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Figure 10. Left: Collision geometry seen from the above. Right: Profile of the
produced magnetic field as a function of time.

4. Strong Magnetic Field and Dimensional Reduction

In the heavy-ion collision with a finite impact parameter (i.e. peripheral collision) a

magnetic field is created by the positively charged ions moving at almost the speed of

light. Let us evaluate how large magnetic field is expected in the collision at the RHIC

energy in a classical manner. For simplicity we assume that the (positively charged)

heavy ions are point charges [147]. The collision geometry is schematically modelled as

in the left of figure 10. Then, from the Liénard-Wiechert potential, the magnetic fields

at the origin reads

eB(x, t) =
Ze2

4π
· bβ(1− β2)ey

[(βt)2 + (1− β2)(b/2)2]3/2
= eB0

ey

[1 + (t/t0)2]3/2
, (54)

eB0 =
8Zαe

b2
sinh(Y ) = (47.6 MeV)2

(1fm
b

)2

Z sinh(Y ) ,

t0 =
b

2 sinh(Y )
.

In the definition of B0 and t0 we use the beam rapidity Y instead of the velocity β,

which is related by β = tanh(Y ). Here, B0 is the maximum strength of the magnetic

field and t0 gives a typical time scale of decaying field. In the case of Au-Au collision

at the RHIC energy, these parameters are

Z = 79 , sinh(Y ) ≃ cosh(Y ) =

√
sNN

mN
≃ 106.6 . (55)

The point-charge approximation is valid when the collision is far peripheral. So, let us

take b = 10 fm [147]. Then, this simple estimate leads to

eB0 ≃ 1.9× 105 MeV2 = 3.2× 1019gauss , t0 ≃ 0.05 fm/c . (56)

This magnetic field strength is 104 times larger than the surface magnetic field of the

magnetar, and 107 times larger than that of the ordinary neutron star. Although such a

strong field is transient and decays with the time scale t0, we note that the decay is not

as steep as exponential damp but power-law suppression. At t/t0 ∼ 2 ∼ 0.1 fm/c, for

example, the magnetic field diminishes to a tenth of B0. We note that this time scale is

of order of Q−1
s where Qs is the saturation scale at RHIC [148, 149, 150]. Although there

Simplification (point-particle approx.)

eB ⇠ (a few GeV)2
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Effects of eB>(LQCD)2 on QCD?
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Magnetic Catalysis
Klimenko, Shovkovy, Miransky, Gusynin, Shushpanov, Smilga, …

B favors more chiral symmetry breaking

Scalar condensate : J=0 with S=1 and L=1

B
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Magnetic Catalysis
Klimenko, Shovkovy, Miransky, Gusynin, Shushpanov, Smilga, …

B favors more chiral symmetry breaking
Inverse Magnetic Catalysis

Preis, Rebhan, Schmitt, etc…

B disfavors chiral sym breaking at high µB

Inverse Magnetic Catalysis (Magnetic Inhibition)
Bali, Endrodi, Bruckmann, Schafer, Fodor, Szabo, etc…

B disfavors chiral sym breaking at high T
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Magnetic Catalysis
Klimenko, Shovkovy, Miransky, Gusynin, Shushpanov, Smilga, …

B favors more chiral symmetry breaking
Inverse Magnetic Catalysis

B disfavors chiral sym breaking at high µB

Inverse Magnetic Catalysis (Magnetic Inhibition)

B disfavors chiral sym breaking at high T

Physics understandable in the mean-field level

Physics beyond the mean-field level

KF-Pawlowski

KF-Hidaka, many others
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Effects of eB>(LQCD)2 on QCD?
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Difficulty in understanding the IMC
Critical T in BCS: Tc / �(T = 0)

hq̄qi in QCD

hq̄qi(T = 0) is increased at finite B

Tc is decreased at finite B
Reconcile?

T

hq̄qi
Needs some other dynamics  
 (deconfinement / IR meson)
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Effects of eB>(LQCD)2 on QCD?
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Phase Diagram
Klimenko, Shovkovy, Miransky, Gusynin, Shushpanov, Smilga, …
Preis, Rebhan, Schmitt, etc…

Bali, Endrodi, Bruckmann, Schafer, Fodor, Szabo, etc…
Fraga, Noronha, Palhares, Blaizot, Ruggieri, Gatto, etc…

Infinite B limit?
Fermions infinitely heavy (quenched limit)

Reduced to anisotropic pure Yang-Mills  
        1st-order Phase Transition!

Endrodi, Cohen-Yamamoto
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Effects of eB>(LQCD)2 on QCD?
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Chemical Freezeout ???

values of µB and T are shown in Fig. 1 as functions of center-of-mass energy
per nucleon pair.

We note that, near 10 GeV center of mass energy, the temperature saturates
with increasing beam energy, reaching an asymptotic value of about 160 MeV,
while the baryon chemical potential decreases smoothly.
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Fig. 2. The decoupling temperatures and chemical potentials extracted by Statisti-
cal Model fits to experimental data. The freeze-out points are from Refs. [15] and
[22–24]. The open points are obtained from fits to mid-rapidity whereas the full–
points to 4º data. The inverse triangle at T = 0 indicates the position of normal
nuclear matter. The lines are diÆerent model calculations to quantify these points
[21,25,26]. The shaded lines are drawn to indicate diÆerent regimes in this diagram
(see text).

