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(1) Twistor String Revolution

Massless states: p# — p*&

PP =0—p* =R, M,(i~,j7) = L (i) = X*Njg
J 12) (23) --- (n1) i

* Witten’s twistor string theory: a worldsheet model for gluon tree amplitudes
amps = string correlators fixed by a map from CP! to CP3!*{twistor space) witen 2003

* Key observation: ws,s Parke-Taylor MHV amps = correlator on CP!

1
Y ~ (z,1), PTy := .
i (z,1) (51— 22) (72 —23) (2 —21) + double poles +

o .
ia@is(d) = A2 30
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(1) Twistor String Revolution

» Witten’s twistor string theory: a worldsheet model for gluon tree amplitudes
amps = string correlators fixed by a map from CP! to CP34(twistor space) wien s

Inspired an explosion of structural exploration for massless amplitudes: BCFW
tree-recursion formulae, Grassmannians, Loop-level recursions, Amplitudehedron, e.t.c

©23) ©23) ©23)
a2 @)

A . RN
n = ) s s 029 [ :
dmgrnms I

646 646 648

but highly dependent on 4D SUSY!
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(1) Twistor String — Scattering equations

Lesson: A\{* — (z;, 1) kinematics determine coordinates of the sphere!

K - k O
Scattering Equations :  E = Z 8 —g k%

— oj — O, ./
ia O a

Massless kinematics parameterizes the moduli space of n-punctured Riemann spheres

.

3

Factorization kinematics maps to degenerate limits of the moduli space.
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(I) CHY formulas

_ I({k,e,a})
My = /volSL(2 cr:)Hé I({keoh) = 3 J({o})

{e}€solns.

d,un

* Amplitude as an integral over modulispace localized by scattering equations,
or equivalently a sum over the solutions, with certain “CHY integrand” [cx 2013)

* n-3integrals with n-3 delta functions; J=det’(0E /do) is the Jacobian

What are the integrands?
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(I) CHY formulas

m Yang-Mills:
YM 1
M, ¥ [r] = /dMn PT[r]Pf V¥ , PT[r]= on—omy)
m Gravity:
Mh+B+é — / dun PV (e) PEU(€)
where Pf'[¢] is manifest gauge invariant
Pfw|™ karky €
P = PV Aupi={ 0w 270 gl 27D
" ’ 0 a= ’ 0 a=
' —2czaCac a=b

Yu-tin Huang

Lessons from Perturbative Unitarity



(I) CHY formulas

GR: Pf'Ww PF'W

compactify

P
=

EM: PIX] Pf'[W] P¥

generalize

EYM:

Massless unification 1 Cru, -+ - Crv.. PETIPE

single trace

YM: C, P

Class 1: b, g

Yu-tin Huang

azaanbs

YM: PPWC,

compactify
YMS:
Pi[X] P (W] G,

generalize

generalized YMS:
| e, Tr.. PITIC,

single trace

colored ¢*: CpCr

“compactify”

class 2: g, =

® NLSM

[ BI: PP (Pf'A)? ‘

compactify

DBI:
PEX] PP (W] (PF.A)?
generalize

i generalized DBI:
Cry, * - - Crv,,, PIII (Pf' A)?

single trace

‘ NLSM: C, (Pf'A)? ‘

“class 3: v,
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(I) CHY formulas

m Yields scattering amplitudes as a single object (no diagramatic expansion,
triangulation e.t.c)

Extensions to multi-loop, higher genus vs forward limits yields new representations
for loop integrand see Adamo et al; Geyer et al; Feng et al; CHY...

Manifest universal soft behaviours Mp|p,—c — (3=; Si(€))Mp_+
What is special about the chosen theories?

How does a world-sheet with massive excitation turned into just massless
particles ?
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() Soft-theorems and EFT

Soft-behaviours and symmetries
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() Soft-theorems and EFT

For massless particles, as pn — 0, the amplitude tends to have universal behaviour:
ind of helicities, multiplicity, e.t.c

Ph 0P,

N ‘

e — @
N
RN

M,| ® oh

Py~ 0Py

(%}+sl+...) M,

Fundamental interactions of massless particles are highly constrained by symmetries
(local gauge symmetries, spontaneous broken global symmetries)
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() Soft-theorems and EFT

For massless particles, as pn — 0, the amplitude tends to have universal behaviour:
ind of helicities, multiplicity, e.t.c

