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Fluctuations



Thermal Fluctuations
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Observables are fluctuating even in an equilibrated medium.
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Observables are fluctuating even in an equilibrated medium.

üSkewness:

üVariance:

üKurtosis:

Non-Gaussianity



Event-by-Event Analysis @ HIC  

Fluctuations can be measured by e-by-e analysis in experiments.

Detector

STAR, PRL105 (2010)
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A Review Article

üWhat are cumulants?

üWhy Ss/(Skellam) and ks2?
üǿƘŀǘ ŀǊŜ ǘƘŜ άōŀǎŜƭƛƴŜǎέ?

üWhy conservedcharges?

üWhat are event-by-event fluctuations?
ü their relation with theoretical analyses?

PPNP, in press,
arXiv:1512.05038v2





Two Problems

1. Thermal blurring and diffusion of fluctuations

2. Efficiency correction of cumulants
MK, PRC93, 044911 (2016).

MK, Asakawa, Ono, PLB328, 386 (2014);
Sakaida, Asakawa, MK, PRC90, 064911 (2014);
MK, NPA942, 65 (2015);
Ohnishi, MK, Asakawa, to appear soon.

in connecting experiments with theories



Fluctuations: Theory vs Experiment  

Theoretical analyses 
based on statistical mechanics

lattice, critical point, 
ŜŦŦŜŎǘƛǾŜ ƳƻŘŜƭǎΣ Χ

Fluctuation in 
a spatial volume

Experiments

Fluctuations in 
a momentum space

discrepancy in phase spaces
Asakawa, Heinz, Muller, 2000;Jeon, Koch, 2000; Shuryak, Stephanov, 2001



Connecting Phase Spaces  

coordinate-space rapidity Y

momentum-space rapidity y
of medium

Under Bjorken picture,

momentum-space rapidity y
of individual particles

Asakawa, Heinz, Muller, 2000
Jeon, Koch, 2000



Thermal Blurring  Asakawa, Heinz, Muller, 2000
Jeon, Koch, 2000

Detector

Distributions in DY and
Dy are different due to
άǘƘŜǊƳŀƭ ōƭǳǊǊƛƴƎέΦ



Thermal distribution in y space  

pion

nucleon
Åpions
Ånucleons

Y. Ohnishi+
to appear soon

Åblast wave
Å flat freezeoutsurface

Blast wave squeezes the 
distribution in rapidity space



Thermal distribution in y space  

Åpions
Ånucleons
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Y. Ohnishi+
to appear soon

Åblast wave
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Rapidity distribution can be
well approximated by Gaussian.



Initial Condition  

Detector

ÅBoost invariance / infinitely long system
ÅLocal equilibration / local correlation

We need 6 parameters
to specify the initial fluctuation



DhDependence  

Initial condition

(before blurring)

no e-v-e fluctuations

Cumulantsafter blurring
can take nonzerovalues

With Dy=1, the effect is
not well suppressed

Cumulantsafter blurring



Centrality Dependence  

Is the centrality dependence understood solely 
by the thermal blurring at kinetic f.o.?

More central
lower T
larger b

Weaker
blurring

ALICE, 2013



Centrality Dependence @ ALICE  

Assumptions:

ÅCentrality independent 
cumulantat kinetic f.o.
ÅThermal blurring at 

kinetic f.o.

ÅCentrality dep. of fluctuation can be described
by a simple thermal blurring picture.



Diffusion Before Kinetic F.O.  

Detector

Distributions in DY and
Dy are different due to
άǘƘŜǊƳŀƭ ōƭǳǊǊƛƴƎέΦ

Fluctuations in DYcontinue 
to change before kinetic f.o.

These 2 processes can be
treated as a single diffusion.



Diffusion Before Kinetic F.O.  

Detector

We need 6 parameters
to specify the initial fluctuation

Initial Condition

ÅBoost invariance / infinitely long system
ÅLocal equilibration / local correlation



DhDependence: 4th order  

Initial Condition

Characteristic Dhdependences!

MK, Asakawa, PLB(2014)
MK, NPA(2015)



DhDependence: 4th order  

at ALICEat ALICE

Initial Condition

baryon #

MK, Asakawa, PLB(2014)
MK, NPA(2015)



4th order : w/ Critical Fluctuation  

at ALICEat ALICE
baryon #

Initial Condition

MK, Asakawa, PLB(2014)
MK, NPA(2015)



DhDependence: 3rd order  

Initial Condition

at ALICEat ALICE
baryon #

MK, Asakawa, PLB(2014)
MK, NPA(2015)



DhDependence @ STAR  

Non-monotonic dependence on Dy ?

