD øDD !

%
Vn + Vøn

&
. (5.20)

We integrate out the anti-collinear vector superÞeld by taking the variation of the su-

perspace action in analogy to what we did for the chiral superÞeld:

$S[z]
$Vøn[z#]

= !
1
2

'
d4xd2!

$W !

$Vøn[z#]
W! !

1
2

'
d4xd2!   $ øW ú!

$Vøn[z#]
øW ú!

=
1
32

'
d4xd2! øD øDD ! øD øDD ! (Vn + Vøn) +

1
32

'
d4xd2!   DD øD ú! DD øD ú! (Vn + Vøn)

= !
1
8

'
d4xd2! d2!  

!
D ! øD øDD ! + øD ú! DD øD ú!

"
(Vn + Vøn) = 0 , (5.21)

Ð 34 Ð

1) By supersymmetry 

2) Constraint equation 
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where in LCG:

Taking the variation in superspace with respect to!  
øn yields the equation of motion;

!
1
4

DD ! øn !
1
4

DD ! n +
! W ! (!  

n , !  
øn)

! !  
øn

= 0 (5.9)

with a similar expression for the conjugate equation. Consider for example the superpoten-

tial of the Wess-Zumino Model is11 which contains a mass term and a yukawa interaction;

W = m! n! øn +
y
3

!
! 2

n ! øn + ! 2
øn ! n

"
(5.10)

Taking ! L / ! !  
øn yields:

!
1
4

DD ! øn !
1
4

DD ! n + m! !  
n +

y!

3

#
!   2

n + 2!  
øn !  

n

$
= 0 (5.11)

To get the equation of motion for the fermion component we again act on the above with
øD ú1 and take the space projection. Making use of some identities and the chirality condition,

this reproduces the expected equation of motion:

uøn,1 =
"

øn á"
un,2 + m! 1

i øn á"
u!

n,2 +
2
3

y! (#!
n + #!

øn)
1

i øn á"
u!

n,2 (5.12)

Note that the #øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution

! øn = ! ! n +
øD ú1DD

4i (øn á" )D1
! n ! m!

øD ú1

i (øn á" )D1
!  

n !
2
3

y!
øD ú1

i (øn á" )D1
!  

n , (5.13)

which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;

|y|2
%

d$2d$  ú2 1
øn á"

(! nD2! n)
1

øn á"
(!  

n
øD ú2!  

n ) " |y2|#!
nu!

n,2
1

i øn á"
un,2#n. (5.14)

In App. A we will further discuss why this interaction term results in the breakdown of a

constant EFT.

5.2 Deriving the Abelian Vector Model

! S
! Vøn

= 0 # (5.15)

11Expect to drop terms like ! øn ! øn .

Ð 33 Ð

2auge ,eor$
Deriving Abelian Theory in Collinear Superspace



4) Plug back into Lagrangian

absorb the factor ofi into the gaugino, and do a superspace rotation to express the Þeld in

terms of xµ = yµ ! i !" á#!   .

S = ! 2
!

d4xd2! d2!   øD ú1D ! (Vn + Vøn) øD ú2D! (Vn + Vøn) + h.c.

The full theory action is

S =
!

d4xd2! øD øDD ! (Vn + Vøn) øD øDD ! (Vn + Vøn) + h.c.

= 2
!

d4xd2! d2!   D ! (Vn + Vøn) øD ú1
øD ú2D! (Vn + Vøn) + h.c.

= ! 2
!

d4xd2! d2!   øD ú1D ! (Vn + Vøn) øD ú2D! (Vn + Vøn) + h.c.

Here we have integrated by parts (recall
"

d4xd2! D(. . . ) is a total derivative in real

space), and exchanged superspace derivatives for integration of superspace coordinates (e.g.
"

d4xd! 1 " D1). Now we can plug in the anstaz solution for the anti-collinear superÞeld

Eq. (5.27).

L =
!

d4!
#

1
øn á# øD ú1

D 1 øD øD
$

D2
øD ú1Vn

%& #
1

øn á# D1

øD ú1 D D
$

øD ú2D1Vn

%&

=
!

d! 2 d!   ú2 d!   ú1 d! 1 1
D1

øD ú1

$
D 1 øD øD

$
D2

øD ú1Vn

%% 1
(øn á#)2

$
øD ú1 DD

$
øD ú2D1Vn

%%

=
!

d! 2 d!   ú2 !  
n

øD øDD 2
øD ú2DD

(øn á#)2 ! n =
!

d! 2 d!   ú2 !  
n

i !
øn á#

! n (5.30)

# i u !
n,2

#
n á# +

#2
"

øn á#

&
un,2 + A ! ! A ,

Note that terms with superspace derivatives in the numerator remaining on the left (that

do not cancel the action of superspace derivatives in the denominator) are total derivatives,

and can therefore be dropped as we assume these surface terms vanish su" ciently fast

at inÞnity. Additionally recall that to leading order in the EFT { D2, øD ú2} = ! i øn á# while

{ D1, øD ú! } $ O($ ! $2) are higher order. Therefore to leading order we can anti-commuteD1

and øD ú1 which greatly simpliÞes the calculation (it is straight forward to show that keeping

higher order terms generated from{ D1, øD ú! } yield higher order terms in the Lagrangian).
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an ansatz for the equation of motion of the anti-collinear vector superÞeld.

Vøn = ! Vn !
1

øn á! D2
øD1 D1

øD ú2 DD
!

øD ú2 D1 Vn

"
!

1
øn á! øD ú2 D1

øD ú1
D2

øD øD
!

D2
øD ú1 Vn

"
(5.27)

Here both terms are required to ensure the reality conditionVøn = V  
øn . Additionally

Eq. (5.27) can be seen to satisfy the constraint equation Eq. (5.22) by using the relations

DDD ú! DD = 0 = øD øDD !
øD øD. Dividing by superspace derivatives may seem odd but recall

that we can just think about this as taking a Super-Fourier transform

V(x, " , "   ) =
1

(2#)2

#
d4pd2"d2"   ÷V(p,$, $  )ei(pµ xµ + " ! #! + "   ú! # 

ú! ) (5.28)

Which allows us to deÞne inverse derivative operators in superspace in terms of their eigen-

values. Also recall that" 1 = "2 " 1/ %and " 2 = ! "1 " 1, so$1 = $2 " 1 and $2 = ! $1 " %.