Plotting these temperature-chemical potential pairs for all available energies
results in a phase diagram-like picture as is illustrated in Fig. 2. In the µB

region from 800 to 400 MeV, as T increases from 50 to 150 MeV, the experi-
mental points rise approximately linearly. In contrast, below µB ª 400 MeV,
the temperature is approximately constant, T ' 160 MeV. The highest col-
lision energies studied to date at RHIC are those for which µB ª 25 MeV.
Also shown on this plot are lines of fixed energy per particle and fixed entropy
density per T 3; also shown is a line of hadron percolation (see below).

These experimental results can be compared to phase transition points com-
puted on the lattice [27,28]. Numerical simulations in lattice QCD can be

3

Experimentally seen  
“Phase Diagram”

Nobody so far… 

Keep in mind: 
Quark matter could be 
     ferromagnetic! 
(Origin of B on magnetars)
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(Inverse) MC explained in HRG?
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QCD equation of state at nonzero magnetic fields in the
Hadron Resonance Gas model

G. Endrődi,1

1Institute for Theoretical Physics, Universität Regensburg, D-93040 Regensburg, Germany.

E-mail: gergely.endrodi@physik.uni-regensburg.de

Abstract: The Hadron Resonance Gas (HRG) model is considered to study the QCD equation of state
for the case of nonzero external magnetic fields. Thermodynamic observables including the pressure, energy
density, entropy density, magnetization and the speed of sound are presented as functions of the temperature
and the magnetic field. The magnetization is determined to be positive, indicating that the hadronic phase
of QCD is paramagnetic. The behavior of the speed of sound suggests that the deconfinement transition
temperature is lowered as the magnetic field grows. Moreover, a simple correspondence is derived, which
relates the magnetic catalysis of the quark condensate to the positivity of the �-function in scalar QED.

Keywords: QCD equation of state, pressure, external magnetic field, background field method, magnetic
catalysis
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explained the magnetic catalysis qualitatively.

For quantitative studies on the chiral condensate, 
hadron “sigma terms” are necessary.
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Phase Diagram from HRG
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FIG. 1. Chemical freeze-out points taken from Refs. [20, 26,
27]. The red and blue (upper and lower) bands represent the
regions where the entropy density s and the baryon number
density nB, respectively, increase quickly from 0.3 to 0.8 in the
unit of free quark-gluon values, sfree and nfree (see Eq. (1)).

beyond our current scope. In any case it is most unlikely
that our present method would work for such a high den-
sity where inhomogeneous condensates are turned on.]
Phenomenological considerations could, however, lead

to a different scenario [23], though some suggestive
arguments for the quarkyonic window have been re-
ported [20, 24] and some model studies are also sup-
portive [7, 9]. In general the PNJL and PQM models
at the mean-field level shall favor the quarkyonic pic-
ture; the model predicts the deconfinement temperature
weakly dependent on µB. The Polyakov loop tends to
be small for any µB as long as T is vanishingly small,
while the chiral condensate melts at high µB regardless
of T . Such decoupling behavior is partly because the
mean-field treatment implicitly assumes large Nc.
It is already successful to apply the RG improvement

to include mesonic fluctuations in the phase diagram
study [13, 25]. The RG method with mesonic fluctua-
tions is indispensable to look closely into properties at
the QCD critical point. In contrast, the bulk structure
of the QCD phase diagram is not affected qualitatively.
It is still highly non-trivial how to take account of other
fluctuations such as the baryonic contribution and the
quark-loop effects on the Polyakov loop potential. In this
respect the observation in Ref. [12] is the most interesting
and even surprising. They postulated a µB-dependent
form of U [Φ] and found that it leads to a qualitative
change on the phase diagram. We note that not µB- but
T -dependence in U [Φ] would be much less harmful since
U [Φ] at µB = 0 is constrained anyway by the lattice data
as already mentioned. It is thus extremely important to
select a proper choice out for µB-dependent U [Φ]. This
work is an attempt to approach this problem from the
phenomenological point of view.

II. THERMODYNAMICS FROM THE
STATISTICAL MODEL

Regarding the QCD phase diagram at finite T and µB

useful information is quite limited. Only the chemical
freeze-out points in the heavy-ion collisions are exper-
imental hints about the phase diagram. Although the
freeze-out points shape an intriguing curve on the µB-T
plane, as plotted by error-bar dots in Fig. 1, one should
carefully treat them.

The freeze-out points are not direct experimental data
but an interpretation through the Statistical Model [26,
27]. In view of the fact that the Statistical Model is such
successful to fit various particle ratios with µB and T
only (other parameters µQ, µs, and µc are determined
by the collision condition), it is legitimate to take the
freeze-out points for experimental data, which in turn
validates the Statistical Model, though why it works lacks
for an explanation. In particular baryons should interact
strongly at high density, and nevertheless, it seems that
the Statistical Model works for the particle ratio even
near µB ∼ 800 MeV. We do not try to theoretically
justify the Statistical Model here, but simply make use
of it accepting that it is anyway a description consistent
with the experimental observation.

It is then a straightforward application of the Statis-
tical Model to estimate thermodynamic quantities such
as the pressure p, the entropy density s, and the baryon
number density nB as functions of T and µB. We here
utilize an open code THERMUS ver.2.1 to calculate s
and nB [28].

Figure 1 shows s and nB from THERMUS together
with the chemical freeze-out points taken from Refs. [20,
26, 27]. For convenience we normalized s and nB by

sfree =

{
(N2

c − 1) +
7

4
NcNf

}
4π2

45
T 3 +

NcNf

3
µ2
qT ,

nfree = Nf

(
µ3
q

3π2
+

µqT 2

3

)
. (1)

These are the entropy density and the baryon number
density of free massless N2

c − 1 gluons and NcNf quarks.
Here we note that, in drawing Fig. 1, we have intention-

ally relaxed the neutrality conditions for electric charge
and heavy flavors and simply set µQ = µs = µc = 0.
We have done so to make it easier to compare the re-
sults from the Statistical Model to the chiral effective
model approach in later discussions. [We note that one
can force the chiral models to satisfy neutrality but it
would be technically involved and, besides, its effect on
the phase diagram is minor [29].]