Py 3B, \(i
A
\ / -«QV (%""Sf"--') Mn—l
/ O

o @
/
\
M, ,, @ o

(a) Ward identities, QED: Low, Gravity: Weinberg,Gross,Jackiw

1 €n - Pj
Anlpy—6pn 5S0An-1+ S1An_1 +0(9), So= > pr,: ZI/
i
M| T som, SiMy_1 +55My_1 + O(52), Sy =3 PP
nlpa—>5pn 5 S0Mn—1+ StMn_1 + 35 Mp_1 + O(5%), O_anlp/
i
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() Soft-theorems and EFT

Ph >~ PR
o @ */A}:
~ )‘v,\

(50+8+..) M

The U(1) goldstone bosons are derivatively coupled: £(9¢)
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() Soft-theorems and EFT

Ward identity

Ou(J*(X)p(x1) - - ¢(xn)) = — 25()( = Xi)(B(x1) - 58(X;) - - - p(xn))

Spontenous symmetry breaking implies J*|0) = p*|phys)
m LHS: performing LSZ reductionon i =1,--- ,n— Mu(m1---)|p, >0

[ =0if 56 # [phys)
- R”S'{ #0if 3¢ = |phys)

Conventional spontaneous symmetry breaking: ¢ = constant hence Adler’s zero

For systems with multiple GB modes, things become tricky
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() Soft-theorems and EFT

Spontaneous broken dilation and conformal boost generator leads to single dilaton,
[K,D] ~ K

The dilaton transforms linearly under the broken generator — non-vanishing soft-limits:
Boels, Wormsbecher, Y-t Wen, Di Vecchia, Marotta, Mojaza, Nohle

Maly, o = (S5 + S) My_y + O(R).

Pn—0 T

(S,(,O), S,(,”) are universal soft functions

n—1

o d-—2
s = (— —) d,
n 2 pi api+ >

n—1
82 pi 82 d—2 0

s _ _ P 1.
n Ph ; ’8p”8p 2 9p;,op! T2 opt
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() Soft-theorems and EFT

There’s more! In general CFTs with scalar moduli space has “flavor” symmetry, which
will be spontaneously broken along with conformal symmetry — pions

Exp: N'= 4 SYM on Coulomb branch, 6 massless scalars (1 dilaton ¢, 5
S0(6)—S0O(5) GBs ¢')

An(o1,- -+ G‘Dln)|pnﬁo = An1(--0'0,--)+0(p}) -
i

where §'p = ¢/ and §'¢Y = —V .
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() Soft-theorems and EFT

Using the fact that S-matrix are analytic functions, we start with: Britto, Cachazo, Feng, Witten

z

An(0) = 7\{4:0 Al G }{z':ﬂ PRALIC)

The constraint from soft-theorems can be utilized via augmented recursion:Cheung,
Kampf, Novotny, Shen, Trnka

o
,‘m,/\

_ An(z) _ An(2) An(2)
An(0) = 7|{z\:0 dzz,:(z) - ?‘{Z‘:z* dzzF(Z) _?\(z\:z* dzZF(z)’
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() Soft-theorems and EFT

Take
n
A(Z) = A|pi—>(1—za,)pi7 F,,(Z) = H[(1 - zai)]di
i=1
with 3=, ajp; =0
An(2) }{ An(z) An(2)
An(0 :7{ az = - az — az ,
n(0) lz1=0  ZFn(2) lzl=z=  ZFn(2) Jiz=zx  2zFn(2)

The residue of F(z) is determined
A(z) = Ag + Aq + Axq® + -+ Agq”

where g = (1 — za;)p;
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() Soft-theorems and EFT

The residue of F(z) is determined

A(z) = Ao+ Aq+ AP + - Agq® !

Since for the pure dilaton sector

Mol o= (S5 +S50) Moy + O(6).

Pn—0

we have d = 2.
The pure dilaton amplitude can be constructed using recursion

- An(z)
An(0) = ?%z‘:o 0 - za)?

The denominator ~ z27, while Ap(z) ~ z2™ for order 9™ — we need n > m
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() Soft-theorems and EFT

The pure dilaton sector is highly constrained:

s\ # of points

ONOO OB~ WN

EYRNRNEND Sk
ENENENIENENENES
SN EENE N NN
NN S
FORNENENENENEN A
ANENENENENENENE

At s", the dilaton EFT is determined up to coefficients for operators 927¢"
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() Soft-theorems and EFT

When is a theory soft constructable ? — A4 determines the complete effective theory
Cheung, Kampf, Novotny, Shen, Trnka
With p; — (1 — za;)p;, dimension m Ap(z) ~ z™ and Ap ~ p° as p — 0,

An(2)
Fn(2)

~ZM " m/n<o

Examples: NLSM, Dirac-Born-Infeld, special Galileon
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(1) Constraints on perturbative completions

If we assume EFT are perturbatively completed, how constraining is it ?