Also note that in Eq. 5.27for power counting purposes we are really only dividing by 1/ øD1

which is motivated as in the chiral case. Note we can see how the component EOM motivated

our anstaz as follows: to pick out theuøn,1 component:

øD1D2D1Vøn = ! øD1D2D1Vn ! øD1D2D1
1

øn á! D1D2
øD1

øD 1DD ( øD ú2D1Vn) (5.29)

# øuøn,1 = ! øun,1 !
1

øn á!
øD 1DD (" 2øuú2) = !

1
øn á!

(ø& á! )
ú12 D2" 2øuú2

# uøn,1 =

$
2! !

øn á!
un,2

In the LCG EFT the remaining physical degrees of freedomun and A form a chiral

superÞeld. This can be justiÞed in superspace by taking projections on a vector superÞeld

Eq. (5.19), for instance

! % øD ú2 D1 Vn

$
$
$
#1=0= #  ú1

=
$

2A ! + 2 i " 2u!
n,2 + i

$
2" 2"   ú2 øn á! A ! ,

which obeys the chirality constraint øD ú2 ! = 0; for the anti-chiral multiplet, simply take the

conjugate of Eq. (5.30). Therefore, the ansatz for integrating out the anti-collinear modes

Eq. (5.27) can be expressed in terms of the chiral and anti-chiral superÞelds.

Where as usual we have the chirality constraintD!   = 0 = øD! . Note that in order to

make contact with the Chiral SuperÞelds we wrote down in the previous section we need to

Ð 36 Ð

3) Ansatz solution

an ansatz for the equation of motion of the anti-collinear vector superÞeld.
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1
øn á! øD ú2 D1

øD ú1
D2

øD øD
!

D2
øD ú1 Vn

"
(5.27)

Here both terms are required to ensure the reality conditionVøn = V  
øn . Additionally
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ú! ) (5.28)

Which allows us to deÞne inverse derivative operators in superspace in terms of their eigen-

values. Also recall that" 1 = "2 " 1/ %and " 2 = ! "1 " 1, so$1 = $2 " 1 and $2 = ! $1 " %.

Also note that in Eq. 5.27for power counting purposes we are really only dividing by 1/ øD1

which is motivated as in the chiral case. Note we can see how the component EOM motivated

our anstaz as follows: to pick out theuøn,1 component:
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In the LCG EFT the remaining physical degrees of freedomun and A form a chiral

superÞeld. This can be justiÞed in superspace by taking projections on a vector superÞeld

Eq. (5.19), for instance
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=
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n,2 + i
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2" 2"   ú2 øn á! A ! ,

which obeys the chirality constraint øD ú2 ! = 0; for the anti-chiral multiplet, simply take the

conjugate of Eq. (5.30). Therefore, the ansatz for integrating out the anti-collinear modes

Eq. (5.27) can be expressed in terms of the chiral and anti-chiral superÞelds.

Where as usual we have the chirality constraintD!   = 0 = øD! . Note that in order to

make contact with the Chiral SuperÞelds we wrote down in the previous section we need to
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note: on-shell LCG dof can be written in terms of chiral and anti-chiral superÞelds

 e.g.

4

constraint equation:

øD ú2 D 2 !
! á"

"
2ú2

øD ú2 Vøn = ! øD ú2 D 1 !
! á"

"
1ú2

øD ú2 Vn ;

=" uøn, 1 =

#
2" !

øn á"
un, 2 , (15)

which reproduces the expected equation of motion for
the anti-collinear gaugino, see Eq. (2). Additionally, it is
straight forward to show that Eq. (14) integrates out the
unphysical gauge polarizationnáAn , thereby reproducing
the LCG Lagrangian.

This motivates an ansatz for the equation of motion of
the anti-collinear vector superÞeld:

Vøn = ! Vn !
1

øn á" D2 øD1 D1

øD ú2 DD
#

øD ú2 D1 Vn

$

!
1

øn á" øD ú2 D1 øD ú1
D2 øD øD

#
D2 øD1 Vn

$
. (16)

Both terms are required to ensure the reality condition
Vøn = V  

øn . Dividing by superspace derivatives is well-
deÞned by taking a super-Fourier transform and con-
sidering momentum and super-momentum eigenvalues.
Eq. (16) satisÞes the constraint equation Eq. (14). Fur-
thermore, it reproduces the component equations of mo-

tion for unphysical degrees of freedom. For example, pro-
jecting with øD1 D2 D1 reproduces Eq. (15).

In the LCG EFT, the unphysical degrees of freedom
uøn and n áAn have been integrated out, and the remain-
ing physical degrees of freedomun and A form a chiral
superÞeld. This can be justiÞed in superspace by taking
projections on a vector superÞeld Eq. (11), for instance

! $ øD ú2 D1 Vn

%
%
%
! 1 =0= !   ú1

=
#

2A ! + 2 i #2u!
n, 2 + i

#
2#2#  ú2 øn á" A ! , (17)

which obeys the chirality constraint øD ! = 0; for
the anti-chiral multiplet, simply take the conjugate of
Eq. (17). Therefore, the ansatz for integrating out the
anti-collinear modes Eq. (16) can be expressed in terms
of the chiral and anti-chiral superÞelds.

The full theory action Eq. (12), when ex-
panded in components contains terms such as
S %

&
d4x d4# øD ú1

!
D "

!
Vn + Vøn

"" øD ú2 D"
!
Vn + Vøn

"
+ h.c,

and others which will be identical, or vanish when
imposing the equations of motion. Plugging Eq. (17)
into Eq. (16) yields,1

L =
'

d4#
(

1
øn á" øD ú1

D 1 øD øD (D2 øD ú1Vn )
) (

1
øn á" D1

øD ú1 D D ( øD ú2D1Vn )
)

=
'

d#2 d#  ú2 d#  ú1 d#1 1
D1 øD ú1

#
D 1 øD øD (D2 øD ú1Vn )

$ 1
(øn á" )2

#
øD ú1 DD ( øD ú2D1Vn )

$

=
'

d#2 d#  ú2 !  
n

øD øDD 2 øD ú2DD

(øn á" )2 ! n =
'

d#2 d#  ú2 !  
n

i !
øn á"

! n & i u !
n, 2

(
n á" +

" 2
"

øn á"

)
un, 2 + A ! ! A (18)

which reproduces the expected equation of motion in the
free theory. We conclude that integrating out the anti-
collinear fermion translates into integrating out two su-
perspace coordinates, namely#1 ' 1/ $ and #  1 ' 1/ $
which in turn correspond to the high virtuality super-
space modes. Note that in the above calculation we can

identify the various projections of Vn with a chiral super-
Þeld by Eq. (17) in the EFT.