We used Eq. (1) with Nc = Nf = 3. We should note
that the choice of sfree and nfree is (reasonable but) arbi-
trary and the following discussions do not rely on this
choice at all. These sfree and nfree are just common
denominators to display the Statistical Model and the
PNJL model results.

The Statistical Model cannot tell us about the QCD

KF (2010)

Most model-independent phase diagram from free hadrons
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Empirical Freezeout Conditions
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values of µB and T are shown in Fig. 1 as functions of center-of-mass energy
per nucleon pair.

We note that, near 10 GeV center of mass energy, the temperature saturates
with increasing beam energy, reaching an asymptotic value of about 160 MeV,
while the baryon chemical potential decreases smoothly.
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Fig. 2. The decoupling temperatures and chemical potentials extracted by Statisti-
cal Model fits to experimental data. The freeze-out points are from Refs. [15] and
[22–24]. The open points are obtained from fits to mid-rapidity whereas the full–
points to 4º data. The inverse triangle at T = 0 indicates the position of normal
nuclear matter. The lines are diÆerent model calculations to quantify these points
[21,25,26]. The shaded lines are drawn to indicate diÆerent regimes in this diagram
(see text).

Plotting these temperature-chemical potential pairs for all available energies
results in a phase diagram-like picture as is illustrated in Fig. 2. In the µB

region from 800 to 400 MeV, as T increases from 50 to 150 MeV, the experi-
mental points rise approximately linearly. In contrast, below µB ª 400 MeV,
the temperature is approximately constant, T ' 160 MeV. The highest col-
lision energies studied to date at RHIC are those for which µB ª 25 MeV.
Also shown on this plot are lines of fixed energy per particle and fixed entropy
density per T 3; also shown is a line of hadron percolation (see below).

These experimental results can be compared to phase transition points com-
puted on the lattice [27,28]. Numerical simulations in lattice QCD can be

3

E : internal energy

N : particles + antiparticles

E/N ⇠ 1GeV

Andronic et al. (2010)

Cleymans-Redlich  
          (1998)
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Our Idea

13

values of µB and T are shown in Fig. 1 as functions of center-of-mass energy
per nucleon pair.

We note that, near 10 GeV center of mass energy, the temperature saturates
with increasing beam energy, reaching an asymptotic value of about 160 MeV,
while the baryon chemical potential decreases smoothly.
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Fig. 2. The decoupling temperatures and chemical potentials extracted by Statisti-
cal Model fits to experimental data. The freeze-out points are from Refs. [15] and
[22–24]. The open points are obtained from fits to mid-rapidity whereas the full–
points to 4º data. The inverse triangle at T = 0 indicates the position of normal
nuclear matter. The lines are diÆerent model calculations to quantify these points
[21,25,26]. The shaded lines are drawn to indicate diÆerent regimes in this diagram
(see text).

Plotting these temperature-chemical potential pairs for all available energies
results in a phase diagram-like picture as is illustrated in Fig. 2. In the µB

region from 800 to 400 MeV, as T increases from 50 to 150 MeV, the experi-
mental points rise approximately linearly. In contrast, below µB ª 400 MeV,
the temperature is approximately constant, T ' 160 MeV. The highest col-
lision energies studied to date at RHIC are those for which µB ª 25 MeV.
Also shown on this plot are lines of fixed energy per particle and fixed entropy
density per T 3; also shown is a line of hadron percolation (see below).

These experimental results can be compared to phase transition points com-
puted on the lattice [27,28]. Numerical simulations in lattice QCD can be

3

E/N ⇠ 1GeV

How these curves  
 modified by B? 
Consistent with IMC?

Assume: 
empirical condition  
not changed by B
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Shifted Freezeout Curves
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KF-Hidaka (2016)

Slanting lines
With conservation 
      of S and Q

Shaded lines

Without conserv. 
      of S and Q

E/N = 0.9 ⇠ 1.0GeV
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Comments
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It is not obvious that the chemical freezeout curves  
are shifted down in accord to the inverse MC.

With increasing B : 

E increases

N increases
Which is faster???

Phase-space of charged particles ⇠ eB

2⇡
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Comments

16

N increases faster

p gets lighter 
n remains intact

Electric charge conserv.

Suppressed
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Charge Conservations
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Comments on S
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At high T µS ⇠ µB/3

The chemical potential felt by free strange quarks is

µB/3� µS ⇠ 0 if µS ⇠ µB/3

This signals for realization of  
“quark deconfinement” even in  
HRG without quark d.o.f.
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Comments on Q
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µQ is fixed to meet B/(2Q) = 1.2683

In (heavy) nuclei there are a bit more neutrons than protons.
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µQ ⇠ 10�2GeV

B breaks isospin sym.

µQ ⇠ 10�1GeV
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Observables on Freezeout Lines
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With di↵erent
p
sNN
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Electric Charge  
    Conservation Significant  

enhancement

Charged hadrons  
favored by B

KF-Hidaka (2016)

cf. 0907.0494  
     (lattice)
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Sensitivity to B
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Most of works assume homogeneous B 

What happens for inhomogeneous B?
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Inhomogeneous B

24

2

For actual calculations we employ the worldline path-
integral formalism [22], which is suited to handle pair
particle production with general background fields. In
this work we will not take account of back-reaction, that
is, e↵ects of additional electromagnetic fields sourced by
produced charged particles, since we are interested in the
production rate only for a given configuration and not the
whole temporal evolutions.