For gravity
2

S
Myls—oo ~ T ~ E?

m Assuming that the high energy behaviour is tamed while weakly coupled (true for
many known examples in nature)

m Implies new degrees of freedom come in at tree-level
m Implies new degrees of freedom M << Mpjanx

How constraining is the space of possible solutions?

Yu-tin Huang
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(1) Constraints on perturbative completions

We expect the existence of massless particles with three-point interactions to be more
constraining

There are finite number of consistent three-point operators

L = /de\@(FH-F?2+R3), D>2
L = /deF2+F3, D>4
L = / dPx(94)? +¢°, D>6

Residues of massless poles are severely constrained.
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(1) Constraints on perturbative completions

Constraints from causality: Camanho, Edelstein, Maldacena, Zhiboedov

:/D 2/dDXf(F1'+(w1F1’ +112R3+ -)

Causality: if ay 2 >> Ip a particle traveling pass a shock wave will experience time
advancement

P @é§ 2+ a2t* + o218
/fé | s

S

Can only be cured by an infinite J > 2 massive particles

Yu-tin Huang
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(1) Constraints on perturbative completions

What can we expect?

m As s — oo, there are divergences for real t > 0, we can only ask
A(S, B)|ss00 ~ 8270 a(t) <0

for t < 0, i.e. the amplitude suppresses at fix-angle scattering

m Then,
ol
As, t*) = / ” _VSA(V, t*) :\‘/—QOJ\:C—A%’\;
|
. I’[t]5:mi2 (t+2m?) Mflsco
- ¢ ~ (s — m2)(s+t+ ) + s(—s—t)t
at large s
Mgz — ’[ﬂ%ﬂ o

Must have infinite higher spin !

Yu-tin Huang
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(1) Constraints on perturbative completions

(8% + 12 4 u?)? f(s, t) . (2 + P4+ u?)? f(m,t)

m
stu (s=mq)(t=mg) - =, stu (t—mg)---

Unitarity requires the function f(my, t) to have a zero when t = my, and all other
t-channel poles.

f(s, t) is a bounded polynomial function that has zero for each pair of (s, t) = (m;, m;)!

f(my, my) = f(my, mg) = --- = f(m;, m;) =0

There are more zeros than poles!

Yu-tin Huang
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(1) Constraints on perturbative completions

M~ (82 + 12 + u)2 I j(s + b j)(t + by j)(u + by ;)
stu [Ti(s —a)(t—a)(u—a)

with b; j = a; + a;. When s = a;, t = &;, we have a requisite zero in the numerator,
sinces+t—a —ag~u+b

But, the massless residue must be polynomial:
IT; (b)) (t+ bij)(t — bij)
[Ti(a(t — a)(t + &)

There must be a 1 — 1 map between a; and by: a; = i«

Res[M]s_,q ~ —4t>

Yu-tin Huang
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Constraints on perturbative completions

The solution is given as:

(PP T (s+ N+ ) (u+)
stu Sols=N(t—=N(u—1)

2 I-uri-=4ri-s]
FA+ [ + ur[1 + s

Typell superstring >—< 2/—\

Fig 3: Particle scalleting processes (Jefi). swing scatteting puocesses (tight).

M = (s® + P 4+ 1P)

Another solution: unitarize each massless pole separately:

(82 + 1\2 + u2)2

1 1 1
=(s2+t2+u2)(7+7+7)
stu S u

t
The absence of massless poles in other channels leads to the absence of zeros

r[—s]r[—Ar[—u] ( tu su st )
1

2 2 2
s t u —
(et )r[1+S]r[1+t]F[1+U] Ts i+t T ita

Heterotic superstring

Yu-tin Huang
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(1) Constraints on perturbative completions

Is there more solutions?