Finally for completeness, we quote the result for
the collinear superspace Lagrangian inN = 1 SYM.
This model is invariant under the SUSY transformations
Eq. (9) and meets additional requirements such as RPI
demonstrating that it is a consistent collinear EFT [33]:

L =
'

d#2d#  ú2
*
!   a !

øn á"
! a +2 g f abc

(
! a !   b " #

øn á"
! c + h.c.

)
+2 g2 f abcf ade 1

øn á"

#
! b øD ú2!   c

$ 1
øn á"

#
!   dD2! e

$+
. (19)

1 Recall that
!

d! ! D ! (. . . ) is a total derivative in real space, and
therefore we can drop surface terms when using integration by
parts if we assume that they vanish su ! ciently fast at inÞnity.
In SCET, integration by parts is well deÞned for the inverse

derivative operator 1 / øn á" because it can be cast in terms of
its momentum space representation. By analogy we extend this
argument and use integration by parts on 1 /D operators in the
following calculation.

2auge ,eor$
Deriving Abelian Theory in Collinear Superspace



Taking the variation in superspace with respect to!  
øn yields the equation of motion;

!
1
4

DD ! øn !
1
4

DD ! n +
! W ! (!  

n , !  
øn)

! !  
øn

= 0 (5.9)

with a similar expression for the conjugate equation. Consider for example the superpoten-

tial of the Wess-Zumino Model is11 which contains a mass term and a yukawa interaction;

W = m! n! øn +
y
3

!
! 2

n ! øn + ! 2
øn ! n

"
(5.10)

Taking ! L / ! !  
øn yields:

!
1
4

DD ! øn !
1
4

DD ! n + m! !  
n +

y!

3

#
!   2

n + 2!  
øn !  

n

$
= 0 (5.11)

To get the equation of motion for the fermion component we again act on the above with
øD ú1 and take the space projection. Making use of some identities and the chirality condition,

this reproduces the expected equation of motion:

uøn,1 =
a

øn á"
un,2 + m! 1

i øn á"
u!

n,2 +
2
3

y! (#!
n + #!

øn)
1

i øn á"
u!

n,2 (5.12)

Note that the #øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution

! øn = ! ! n +
øD ú1DD

4i (øn á" )D1
! n ! m!

øD ú1

i (øn á" )D1
!  

n !
2
3

y!
øD ú1

i (øn á" )D1
!  

n , (5.13)

which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;

|y|2
%

d$2d$  ú2 1
øn á"

(! nD2! n)
1

øn á"
(!  

n
øD ú2!  

n ) " |y2|#!
nu!

n,2
1

i øn á"
un,2#n. (5.14)

In App. A we will further discuss why this interaction term results in the breakdown of a

constant EFT.

5.2 Deriving the Abelian Vector Model

A vector Þeld in Wess-Zumino Gauge is written as:

V(y) = e" i
2 !" ! !   #!

!
! $%µ ø$Aµ(x) + i$$$  øu(x) ! i$  $  $u(x)

"
(5.15)

= ! $%µ$  Aµ(y) + i$$$  øu(y) ! i$  $  $u(y) !
i
2

$$$  $  " µAµ(y)

11Expect to drop terms like ! øn ! øn .
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Taking the variation in superspace with respect to!  
øn yields the equation of motion;

!
1
4

DD ! øn !
1
4

DD ! n +
! W ! (!  

n , !  
øn)

! !  
øn

= 0 (5.9)

with a similar expression for the conjugate equation. Consider for example the superpoten-

tial of the Wess-Zumino Model is11 which contains a mass term and a yukawa interaction;

W = m! n! øn +
y
3

!
! 2

n ! øn + ! 2
øn ! n

"
(5.10)

Taking ! L / ! !  
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$
= 0 (5.11)

To get the equation of motion for the fermion component we again act on the above with
øD ú1 and take the space projection. Making use of some identities and the chirality condition,

this reproduces the expected equation of motion:

uøn,1 =
a

øn á"
un,2 + m! 1

i øn á"
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y! (#!
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Note that the #øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution
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øD ú1
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øD ú1
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which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;
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In App. A we will further discuss why this interaction term results in the breakdown of a

constant EFT.

5.2 Deriving the Abelian Vector Model

A vector Þeld in Wess-Zumino Gauge is written as:
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(5.15)
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11Expect to drop terms like ! øn ! øn .
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1) By supersymmetry:

Taking the variation in superspace with respect to!  
øn yields the equation of motion;

!
1
4

DD ! øn !
1
4

DD ! n +
! W ! (!  

n , !  
øn)

! !  
øn

= 0 (5.9)

with a similar expression for the conjugate equation. Consider for example the superpoten-

tial of the Wess-Zumino Model is11 which contains a mass term and a yukawa interaction;

W = m! n! øn +
y
3

!
! 2

n ! øn + ! 2
øn ! n

"
(5.10)

Taking ! L / ! !  
øn yields:
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DD ! øn !
1
4

DD ! n + m! !  
n +

y!

3

#
!   2

n + 2!  
øn !  

n

$
= 0 (5.11)

To get the equation of motion for the fermion component we again act on the above with
øD ú1 and take the space projection. Making use of some identities and the chirality condition,

this reproduces the expected equation of motion:

uøn,1 =
a

øn á"
un,2 + m! 1

i øn á"
u!

n,2 +
2
3

y! (#!
n + #!

øn)
1

i øn á"
u!

n,2 (5.12)

Note that the #øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution

! øn = ! ! n +
øD ú1DD

4i (øn á" )D1
! n ! m!