Worldline Formalism: Our starting point is the
(4+1)-dimensional Euclidean worldline e↵ective action
�E for a fermion with mass m under a given gauge con-
figuration Aµ(x), which is generally expressed as [22]

�E[A] =

Z 1

0

dT

T
e�m2T

I
Dx

⇥ exp

⇢
�
Z T

0
d⌧


1

4

⇣dx
d⌧

⌘2
+ ieA · dx

d⌧

��
�[A] , (1)

�[A] = �1

2
trP exp

✓
ie

2

Z T

0
d⌧ �µ⌫Fµ⌫

◆
, (2)

where �[A] represents the spin factor with �µ⌫ ⌘
1
2 [�µ, �⌫ ]. The Euclidean field strength tensor compo-
nents are Fij = ✏ijkBk and F4i = �iEi in terms of
the physical (Minkowskian) electromagnetic fields. In
the worldline formalism the auxiliary coordinate vari-
ables should satisfy the periodic boundary condition;
xµ(0) = xµ(T ). It is important to note that the m-

dependence appears only through e�m2T which makes
the T -integration converge as long as m2 is positive.

In the present study we specifically consider a
situation with the x4-dependent E and the x1,2-
dependent B fields parallel to each other along the
x3-axis; i.e. E = E(A4(x3,4), A3(x3,4))e3 and B =
B(A1(x1,2), A2(x1,2))e3. In this special but topologically
non-trivial situation with E ·B 6= 0, the electric and the
magnetic parts are separable (but coupled through the
T -integration) and we can express the e↵ective action as

�E = �2
R1
0

dT
T e�m2TKEKB , where

KE(T ;A3, A4) ⌘
I

Dx3Dx4 cos

Z T

0
d⌧ eE(x)

�

⇥ exp

⇢
�
Z T

0
d⌧


1

4

⇣dx3

d⌧

⌘2
+

1

4

⇣dx4

d⌧

⌘2

+ ieA3
dx3

d⌧
+ ieA4

dx4

d⌧

��
. (3)

KB(T ;A1, A2) ⌘
I

Dx1Dx2 cosh

Z T

0
d⌧ eB(x)

�

⇥ exp

⇢
�
Z T

0
d⌧


1

4

⇣dx1

d⌧

⌘2
+

1

4

⇣dx2

d⌧

⌘2

+ ieA1
dx1

d⌧
+ ieA2

dx2

d⌧

��
. (4)

The theoretical treatment of KE has been well investi-
gated: As long as KB does not produce any exponential

factor in terms of T , we can perform the T -integration
approximately with the value at the stationary point
T ⇤(x3,4). Then, we can evaluate the x3,4-integration
with the worldline instantons xcl

3,4(⌧) as solutions of the
equations of motion [23] including Gaussian fluctuations
around them to reproduce the prefactor. Finally we can
just replace the magnetic part with KB(T ⇤(xcl

3,4);A1, A2).
In this way, for constant E k B, pretty straight-
forward calculations yield the correct answer; �E =
�[e2EB/2(2⇡)2] coth(⇡B/E) exp(�⇡m2/eE) by picking
up the n = 1 instanton contribution. This can also be
interpreted as a particle production rate in Minkowskian
spacetime as

w = 2Im�M = �2Re�E =
e2EB

(2⇡)2
coth

⇣⇡B
E

⌘
e�⇡m2/eE ,

(5)
which happens to coincide with the exact answer from
the Euler-Heisenberg e↵ective Lagrangian. What we will
show below is that, with spatially modulated magnetic
fields, KB may give rise to an exponential factor and this
e↵ectively changes m2.

Magnetic Part with Spatial Modulation: Let us first
consider a solvable example with the following (Sauter-
type) profile of the magnetic field [24];

B(x) = B sech2(x1) e3 . (6)

It would be more convenient to translate the functional
integral into the canonical quantized representation with
the corresponding Hamiltonian. Then, we can re-express
KB into the following form as

KB =
X

±

1

2
Tr exp(�Ĥ±

BT ) , (7)

where the magnetic Hamiltonian is defined as

Ĥ±
B ⌘ �@21 �


@2 +

ieB


tanh(x1)

�2
± eB sech2(x1) .

(8)
The wave-functions to diagonalize the above Hamiltonian
are known exactly [24] and from them we can construct
the eigenvalue spectrum explicitly. Specifically, the ker-
nel takes a form of

Tr e�Ĥ±
BT = � 1
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Here, g±(�) is an integrated resolvent made from the
wave-functions and after some calculations we find,
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where we defined; g̃(p2, eB,,�) ⌘ 4(✏� +
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For actual calculations we employ the worldline path-
integral formalism [22], which is suited to handle pair
particle production with general background fields. In
this work we will not take account of back-reaction, that
is, e↵ects of additional electromagnetic fields sourced by
produced charged particles, since we are interested in the
production rate only for a given configuration and not the
whole temporal evolutions.

Worldline Formalism: Our starting point is the
(4+1)-dimensional Euclidean worldline e↵ective action
�E for a fermion with mass m under a given gauge con-
figuration Aµ(x), which is generally expressed as [22]
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where �[A] represents the spin factor with �µ⌫ ⌘
1
2 [�µ, �⌫ ]. The Euclidean field strength tensor compo-
nents are Fij = ✏ijkBk and F4i = �iEi in terms of
the physical (Minkowskian) electromagnetic fields. In
the worldline formalism the auxiliary coordinate vari-
ables should satisfy the periodic boundary condition;
xµ(0) = xµ(T ). It is important to note that the m-

dependence appears only through e�m2T which makes
the T -integration converge as long as m2 is positive.