Yu-tin Huang
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(1) Constraints on perturbative completions

Unitarity requires the exchange coefficient of each spin is positive:

P —<——p,

/

Ps

The residue at s = m? is a function of t = —$(1 — cos ), i.e. r(cos §) Spin
decomposition corresponds to expanding r(cos 0) on Gegenbauer polynomial basis:

r(cos ) = Z ¢, C(cos 8)

where a = (D — 2)/2

1
(1 —2xcos 6 + x2)

= x“C¢(cos0)
=0

¢y > 0 are known as positive functions

Yu-tin Huang
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Possible deformations

Ansatz = MS""8(1 1 g3(ay + apo))
o3 = stu, op = (8% + 2+ u?)

s=1
a2
40 B
20 A
0 at

20 i

-40 1

-40 -20 0 20 40 60
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Possible deformations

Ansatz = MS""8(1 1 g3(ay + apo))
o3 = Stu, op = (s> + 2 + 1P)

s=2
a2
041 ~
02 ~
0.0 al
=021 ~
-04f 4
\ , . ,
-4 -2 0 2 4
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Possible deformations

Ansatz = MS""8(1 1 g3(ay + apo))

o3 = Slu, oo = (82 + 12 + U2)

s=3
a2

1ok : : N
0.05 q
0.00 at
-0.05+ q
=010, \ \ s

-1.0 -05 0.0 05 1.0

Yu-tin Hu:
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(1) Constraints on perturbative completions

What do we expect of r(x) (x = cos 6)?
m Permutation invariance: — f(x) = f(—x), since

S S
t=—2(1- =—>(1+x
20 -x), u=->(1+x)

m If r(x) is positive in D, it is also positive in D’ < D
m If r(x) is positive (corollary of Schoenberg Theorem)

Ir()l < r(1)

If r(x) has root at x = 1, it must be a negative function

Yu-tin Huang
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(1) Constraints on perturbative completions

(tH1)(t42) - (t4n—1)  — (Xz,%) (Xzi%) (xzfﬂ)

n2

m As n — oo it's a boundary positive function
m But
s? 5
stu = 7(1 — X°)
So anything with an stu factor cannot be positive!l!!
m A general solution:

f(o3,02)

[Ti(s—a)(t—a)(v—a)

o3 = stu, op = (8% + 2+ 1?)

Ti
A4 — A4ree

Massless residue fixes the purely o, part:
f(o‘g, 0'2) = {String} + o3 A

As n — co {String} — near negative!

Yu-tin Huang
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New view of string theory

Let’s consider the four-point closed superstring answer
Melosed (g 1) = (sin ) APN(s, £)APN(t, u)
The poles and zero are determined from unitarity
@M A (s A)A@YH u

All massive state cancels !
Yu-tin Huang
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New view of string theory

It's the four-point supergravity amplitude! Y-, Siegel, Yuan
MUee(s t) = (sinmt) AP (—s, —t) AP (¢, u)
What does this mean on the world sheet ?

Meosd (s, 1) :/d2z i —z|25\z\2’:/d22 (1 - 2)°24(1 — 2)°3t

— MM (s, t) = /dzz (1-2)"%z7'(1 - 2)%%
A change of boundary condition for Greens function

Inzz —-Inzz—-2Inz=Inz—-Inz

Yu-tin Huang
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New view of string theory

Supergravity is simply perturbative string theory with chiral boundaries (no limit on o’ is
needed)

Free to take o/ — 0o He

/dZZ(' . )eo/[—slog z—tlog(1—2z)+slog z+tlog(1—2)]

Yu-tin Huang
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Relation to CHY

For superstring the final result is o’ independent, o’ — co He

/ 72 (- - . e[ -s109z—tlog(1-2)+sl0g 2 Iog(1-2)

Depending on kinematics, saddle point localizes on
Lt
z 1-z

Precisely the scattering equations!
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Conclusion

Scattering equations
New compact rep.
Why so special?

Chiral String theory
Equivalent to SUGRA w.o. truncation
Symmetry induced soft theorems

Constraints for EFT
(Soluble EFTs) Special position of zeros

Perturbative completion of Gravity
Require infinite higher spin
Special position of zeros
Properties of positive function

What can we say about UV completions?

Yu-tin Huang
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() Soft-theorems and EFT

Maximal SUSY is known to give exact results:

4
2. 4 i = (LN
m s°: F* operator one-loop exact A = <8W2m4>

m For the pure field-strengths Chen, v-t, wen

DZm(FZ)p(FQ)
eff—zc’é”wz@- +2. 3 e

pg=1 m=1p,q=1

There are no local susy matrix elements that encode F2 Fﬁ* —must have zero

coefficient
F4 %‘é F4 % Fﬁ

One obtains an exact recursion formula for the operators F2 Fiq

et = 4l
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