øD ú1

i (øn á" )D1
!  

n !
2
3

y!
øD ú1

i (øn á" )D1
!  

n , (5.13)

which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;

|y|2
%

d$2d$  ú2 1
øn á"

(! nD2! n)
1

øn á"
(!  

n
øD ú2!  

n ) " |y2|#!
nu!

n,2
1

i øn á"
un,2#n. (5.14)

In App. A we will further discuss why this interaction term results in the breakdown of a

constant EFT.

5.2 Deriving the Abelian Vector Model

A vector Þeld in Wess-Zumino Gauge is written as:

V(y) = e" i
2 !" ! !   #!

!
! $%µ ø$Aµ(x) + i$$$  øu(x) ! i$  $  $u(x)

"
(5.15)

= ! $%µ$  Aµ(y) + i$$$  øu(y) ! i$  $  $u(y) !
i
2

$$$  $  " µAµ(y)

11Expect to drop terms like ! øn ! øn .
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2) Constraint equation:

3) Guess an ansatz:

4) Plug back into Lagrangian:

we get interaction terms such as:

to the free equation of motion:

! øn = ! ! n !
1

(øn á! ) D1

øD ú1DD ! n (5.5)

Which can be shown to be consistent withDD ! øn = ! DD ! n using identities such as

DDD   ú! DD = 0. Plugging this back into the Lagrangian
!

d4"
"

!  
n ! n + !  

n ! øn + !  
øn ! n + !  

øn ! øn

#
=

!
d4"

$
D 1 øD øD!  

n

% 1
(øn á! )2 øD ú1D1

"
øD ú1DD ! n

#

=
!

d"1d"2d"  
ú1
d"  

ú2

i !  
n ! ! n

(øn á! ) øD ú1D1
=

!
d" 2d"   ú2!  

n
i !

øn á!
! n

Where we have integrated by parts and used

øD øDD 1 øD ú1DD ! n " øD øDD 1
&
(øn á! )D1 ! aD2

'
! n " (øn á! )! ! n

So integrating out the anti-collinear fermion translates to integrating out two superspace

coordinates, namely" 1 # 1/ # and "   1 # 1/ #. To reiterate the relevant expression is:

!
d" 2d"   ú2i !  

n
!

øn á!
! n $ iu !

n,2

(
n á! +

! 2
"

øn á!

)
un,2 + i$! ! $ (5.6)

Since only{ Q2, Q 
ú2
} = 2 i øná! is non-vanishing at leading order the above is clearly supersym-

metric under a subset of those supersymmetry transformations that are linearly realized.

The superÞeld after the" 1 and "   ú1 coordinates have been integrated out can be expressed

as:

! n = ei "   ú2" 2 øná#
"

$(y) +
%

2" 2u(y)
#

= $(x) +
%

2" 2u(x) + i "   ú2" 2øn á!$ (x) (5.7)

Note that the F term " "" = 2" 1" 2 is not present as is consistent with the counting of the

on-shell fermionic and bosonic degrees of freedom: we have a complex scalar and a single

component of a Weyl spinor (which we can now think of as an anti-commuting complex

scalar).

Next it is instructive to see how this procedure can be extended to include theories with

scalar-fermion interactions (although these will prove yield inconsistent EFTs);

L =
!

d4"
"

!  
n ! n + !  

n ! øn + !  
øn ! n + !  

øn ! øn

#
+

!
d2"W (! n , ! øn) + h.c. (5.8)
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of models where the procedure of integrating out modes that are far from the light cone

(which also impacts the number of degrees of freedom in the e! ective theory) can be made

compatible with SUSY. [TC: Need to rewrite this paragraph now to emphasize

collinear superspace.]

SUSY is a transformation in fermionic coordinates. Therefore, taking the collinear

limit of superspace can be thought of in close analogy to taking the collinear limit of a

(2-component) fermionic Þeld. Hence, we will provide the Þrst example of 2-component

SCET both as a useful formalism on its own but also to pave the way to discovering the

procedure for Òintegrating out half of superspace.Ó We will provide an explicit example of

the resulting collinear (light-cone) superspace in the context of theN = 1 SYM model.

When expressed this way, the supersymmetry of the theory will be manifest, and we will

show that the component Lagrangian is identical to light-cone gauge SCET.

The next non-trivial step will be to investigate RPI for the model. This is made most

manifest when analyzing the light-cone gauge SCET theory directly. This motivates writing

down the explicit Lagrangian. First one must take the collinear limit by integrating out

modes away from the light cone. Next, to arrive at the LCG Lagrangian, one must inte-

grate out the remaining non-propagating non-transverse component of the gauge Þeld. The

resulting Lagrangian will be identical in component form to the one derived from SCET

superspace, thereby demonstrating that the theory is self-consistent since it is both RPI

and SUSY invariant. This procedure is schematically illustrated in Fig.1.

[TC: Soft modes]

[TC: Chirality of SCET fermions]

[TC: Wilson lines]

[TC: Basis of operators?]

" = ( Pn + Pøn) " = " n + " øn (1.1)

[GE: Gauge Invariance?]

2 SCET for Two-Component Spinors

Since SUSY is most naturally formulated using Weyl fermions, it is prudent to begin our

exploration of SUSY SCET by deriving the e! ective Lagrangian in the collinear limit in the

language of 2-component fermions. Additionally, this will provide an opportunity to review

some of the basics of SCET while also making our conventions and notation explicit. We will
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superpotential 

Taking the variation in superspace with respect to!  
øn yields the equation of motion;

!
1
4

DD ! øn !
1
4

DD ! n +
! W ! (!  

n , !  
øn)

! !  
øn

= 0 (5.9)

with a similar expression for the conjugate equation. Consider for example the superpoten-

tial of the Wess-Zumino Model is11 which contains a mass term and a yukawa interaction;

W = m! n! øn +
y
3

!
! 2

n ! øn + ! 2
øn ! n

"
(5.10)

Taking ! L / ! !  
øn yields:

!
1
4

DD ! øn !
1
4

DD ! n + m! !  
n +

y!

3

#
!   2

n + 2!  
øn !  

n

$
= 0 (5.11)

To get the equation of motion for the fermion component we again act on the above with
øD ú1 and take the space projection. Making use of some identities and the chirality condition,

this reproduces the expected equation of motion:

uøn,1 =
"

øn á"
un,2 + m! 1

i øn á"
u!

n,2 +
2
3

y! (#!
n + #!