In the present study we specifically consider a
situation with the x4-dependent E and the x1,2-
dependent B fields parallel to each other along the
x3-axis; i.e. E = E(A4(x3,4), A3(x3,4))e3 and B =
B(A1(x1,2), A2(x1,2))e3. In this special but topologically
non-trivial situation with E ·B 6= 0, the electric and the
magnetic parts are separable (but coupled through the
T -integration) and we can express the e↵ective action as
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The theoretical treatment of KE has been well investi-
gated: As long as KB does not produce any exponential

factor in terms of T , we can perform the T -integration
approximately with the value at the stationary point
T ⇤(x3,4). Then, we can evaluate the x3,4-integration
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3,4(⌧) as solutions of the
equations of motion [23] including Gaussian fluctuations
around them to reproduce the prefactor. Finally we can
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which happens to coincide with the exact answer from
the Euler-Heisenberg e↵ective Lagrangian. What we will
show below is that, with spatially modulated magnetic
fields, KB may give rise to an exponential factor and this
e↵ectively changes m2.

Magnetic Part with Spatial Modulation: Let us first
consider a solvable example with the following (Sauter-
type) profile of the magnetic field [24];

B(x) = B sech2(x1) e3 . (6)

It would be more convenient to translate the functional
integral into the canonical quantized representation with
the corresponding Hamiltonian. Then, we can re-express
KB into the following form as
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X
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2
Tr exp(�Ĥ±

BT ) , (7)

where the magnetic Hamiltonian is defined as
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The wave-functions to diagonalize the above Hamiltonian
are known exactly [24] and from them we can construct
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nel takes a form of
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For actual calculations we employ the worldline path-
integral formalism [22], which is suited to handle pair
particle production with general background fields. In
this work we will not take account of back-reaction, that
is, e↵ects of additional electromagnetic fields sourced by
produced charged particles, since we are interested in the
production rate only for a given configuration and not the
whole temporal evolutions.

Worldline Formalism: Our starting point is the
(4+1)-dimensional Euclidean worldline e↵ective action
�E for a fermion with mass m under a given gauge con-
figuration Aµ(x), which is generally expressed as [22]
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where �[A] represents the spin factor with �µ⌫ ⌘
1
2 [�µ, �⌫ ]. The Euclidean field strength tensor compo-
nents are Fij = ✏ijkBk and F4i = �iEi in terms of
the physical (Minkowskian) electromagnetic fields. In
the worldline formalism the auxiliary coordinate vari-
ables should satisfy the periodic boundary condition;
xµ(0) = xµ(T ). It is important to note that the m-

dependence appears only through e�m2T which makes
the T -integration converge as long as m2 is positive.

In the present study we specifically consider a
situation with the x4-dependent E and the x1,2-
dependent B fields parallel to each other along the
x3-axis; i.e. E = E(A4(x3,4), A3(x3,4))e3 and B =
B(A1(x1,2), A2(x1,2))e3. In this special but topologically
non-trivial situation with E ·B 6= 0, the electric and the
magnetic parts are separable (but coupled through the
T -integration) and we can express the e↵ective action as
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The theoretical treatment of KE has been well investi-
gated: As long as KB does not produce any exponential

factor in terms of T , we can perform the T -integration
approximately with the value at the stationary point
T ⇤(x3,4). Then, we can evaluate the x3,4-integration
with the worldline instantons xcl

3,4(⌧) as solutions of the
equations of motion [23] including Gaussian fluctuations
around them to reproduce the prefactor. Finally we can
just replace the magnetic part with KB(T ⇤(xcl

3,4);A1, A2).
In this way, for constant E k B, pretty straight-
forward calculations yield the correct answer; �E =
�[e2EB/2(2⇡)2] coth(⇡B/E) exp(�⇡m2/eE) by picking
up the n = 1 instanton contribution. This can also be
interpreted as a particle production rate in Minkowskian
spacetime as

w = 2Im�M = �2Re�E =
e2EB

(2⇡)2
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(5)
which happens to coincide with the exact answer from
the Euler-Heisenberg e↵ective Lagrangian. What we will
show below is that, with spatially modulated magnetic
fields, KB may give rise to an exponential factor and this
e↵ectively changes m2.

Magnetic Part with Spatial Modulation: Let us first
consider a solvable example with the following (Sauter-
type) profile of the magnetic field [24];

B(x) = B sech2(x1) e3 . (6)

It would be more convenient to translate the functional
integral into the canonical quantized representation with
the corresponding Hamiltonian. Then, we can re-express
KB into the following form as

KB =
X
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Tr exp(�Ĥ±

BT ) , (7)

where the magnetic Hamiltonian is defined as
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The wave-functions to diagonalize the above Hamiltonian
are known exactly [24] and from them we can construct
the eigenvalue spectrum explicitly. Specifically, the ker-
nel takes a form of
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where we defined; g̃(p2, eB,,�) ⌘ 4(✏� +
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KE ⇥KB for time-dep. E and space-dep. B

The bottom line is: KB ⇠ e+2T

Modulation parameter: B ⇠ B0(1 + 
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For actual calculations we employ the worldline path-
integral formalism [22], which is suited to handle pair
particle production with general background fields. In
this work we will not take account of back-reaction, that
is, e↵ects of additional electromagnetic fields sourced by
produced charged particles, since we are interested in the
production rate only for a given configuration and not the
whole temporal evolutions.