X. Luo, CPOD2014

MK, 2015



Very Low Energy Collisions  

ÅLarge contribution of global charge conservation
ÅViolation of Bjorkenscaling

Fluctuations at low Ҟs should be interpreted carefully!

detector



Summary of 1st Part  

ÅEffect of thermal blurring provoked by rapidity conversion 
is not negligible with Dy=1.0.

ÅHigher order cumulantscan behave characteristically as 
functions of Dy. 

ÅThis behavior can be used to constrain 
Å the magnitude of thermal blurring, and 
Å fluctuations in the early stage.

ÅThe study of centrality dependence is also interesting. 



Two Problems

1. Thermal blurring and diffusion of fluctuations

2. Efficiency correction of cumulants
MK, PRC93, 044911 (2016).

MK, Asakawa, Ono, PLB328, 386 (2014);
Sakaida, Asakawa, MK, PRC90, 064911 (2014);
MK, NPA942, 65 (2015);
Ohnishi, MK, Asakawa, to appear soon.

in connecting experiments with theories



Efficiency  

Detectors cannot definitely measure
all particles entering there

efficiency e
probability to detect a particle

Efficiency correction is essential for all observables in experiments.



The Binomial Model  MK, Asakawa, 2012; 2012
Bzdak, Koch, 2012

When efficiency for individual particles are independent

dist. func.  of
originalparticle #

dist. func. of 
observedparticle #

binmial
dist. func.

The cumulantsconnected with each other

Caveat: Effects of nonvanishingcorrelations: Holtzman+ 2016



Formulas using factorial moments: Bzdak, Koch, 2012



Summing up Multiple Variables  

ÅNet-particle number

MK, Asakawa, 2012;Bzdak, Koch, 2012

ÅMulti-particle species 

Ånet-electric charge
ÅpT dependent efficiency

Bzdak, Koch, 2015;Luo, 2014
cf, Nonaka+, 1604.06212

average (common) 
efficiency for p and p

STAR, PRL2014

-

TPCe~80%

TPC+TOFe~50%

STAR, net proton



Efficiency Correction with Factorial Moments  

Bzdak, Koch, 2015;Luo, 2014

Simple relations 
b/w factorial moments

Calculate all factorial moments of ni

Translate it into original moments Ni

Construct the cumulantNi

ni: observed particle #
Ni: original particle #
ei: efficiency

Problem

Number of f-moments for 
nth order with M variables 

ὓ ὲ
ὲ

-1ᴼὓ
Require huge
numerical power



New Formulas for Efficiency Correction  

linear combination of 
originalparticle numbers

linear combination of 
observedparticle numbers

ÅF-moment method
ÅOur method

MK, PRC,2016
[1602.01234]

For nth order and M variables

Numerical Cost



Derivation  

(1) Cumulant expansion

(2) ñLinearityòof binomial distribution

(3) Treating multi-variable dist. func.



Proton v.s. Baryon Number Cumulants

ÅThe difference would be large.

ÅReconstruction of <NB
n>c is possible using the binomial model.

Å¢ƘŜ ǳǎŜ ƻŦ ōƛƴƻƳƛŀƭ ƳƻŘŜƭ ƛǎ ƧǳǎǘƛŦƛŜŘ ōȅ άƛǎƻǎǇƛƴ ǊŀƴŘƻƳƛȊŀǘƛƻƴΦέ

Experiments
proton number cumulants

Many theories
baryon number cumulants

measurement with 
50% efficiency loss

MK, Asakawa, 2012; 2012



Summary of 2nd Part  

ÅEfficiency correction of fluctuations is a nontrivial subject. 
The binomial model is a solution.

ÅThe new formulas will drastically reduce the numerical cost 
required for the efficiency corrections.

ÅEfficiency correction with realistic pT-dependent efficiency 
can be carried out with the new formulas.



Summary  
Critical Point

A lot of careful, steady and 
honest researches are needed.

Still many manythings to do
for the search of the QCD CP
using fluctuations.

But, after hard efforts, the gift 
from God will be delivered!



A Coin Game

Bet 50 PLN
You get head coins of

Same expectation value.

B. 20 x 5 PLNA. 50x 2 PLN



A Coin Game

Bet 50 PLN
You get head coins of

Same expectation value,
but different fluctuation

B. 20 x 5 PLNA. 50x 2 PLN

C. 1 x 100 PLN