øn)
1

i øn á"
u!

n,2 (5.12)

Note that the #øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution

! øn = ! ! n +
øD ú1DD

4i (øn á" )D1
! n ! m!

øD ú1

i (øn á" )D1
!  

n !
2
3

y!
øD ú1

i (øn á" )D1
!  

n , (5.13)

which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;

|y|2
%

d$2d$  ú2 1
øn á"

(! nD2! n)
1

øn á"
(!  

n
øD ú2!  

n ) " |y2|#!
nu!

n,2
1

i øn á"
un,2#n. (5.14)

In App. A we will further discuss why this interaction term results in the breakdown of a

constant EFT.

5.2 Deriving the Abelian Vector Model

! S

! !  
øn

= 0 # (5.15)

11Expect to drop terms like ! øn ! øn .
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Such interaction terms actually result in a breakdown of the EFT (helicity ßipping interactions violate RPI and have the 
wrong IR structure). 

The single ßavor interacting WZ model does not have a consistent collinear EFT at each order. 

Problems alleviated when by adding multiple ßavors and gauge interactions. Can still 
proceed with N  = 1, N > 1 SUSY.

space projection. Making use of some identities and the chirality condition, this reproduces

the expected equation of motion:

uøn,1 =
!

øn á!
un,2 + m! 1

i øn á!
u!

n,2 +
2
3

y! (" !
n + " !

øn)
1

i øn á!
u!

n,2 (A.5)

Note that the " øn term has a higher scaling and should be dropped. In terms of superÞelds

we postulate the solution (which obeys the chirality condition and solves the (??));

! øn = ! ! n +
øD ú1DD

4i (øn á! )D1
! n ! m!

øD ú1

i (øn á! )D1
!  

n !
2
3

y!
øD ú1

i (øn á! )D1
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n , (A.6)

which once plugged back into the Lagrangian yields an interaction term inherited from the

Yukawa coupling;

L =
!

d#2d#  ú2i !  
n

!
øn á!

! n + |y|2
!

d#2d#  ú2 1
øn á!

(! nD2! n)
1

øn á!

"
!   øD ú2!  

n

#
(A.7)

= iu !
ú2

!
øn á!

u2 + " ! ! " + |y|2" !
nu!

2
1

i øn á!
u2" n !

|y|2

4
|" n |4 (A.8)

The interaction terms still serves to illustrate the kind of superspace terms that arise upon

integrating out modes.

B Yukawa Theory

[GE: If this section is correct it appears that just adding a R.H spinor does

not yield a consistent Þeld theory (there are still no-trilinear interactions in the

EFT even though now the full theory has IR singularities coming from single

emission - see Footnote 13)]

The Yukawa Theory Lagrangian for a four component fermion is:

L Y = i ø$D %µ! µ$D ! y" ø$D $D + h.c. (B.1)

In terms of left and right handed Weyl spinors

$D =
$

u
v

%
(B.2)

The Lagrangian becomes

L Y = iv   (& á! )v + iu   (ø& á! )u ! y" (v  u + u  v) + h.c. (B.3)
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Figure 2 : Integrating out the anti-collinear Þeld yields a fermion-scalar four point interac-
tion.

massless limit as usual). Consider the Yukawa interaction of the full theory;[TC: Missing

n/ øn subscript on Þrst u! in both terms?] Here u is really the full fermion because

unun = 0 = uønuøn once projection operators are inserted.

L ! "
y
2

! (u! un! + u! uøn! ) = "
y
2

! (u! Pnun! + u! Pønuøn! ) = y! u!
øn un! (5.18)

Interaction terms containing either two collinear or two anti-collinear spinors are identically

zero as can veriÞed with the projection operators, such interactions are expected to vanish as

they violate RPI. Therefore onceuøn is integrated out the above interaction term generates

the four point scalar-fermion interaction in (5.17) (while canceling any three point vertices

with terms generated from the kinetic part of the Lagrangian). Additionally, as we will

show in the next subsection there, IR singularities (and only collinear divergences will be

present) can only be generated by double scalar emission in the WZ model, consistent with

the generation of the four point interaction, see Fig.2. This of course will not be the case

once we couple the WZ model to gauge interactions.

While (5.17) is invariant under the collinear supersymmetric transformations:

"! n = #un , "un = "
n á$

2
#  (i øn á%)! n ,

"! !
n = #  u 

n , "u 
n = #

n á$
2

! !
n (i øn á

#"
%) . (5.19)

(The Feynman rules for the collinear Wess-Zumino Lagrangian are presented in Fig.3), The

scalar-fermion four point interaction term in (5.17) is not RPI-2 invariant and therefore is

not the correct Lagrangian. Additionally as will be shown below this interaction term does

not reproduce the expected collinear limits of the full theory7. Even without checking RPI

7Collinear limits seem to suggest something more like:

L (0)
n = " ! !

n " 2! n + u 
n

!
in á" "

" 2
"

i øn á"

"
øn áø#

2
un "

|y|2

4
|! n |4 "

|y|2

2
|! n |2

#
u 

n
1

i øn á"
øn áø#

2
un

$
, (5.20)
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Full Theory: EFT:

we have

y
1

2p áq
øu(p)v(q)J !

1
!

, (5.15)

and so the splitting of a scalar to collinear fermions is singular.

To summarize, the Yukawa theory has only collinear, and no soft, divergences. Fur-

thermore we have seen that Yukawa theory requires the presence of more then one fermion

spin state in-order to produce a collinear singularity from a single scalar emission Eq. (5.6).

Therefore we already see that there can be no tri-linear interactions at leading order in the

collinear Wess-Zumino model as there is only one spin statetalk about adding ßavors

here?

5.2 Candidate Collinear Lagrangian for the Wess-Zumino Model

In this appendix we discuss the attempt to construct a Collinear E! ective Theory[TC:

ShouldnÕt we just call this a ÒCollinear EFTÓ since there is no soft divergence?]

GE: yes, changed of the interacting Wess-Zumino model. We will discuss the multiple

reasons why show why the WZ model fails to produce a consistent e! ective theory (in the

process we also present a sample calculation illustrating RPI for two component spinors).