Worldline Formalism: Our starting point is the
(4+1)-dimensional Euclidean worldline e↵ective action
�E for a fermion with mass m under a given gauge con-
figuration Aµ(x), which is generally expressed as [22]
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where �[A] represents the spin factor with �µ⌫ ⌘
1
2 [�µ, �⌫ ]. The Euclidean field strength tensor compo-
nents are Fij = ✏ijkBk and F4i = �iEi in terms of
the physical (Minkowskian) electromagnetic fields. In
the worldline formalism the auxiliary coordinate vari-
ables should satisfy the periodic boundary condition;
xµ(0) = xµ(T ). It is important to note that the m-

dependence appears only through e�m2T which makes
the T -integration converge as long as m2 is positive.

In the present study we specifically consider a
situation with the x4-dependent E and the x1,2-
dependent B fields parallel to each other along the
x3-axis; i.e. E = E(A4(x3,4), A3(x3,4))e3 and B =
B(A1(x1,2), A2(x1,2))e3. In this special but topologically
non-trivial situation with E ·B 6= 0, the electric and the
magnetic parts are separable (but coupled through the
T -integration) and we can express the e↵ective action as

�E = �2
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0
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T e�m2TKEKB , where
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The theoretical treatment of KE has been well investi-
gated: As long as KB does not produce any exponential

factor in terms of T , we can perform the T -integration
approximately with the value at the stationary point
T ⇤(x3,4). Then, we can evaluate the x3,4-integration
with the worldline instantons xcl

3,4(⌧) as solutions of the
equations of motion [23] including Gaussian fluctuations
around them to reproduce the prefactor. Finally we can
just replace the magnetic part with KB(T ⇤(xcl

3,4);A1, A2).
In this way, for constant E k B, pretty straight-
forward calculations yield the correct answer; �E =
�[e2EB/2(2⇡)2] coth(⇡B/E) exp(�⇡m2/eE) by picking
up the n = 1 instanton contribution. This can also be
interpreted as a particle production rate in Minkowskian
spacetime as

w = 2Im�M = �2Re�E =
e2EB

(2⇡)2
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e�⇡m2/eE ,

(5)
which happens to coincide with the exact answer from
the Euler-Heisenberg e↵ective Lagrangian. What we will
show below is that, with spatially modulated magnetic
fields, KB may give rise to an exponential factor and this
e↵ectively changes m2.

Magnetic Part with Spatial Modulation: Let us first
consider a solvable example with the following (Sauter-
type) profile of the magnetic field [24];

B(x) = B sech2(x1) e3 . (6)

It would be more convenient to translate the functional
integral into the canonical quantized representation with
the corresponding Hamiltonian. Then, we can re-express
KB into the following form as

KB =
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BT ) , (7)

where the magnetic Hamiltonian is defined as
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The wave-functions to diagonalize the above Hamiltonian
are known exactly [24] and from them we can construct
the eigenvalue spectrum explicitly. Specifically, the ker-
nel takes a form of
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where we defined; g̃(p2, eB,,�) ⌘ 4(✏� +
✏+)3/[(p2 eB)2�6(✏�+✏+)4] and the dimensionless dis-
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For actual calculations we employ the worldline path-
integral formalism [22], which is suited to handle pair
particle production with general background fields. In
this work we will not take account of back-reaction, that
is, e↵ects of additional electromagnetic fields sourced by
produced charged particles, since we are interested in the
production rate only for a given configuration and not the
whole temporal evolutions.

Worldline Formalism: Our starting point is the
(4+1)-dimensional Euclidean worldline e↵ective action
�E for a fermion with mass m under a given gauge con-
figuration Aµ(x), which is generally expressed as [22]
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where �[A] represents the spin factor with �µ⌫ ⌘
1
2 [�µ, �⌫ ]. The Euclidean field strength tensor compo-
nents are Fij = ✏ijkBk and F4i = �iEi in terms of
the physical (Minkowskian) electromagnetic fields. In
the worldline formalism the auxiliary coordinate vari-
ables should satisfy the periodic boundary condition;
xµ(0) = xµ(T ). It is important to note that the m-

dependence appears only through e�m2T which makes
the T -integration converge as long as m2 is positive.

In the present study we specifically consider a
situation with the x4-dependent E and the x1,2-
dependent B fields parallel to each other along the
x3-axis; i.e. E = E(A4(x3,4), A3(x3,4))e3 and B =
B(A1(x1,2), A2(x1,2))e3. In this special but topologically
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The theoretical treatment of KE has been well investi-
gated: As long as KB does not produce any exponential

factor in terms of T , we can perform the T -integration
approximately with the value at the stationary point
T ⇤(x3,4). Then, we can evaluate the x3,4-integration
with the worldline instantons xcl

3,4(⌧) as solutions of the
equations of motion [23] including Gaussian fluctuations
around them to reproduce the prefactor. Finally we can
just replace the magnetic part with KB(T ⇤(xcl
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which happens to coincide with the exact answer from
the Euler-Heisenberg e↵ective Lagrangian. What we will
show below is that, with spatially modulated magnetic
fields, KB may give rise to an exponential factor and this
e↵ectively changes m2.

Magnetic Part with Spatial Modulation: Let us first
consider a solvable example with the following (Sauter-
type) profile of the magnetic field [24];

B(x) = B sech2(x1) e3 . (6)

It would be more convenient to translate the functional
integral into the canonical quantized representation with
the corresponding Hamiltonian. Then, we can re-express
KB into the following form as
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The wave-functions to diagonalize the above Hamiltonian
are known exactly [24] and from them we can construct
the eigenvalue spectrum explicitly. Specifically, the ker-
nel takes a form of
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Here, g±(�) is an integrated resolvent made from the
wave-functions and after some calculations we find,

g±(�) = g̃(p2, eB,,�)
X

j=±
 
⇣1
2
+j

���
1

2
± eB

2

���+✏�+✏+
⌘
,

(10)
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For actual calculations we employ the worldline path-
integral formalism [22], which is suited to handle pair
particle production with general background fields. In
this work we will not take account of back-reaction, that
is, e↵ects of additional electromagnetic fields sourced by
produced charged particles, since we are interested in the
production rate only for a given configuration and not the
whole temporal evolutions.