While it is possible to write down a SCET theory of an interacting scalar and fermion

allowed by all the symmetries (RPI, SUSY etc.) via a so-called bottom-up approach, we

claim that such a theory does not have a consistent UV completion.

The full theory Lagrangian of the Wess-Zumino model involves a complex scalar and left

handed Weyl fermion with Yukawa interactions, see Eq. (5.2) above. Assuming light Þelds

and running this through the SCET procedure; separating out collinear and anti-collinear

fermionic modes via the two-component projection operators" = Pn,L " + Pøn,L " = un + uøn,

and then integrating out the anti-collinear fermion by solving for the classical equation of

motion for the anti-collinear Þeld

uøn,! = ( # á$! )! ú!

1
øn á$

! øn áø#
2

" ú!"

un," + y" %"
n

1
i øn á$

! øn á#
2

"

! ú"
u  ú"

n (5.16)

we arrive at the following collinear Lagrangian;

L (0)
n = " %"

n! %n + u 
n

#
in á$ "

$2
!

i øn á$

$
øn áø#

2
un "

|y|2

4
|%n|4 " |y|2%"

nu 
n

1
i øn á$

øn áø#
2

un%n

(5.17)

(note that the soft Lagrangian is trivially identical to the full-theory Lagrangian at leading

orders) There is no scalar-fermion tri-linear interaction term in (5.17) (here we have taken the
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1     3 Splitting:

(recall we also found this 
interaction term via the 
superspace derivation) 

we have

y
1

2p áq
øu(p)v(q)J !

1
!

, (5.15)

and so the splitting of a scalar to collinear fermions is singular.

To summarize, the Yukawa theory has only collinear, and no soft, divergences. Fur-

thermore we have seen that Yukawa theory requires the presence of more then one fermion

spin state in-order to produce a collinear singularity from a single scalar emission Eq. (5.6).

Therefore we already see that there can be no tri-linear interactions at leading order in the

collinear Wess-Zumino model as there is only one spin statetalk about adding ßavors

here?

5.2 Candidate Collinear Lagrangian for the Wess-Zumino Model

In this appendix we discuss the attempt to construct a Collinear E! ective Theory[TC:

ShouldnÕt we just call this a ÒCollinear EFTÓ since there is no soft divergence?]

GE: yes, changed of the interacting Wess-Zumino model. We will discuss the multiple

reasons why show why the WZ model fails to produce a consistent e! ective theory (in the

process we also present a sample calculation illustrating RPI for two component spinors).

While it is possible to write down a SCET theory of an interacting scalar and fermion

allowed by all the symmetries (RPI, SUSY etc.) via a so-called bottom-up approach, we

claim that such a theory does not have a consistent UV completion.

The full theory Lagrangian of the Wess-Zumino model involves a complex scalar and left

handed Weyl fermion with Yukawa interactions, see Eq. (5.2) above. Assuming light Þelds

and running this through the SCET procedure; separating out collinear and anti-collinear

fermionic modes via the two-component projection operators" = Pn,L " + Pøn,L " = un + uøn,

and then integrating out the anti-collinear fermion by solving for the classical equation of

motion for the anti-collinear Þeld

uøn,! = ( # á$! )! ú!

1
øn á$

! øn áø#
2

" ú!"

un," + y" %"
n

1
i øn á$
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n (5.16)

we arrive at the following collinear Lagrangian;

L (0)
n = " %"

n! %n + u 
n

#
in á$ "
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!

i øn á$

$
øn áø#

2
un "
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1
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(5.17)

(note that the soft Lagrangian is trivially identical to the full-theory Lagrangian at leading

orders) There is no scalar-fermion tri-linear interaction term in (5.17) (here we have taken the
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Figure 2 : Integrating out the anti-collinear Þeld yields a fermion-scalar four point interac-
tion.

massless limit as usual). Consider the Yukawa interaction of the full theory;[TC: Missing

n/ øn subscript on Þrst u! in both terms?] Here u is really the full fermion because

unun = 0 = uønuøn once projection operators are inserted.

L ! "
y
2

! (u! un! + u! uøn! ) = "
y
2

! (u! Pnun! + u! Pønuøn! ) = y! u!
øn un! (5.18)

Interaction terms containing either two collinear or two anti-collinear spinors are identically

zero as can veriÞed with the projection operators, such interactions are expected to vanish as

they violate RPI. Therefore onceuøn is integrated out the above interaction term generates

the four point scalar-fermion interaction in (5.17) (while canceling any three point vertices

with terms generated from the kinetic part of the Lagrangian). Additionally, as we will

show in the next subsection there, IR singularities (and only collinear divergences will be

present) can only be generated by double scalar emission in the WZ model, consistent with

the generation of the four point interaction, see Fig.2. This of course will not be the case

once we couple the WZ model to gauge interactions.

While (5.17) is invariant under the collinear supersymmetric transformations:

"! n = #un , "un = "
n á$

2
#  (i øn á%)! n ,

"! !
n = #  u 

n , "u 
n = #

n á$
2

! !
n (i øn á

#"
%) . (5.19)

(The Feynman rules for the collinear Wess-Zumino Lagrangian are presented in Fig.3), The

scalar-fermion four point interaction term in (5.17) is not RPI-2 invariant and therefore is

not the correct Lagrangian. Additionally as will be shown below this interaction term does

not reproduce the expected collinear limits of the full theory7. Even without checking RPI

7Collinear limits seem to suggest something more like:

L (0)
n = " ! !

n " 2! n + u 
n

!
in á" "

" 2
"

i øn á"

"
øn áø#

2
un "
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4
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2
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#
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n
1

i øn á"
øn áø#

2
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$
, (5.20)
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Integrating out anti-collinear modes:

Supersymmetric under:

IR singularities from double collinear scalar emission

Interaction term leads to problems...
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left-handed Weyl fermion. Expanded in components, the Lagrangian is

L = ! ! ! ! ! ! m2|! |2 + i "   ø#µ$µ" !
m
2

"" !
m!

2
"   "  

!
ym!

2
!   ! 2 !

y! m
2

!!   2 !
|y|2

4
|! |4 !

!
y
2

!"" +
y!

2
!   "   "  

"
. (5.2)

While it is in principle possible to write down a SCET-like theory with interactions between

a scalar and a fermion that is consistent with both RPI and SUSY, see footnote??, in what

follows will demonstrate that such a theory does not have a consistent UV completion in

terms of a simple renormalizable model.

5.1 Collinear Divergences of Yukawa Theory

This section provides calculations for massless Yukawa theory in order to identify the

infrared singularities of the Wess-Zumino model.[TC: Why are we doing this in 4-

components? IsnÕt it easy to do all of this in 2-components for a single Weyl

fermion?] GE: One argument for this is we want two spins to show that we can

have a three point interaction in a theory with multiple ßavors. We will consider

a theory with a coupling of a real scalar to a four-component fermion, but it is trivial to

apply this to the Wess-Zumino model. In this theory, the Feynman rule for the interaction

between the scalar and the fermion is

= ! iy , (5.3)

[GE: Andrew makes nicer graphics then me] where y is the Yukawa coupling. To

determine the infrared singularity structure, we then calculate the amplitude for emission

of a scalar from a fermion current and the amplitude for the splitting of a scalar current to

two fermions. From the amplitudes, we then can determine if they are singular by power

counting the external momentum as either soft or collinear.

= yøu(p)
/q

2p áq
/J " y

øu(p)v(q)
2p áq

øv(q) /J ,

Ð 29 Ð

IR singularities from Yukawa Interaction

Scalar emission from fermion current:

Determine if amplitudes are singular by power counting external momentum as either soft or collinear.

Two spin states required for IR divergence from one-two spitting. 
Single Chiral multiplet in the EFT has only one spin state.

Has collinear but no soft IR singularity

Wess-Zumino Model:

1     2 Splitting:

L =
!

d4! !   ! +
!

d2!
"

m! 2 +
y
3

! 3
#

+ h.c. = ! " ! ! " ! m2|" |2 + iu   ø#µ$µui !
m
2

uu !
m!

2
u  u 

!
ym!

2
"   " 2 !

y! m
2

""   2 !
|y|2

4
|" |4 !

$
y
2

" uu +
y!

2
"   u  u 

%

While it is in principle possible to write down a SCET-like theory with interactions

between a scalar and a fermion that is consistent with both RPI and SUSY, see footnote

7, in what follows will demonstrate that such a theory does not have a consistent UV

completion in terms of a simple renormalizable model.

5.1 Collinear Divergences of Yukawa Theory

This section provides calculations for massless Yukawa theory in order to identify the

infrared singularities of the Wess-Zumino model.[TC: Why are we doing this in 4-

components? IsnÕt it easy to do all of this in 2-components for a single Weyl

fermion?] GE: One argument for this is we want two spins to show that we can

have a three point interaction in a theory with multiple ßavors. We will consider

a theory with a coupling of a real scalar to a four-component fermion, but it is trivial to

apply this to the Wess-Zumino model. In this theory, the Feynman rule for the interaction

between the scalar and the fermion is

= ! iy , (5.3)

[GE: Andrew makes nicer graphics then me] where y is the Yukawa coupling. To

determine the infrared singularity structure, we then calculate the amplitude for emission

of a scalar from a fermion current and the amplitude for the splitting of a scalar current to

two fermions. From the amplitudes, we then can determine if they are singular by power

counting the external momentum as either soft or collinear.Scalar emission: First, for
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IR Structure
1 ! 3 Splittings in Wess-Zumino

Full Theory

First, letÕs calculate the 1! 3 splitting in the full theory:

p

q1 q2

p

q1 q2

= u  (p)
!

" i
y
2

" " i (p + q2) áø!
2p áq2

#
" i

y!

2

$
i (p + q1 + q2) á!

(p + q1 + q2)2

= "
|y|2

4
u  (p)

q2 áø!
2p áq2

(p + q1 + q2) á!
(p + q1 + q2)2

, (5.22)

where we used the equation of motion

u  (p)p áø! = 0 . (5.23)

Without loss of generality, we will assume that there is no net# momentum: (p+ q1+ q2)" =

0.

can align momentump in the n direction:

pµ =
nµ

2
øn áp . (5.24)

The equation of motion then becomes

u  (p)n áø! = 0 . (5.25)

Expanding in light-cone coordinates, the amplitude becomes

"
|y|2

4
u  (p)

q2 áø!
2p áq2

(p + q1 + q2) á!
(p + q1 + q2)2

(5.26)
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,

where we have used

øn áø!
2

øn á!
2

= 0 . (5.27)
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Full Theory with collinear momentum:

We can further simplify by using the anti-commutation relations:

ø! ! µ
øn á!

2
= !

øn áø!
2

! ! µ , ø! ! µ
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! ! µ . (5.28)

We then have

Eq. 5.22= !
|y|2

4
u  (p)

!
nµ øn!

øn áø!
2

n á!
2

+ ønµn!
n áø!

2
øn á!

2
!

øn áø!
2

n! ! ! µ !
n áø!

2
øn! ! ! µ

"

"
qµ

2

2p áq2

(p + q1 + q2)!

(p + q1 + q2)2
. (5.29)

At this point, we can now power-count and throw away subleading terms. To leading

power, note that

u  (p)
øn áø!

2
n á!

2
= u  (p) , u  (p)

n áø!
2

= 0 , (5.30)

which immediately allows us to throw away two terms to leading power. With this simpli-

Þcation, we have
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2
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" qµ
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(p + q1 + q2)2
. (5.31)

The Þrst term in parentheses, withnµ øn! , will scale like " 2 in the collinear power counting.

The second term will scale like" 3, and so can be ignored to leading power. Then, the

leading power amplitude is

Eq. 5.22# !
|y|2

4
u  (p)

n áq2

2p áq2

øn á(p + q1 + q2)
(p + q1 + q2)2

(5.32)

# !
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4
u  (p)

#
1 +

øn á(q1 + q2)
øn áp

$
1

(p + q1 + q2)2
,

where we have used 2páq2 = ( n áq2)(øn áp) to leading power. (is this justiÞed? Ðajl) GE:

This is the assumption that we take pµ to deÞne the collinear direction? This

scales homogeneously like" " 2 in the collinear power counting.
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E! ective Theory

In the collinear e! ective theory described by the Lagrangian in Eq. (5.17), the corre-

sponding amplitude is
p

q1 q2

p

q1 q2

= u  (p)(! i |y|2)
1
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øn áø!