Worldline Formalism: Our starting point is the
(4+1)-dimensional Euclidean worldline e↵ective action
�E for a fermion with mass m under a given gauge con-
figuration Aµ(x), which is generally expressed as [22]

�E[A] =

Z 1

0

dT

T
e�m2T

I
Dx

⇥ exp

⇢
�
Z T

0
d⌧


1

4

⇣dx
d⌧

⌘2
+ ieA · dx

d⌧

��
�[A] , (1)

�[A] = �1

2
trP exp

✓
ie

2

Z T

0
d⌧ �µ⌫Fµ⌫

◆
, (2)

where �[A] represents the spin factor with �µ⌫ ⌘
1
2 [�µ, �⌫ ]. The Euclidean field strength tensor compo-
nents are Fij = ✏ijkBk and F4i = �iEi in terms of
the physical (Minkowskian) electromagnetic fields. In
the worldline formalism the auxiliary coordinate vari-
ables should satisfy the periodic boundary condition;
xµ(0) = xµ(T ). It is important to note that the m-

dependence appears only through e�m2T which makes
the T -integration converge as long as m2 is positive.

In the present study we specifically consider a
situation with the x4-dependent E and the x1,2-
dependent B fields parallel to each other along the
x3-axis; i.e. E = E(A4(x3,4), A3(x3,4))e3 and B =
B(A1(x1,2), A2(x1,2))e3. In this special but topologically
non-trivial situation with E ·B 6= 0, the electric and the
magnetic parts are separable (but coupled through the
T -integration) and we can express the e↵ective action as

�E = �2
R1
0

dT
T e�m2TKEKB , where

KE(T ;A3, A4) ⌘
I

Dx3Dx4 cos

Z T

0
d⌧ eE(x)

�

⇥ exp

⇢
�
Z T

0
d⌧


1

4

⇣dx3

d⌧

⌘2
+

1

4

⇣dx4

d⌧

⌘2

+ ieA3
dx3

d⌧
+ ieA4

dx4

d⌧

��
. (3)

KB(T ;A1, A2) ⌘
I

Dx1Dx2 cosh

Z T

0
d⌧ eB(x)

�

⇥ exp

⇢
�
Z T

0
d⌧


1

4

⇣dx1

d⌧

⌘2
+

1

4

⇣dx2

d⌧

⌘2

+ ieA1
dx1

d⌧
+ ieA2

dx2

d⌧

��
. (4)

The theoretical treatment of KE has been well investi-
gated: As long as KB does not produce any exponential

factor in terms of T , we can perform the T -integration
approximately with the value at the stationary point
T ⇤(x3,4). Then, we can evaluate the x3,4-integration
with the worldline instantons xcl

3,4(⌧) as solutions of the
equations of motion [23] including Gaussian fluctuations
around them to reproduce the prefactor. Finally we can
just replace the magnetic part with KB(T ⇤(xcl

3,4);A1, A2).
In this way, for constant E k B, pretty straight-
forward calculations yield the correct answer; �E =
�[e2EB/2(2⇡)2] coth(⇡B/E) exp(�⇡m2/eE) by picking
up the n = 1 instanton contribution. This can also be
interpreted as a particle production rate in Minkowskian
spacetime as

w = 2Im�M = �2Re�E =
e2EB

(2⇡)2
coth

⇣⇡B
E

⌘
e�⇡m2/eE ,

(5)
which happens to coincide with the exact answer from
the Euler-Heisenberg e↵ective Lagrangian. What we will
show below is that, with spatially modulated magnetic
fields, KB may give rise to an exponential factor and this
e↵ectively changes m2.

Magnetic Part with Spatial Modulation: Let us first
consider a solvable example with the following (Sauter-
type) profile of the magnetic field [24];

B(x) = B sech2(x1) e3 . (6)

It would be more convenient to translate the functional
integral into the canonical quantized representation with
the corresponding Hamiltonian. Then, we can re-express
KB into the following form as

KB =
X

±

1

2
Tr exp(�Ĥ±

BT ) , (7)

where the magnetic Hamiltonian is defined as

Ĥ±
B ⌘ �@21 �


@2 +

ieB


tanh(x1)

�2
± eB sech2(x1) .

(8)
The wave-functions to diagonalize the above Hamiltonian
are known exactly [24] and from them we can construct
the eigenvalue spectrum explicitly. Specifically, the ker-
nel takes a form of

Tr e�Ĥ±
BT = � 1

2⇡i

Z
dp2
2⇡

Z

C

d� e��T g±(�) . (9)

Here, g±(�) is an integrated resolvent made from the
wave-functions and after some calculations we find,

g±(�) = g̃(p2, eB,,�)
X

j=±
 
⇣1
2
+j

���
1

2
± eB

2

���+✏�+✏+
⌘
,

(10)
where we defined; g̃(p2, eB,,�) ⌘ 4(✏� +
✏+)3/[(p2 eB)2�6(✏�+✏+)4] and the dimensionless dis-
persion relations are ✏±(�) ⌘ (2)�1

p
(p2 ± eB/)2 � �,

There is a “bound state”

Lowest eigenvalue is � = �2

in an approximation with eB � 2
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Effect of inhomogeneous B

m2 �! m2 � 2

Very similar to the Chiral Gap Effect in curved space

m2 �! m2 +
R

12
Flachi-Fukushima (2014) 
Flachi-Fukushima-Vitagliano (2015)

Ve↵(m
2 � 2) Larger dynamical mass (MC)
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Spatially Assisted Schwinger Mechanism

Spatially Assisted Chiral Magnetic Effect
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FIG. 1. Pair production rate with the dynamically assisting
E with frequency ! and the spatially assisting B with wave-
number  in unit of the particle mass m, where we chose
eE = eB = 10�2m2.