2
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(5.33)
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øn áq1

øn á(p + q2)

"
1

(p + q1 + q2)2
.

This does not agree with the explicit calculation in the full theory. If, however, we use the

collinear Lagrangian from Eq. (5.20), we Þnd
p

q1 q2

p

q1 q2

= u  (p)(! i |y|2)
1

øn áp
øn áø!
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i
n á!

2
øn á(p + q1 + q2)
(p + q1 + q2)2

(5.34)
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øn á(q1 + q2)
øn áp

"
1

(p + q1 + q2)2
,

up to me being sloppy with factors of 2 and signs in the Feynman rules.

[GE: Now talk about how we hope to alleviate with multiple ßavors] For a

Yukawa theory with two or more ßavors, trilinear intractions of the formv 
n

1
øná! (! á" ! ) ønáø"

2 un

are possible.

L int = yjk # ø$i $j + h.c. !" yjk #
#

v 
i uj + u 

i vj

$
+ y"

jk #"
#

u 
j vi + v 

j ui

$
(5.35)

5.4 Inconsistencies of the Collinear Wess-Zumino Model II: RPI

In this section we check the RPI properties of Eq. (5.17), and note that the interaction

term is not invariant under RPI-2. This section also serves as an example of a RPI calculation

in the language of two component spinors. See Table?? of Sec2.2.2 for the relevant RPI

transformations.

Because it is a scalar,#n does not transform under any RPI transformation. Similarly,

" 2 is RPI invariant. Invariance under RPI-3 is simple to verify. RPI-3 transforms then and

øn vectors as

n " e# n , øn " e# # øn , (5.36)
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Reparametrization Invariance

where ø! µ! = 1
4(ø! µ! ! ! ø! ! ! µ). We then Þnd
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proving its invariance under RPI-2. Therefore,
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n

1
i øn á"

øn áø!
2
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is fully RPI invariant.

We can attempt to do the same exercise for the scalar-fermion interaction term from

Eq. (5.17). RPI-2 transformations contain derivatives that would generically act on all Þelds

in the interaction term, resulting in a term that is not RPI-2 invariant. Explicitly RPI-2

transforming the interaction term,
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where all derivatives act to the right. This term does not vanish.
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RPI-II:

RPI-1 RPI-2 RPI-3
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!
1 + 1

4" á! ! øn áø"
"

un

#
1 + "! á#

2
1

i øná$ i#! áø"
$

un un

n áA ! n áA + ! ! áA n áA e! n áA

øn áA ! øn áA øn áA + ! ! áA e" ! øn áA

A! µ ! A! µ " 1
2! ! µ øn áA " ønµ

2 ! ! áA! Aµ! " "µ !
2 n áA " nµ

2 ! ! áA Aµ!

$n ! $n $n $n

Table 2 : The RPI transformations for fermions, scalars, gauge Þelds, and derivative op-
erators. Here! ! # O(! ) parametrizes invariance ofn áøn = 2 under small deviations
away from the collinearnµ direction, while "! # O(1) parametrizes invariance ofn áøn = 2
under small deviations away from the anti-collinear ønµ direction. Unlike RPII the devi-
ation away from the anti-collinear direction may be large,O(1). The components of the
derivative (øn á#, #µ! , n á#), and therefore the components of the gauge covariant derivative
Dµ = #µ " igAµ, have the same transformations as the gauge Þeld.

n ! n (2.37)

øn ! øn + "! (2.38)

un !
%

1 +
"! á$

2
1

i øn á#
i#! áø$

&
un (2.39)

%n ! %n (2.40)

3 SCET in Light-Cone Gauge

In this section we take the Þrst step to show that a supersymmetric vector multiplet is

compatible with SCET. To make SUSY manifest in the e" ective theory it is necessary to work

in a non-covariant gauge. The gauge choice øn áA = 0 deÞnes Light Cone Gauge (LCG) [13Ð

17], see [18] for a review. Additionally, to construct a LCG Lagrangian one integrates out the

non-propagating gauge moden áA. As described in Sec.2 above, deriving a Lagrangian for

collinear fermions requires integrating out half the fermionic degrees of freedom. The SCET

model with collinear fermions and gauge bosons expressed in LCG contains two bosonic and

two fermionic degrees of freedom. This equivalent number of degrees of freedom hints at the
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Figure 1 : Sketch of proof[TC: Fill In] .

We will work in Minkowski space with signaturegµ! = diag (+1 , ! 1, ! 1, ! 1). The

collinear direction is taken along the öz light-cone direction: nµ = (1 , 0, 0, 1). Then the anti-

collinear direction is deÞned byn2 = 0 = øn2 and n áøn = 2. It is usually convenient to make

the explicit choice ønµ = (1 , 0, 0, ! 1), although as discussed below RPI transformations will

shift this away from this canonical choice. Lorentz four vectors are then expanded as

pµ =
øn áp

2
nµ +

n áp
2

ønµ + pµ
! , or pµ = ( n áp, øn áp,!p! ). (2.1)

The collinear limit is deÞned by the momentum shells which scale likepµ
n " ! (" 2, 1, " ),

where ! is some dimensionful scale, and" # 1 is the SCET power counting parameter.1

We can therefore interpretp2 " " 2 as the virtuality (or allowed distance from the light

cone) for the collinear modes in the e" ective theory. Similarly, an anti-collinear momenta

scales aspµ
øn " ! (1, " 2, " ). Depending on the process of interest there are also soft modes

pµ
s " ! (" , " , " ) or ultra-soft modespµ

us " ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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s " ! (" , " , " ) or ultra-soft modespµ

us " ! (" 2, " 2, " 2).

Since SCET is deÞned by choosing a light cone, Lorentz invariance is no longer manifest.

One of the consequences is that components of any object that carries a spacetime index

1See for instance [1] for physical example of using SCET to resum large IR logarithms in the inclusive
rate for B $ X s! . In this case a large separation of scales is created by" = ! QCD /m b # 1.
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Solve by adding additional ßavors generating 1 to 2 splitting interactions in the EFT and alleviate these 
problems. Before doing so lets study gauge theory.

:roblems wi1 1e Wess-Zumino Mode9