FIG. 2. The same as Fig. 1, where we chose eE = eB = m2.

 for di↵erent E and B. It should be noted that in
the absence of any electric field we cannot see pair pro-
duction coming solely from the spatially inhomogeneous
magnetic field. Strictly speaking, our expanded result
makes sense under the condition, 2 ⌧ eB, and if  ⇠ m
and eE ⌧ m2 as is the case in the laser experiment, we
require eB � eE. However, we should be aware that we
can have an unexpanded result for the Sauter-type po-
tential (6) (which will be reported in more details in a
follow-up) and 2 ⌧ eB is not mandatory for the Spa-
tially Assisted Schwinger Mechanism. Here, to discuss
qualitative characters, we adopt eE = eB for Figs. 1 and
2. From Fig. 1 with eE = eB < m2 (which would be
more relevant to the laser experiment) we see that the
dynamically assisting e↵ect has a larger slope at small
! but gets saturated soon with increasing !, while the
spatially assisting e↵ect has rather opposite behavior. In
contrast to this, as seen in Fig. 2 with eE = eB & m2

(which would be more relevant to the nucleus collision
experiment), �̃ is smaller, and the dynamically assisting
e↵ect becomes minor, but the spatially assisting e↵ect
remains prominent.

Spatially Assisted Magnetic Catalysis: An interesting
question is; what happens if 2 > m2 or m̃2 < 0? Ac-
tually, in the nucleus collision, the magnetic flux and its

spatial modulation are both characterized by a unique
scale called the saturation scale, Qs (see Ref. [26] for re-
cent reviews), and this scale is much greater than the
quark mass by two to three orders of magnitude. Also
in the laser experiment, such a situation could be real-
ized by means of the Weyl/Dirac semimetals. It would
be important to note that m̃2 < 0 is not an artifact of
our expansion with 2 ⌧ eB; in principle we could think
of a massless theory for which an infinitesimal  would
realize m̃2 < 0. Then, we immediately notice that the
T -integration no longer converges, and the particle pro-
duction rate is not a well-defined quantity. What is the
remedy for this apparent breakdown?

We shall point out that the naive calculation of w with
a fixed m should hold only transiently once we take ac-
count of interaction e↵ects, because we then consider the
particle production problem on a wrong vacuum. To un-
derstand this, it would be indispensable to pay attention
to the real-part of the e↵ective action, namely, the ef-
fective potential. For interacting fermions m should be
promoted to be an in-medium mass or dynamical mass
M , so that M should be self-consistently determined by
the gap equation. Let us suppose that the gap equation
follows from the minimum of an e↵ective potential whose
Ginzburg-Landau expansion is V (M2) = a(M2 � m2

0)
2

with a > 0 and m0 > m. Then, naturally, the vac-
uum (ground state) should favor M2 = m2

0 to minimize
the system energy. From this point of view, a shift in
Eq. (13) implies that the vacuum should be reorganized
to result in an additional mass; M2 = m2

0+
2 > m2

0. Be-
cause the dynamical mass originates from a condensate of
fermion and anti-fermion (i.e. ⇠ h ̄ i), we can rephrase
our finding as an enhanced condensate by finite , and
this can be physically interpreted as a novel realization
of the Magnetic Catalysis assisted by spatial modulation.

Spatially Assisted Chiral Magnetic E↵ect: A clean ex-
perimental environment for the detection of the chiral
magnetic e↵ect is a Dirac semimetal in a parallel E and
B [27]. Non-zero chirality is generated by E · B 6= 0
according to w in Eq. (5), which together with B pro-
duces a topological current / wB ⇠ EB2. The induced
current is balanced between the production rate w and
the relaxation time ⌧ , and thus a dynamically and spa-
tially assisted w would increase the balanced value of the
topological current, which should be advantageous for
experimental purposes.

Conclusions: The Schwinger Mechanism and the
Magnetic Catalysis were explored in parallel electromag-
netic fields with dynamically modulated electric and spa-
tially modulated magnetic perturbations. We found that
not only was the pair production rate enhanced with
the dynamically assisting electric field but also with the
spatially assisting magnetic field. The former e↵ectively
reduces the particle mass m multiplicatively, while we

Mass threshold pushed down

E ·B creates chirality charge

Transverse modulations enhanced chirality creation
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Signatures for B in HIC

 Magnetic shift of the chemical freezeout points with  
  different centralities.

 Enhancement of µQ with different centralities.

 Enhancement of cQ with different centralities.

Centrality differentiated thermal parameter analysis

Freezeout T decreases in accord to the IMC.

Easily accessible information from HIC experiment.

A bit challenging but possible experimental signature.
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Spatially modulated B in HIC
 Spatially Assisted Magnetic Catalysis

 Spatially Assisted Schwinger Mechanism

 Spatially Assisted Chiral Magnetic Effect

Enhancement of chiral symmetry breaking  
What happens at finite T?  Inverse MC remains?

Off-equilibrium enhancement of particle production 
Avalanche to form a condensate

Some relation to Weibel/Chiral-Plasma instabilities?


