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Renormalization scale 
dependence

Potential Bounce solution Action

� ' m4e�B
Coupling constants are 

renormalization scale dependent!

[M. Endo, T. Moroi, M. M. Nojiri, YS; ’16]

with I = 1, 2, 3. Because we discuss the renormalization-scale uncertainty at the one-loop
level, it is sufficient to consider the leading-logarithmic dependence on the renormalization
scale of the parameters which determine the bounce. Hence, we neglect higher loop effects
on the vacuum decay rate. In particular, the RG running of yt is neglected because the top
quark does not compose B, and thus, the RG running is two-loop effects.

In the effective Lagrangian, the parameters associated with the SM are determined by
the electroweak-scale observables. At the top-quark mass scale, we set them as

yt =
Mt

v
, (4.9)

m2
H(Mt) = −

1

2
M2

h , (4.10)

λH(Mh) =
M2

h

2v2
, (4.11)

where Mt and Mh are the top-quark and Higgs masses, respectively. Numerically, we use
v ≃ 174GeV, Mt = 173.5GeV, and Mh = 125GeV [30]. With the boundary condition,
Eq. (4.11), λH(MSUSY) may be different from the MSSM prediction at the tree level. We
assume that such a deviation is explained by the threshold correction of the scalar-top loops
[31].

The quartic scalar coupling constants, λ(I) and κ(I), are described by the gauge and tau
Yukawa coupling constants at the SUSY scale. At the tree level, they are given by

λ(1)(MSUSY) = (g2 + g′2) cos 2β, (4.12)

λ(2)(MSUSY) = 4y2τ − 2g2 cos 2β, (4.13)

λ(3)(MSUSY) = 4y2τ − 2g′2 cos 2β, (4.14)

κ(1)(MSUSY) =
1

2
(g2 + g′2), (4.15)

κ(2)(MSUSY) = −κ(3)(MSUSY) = 2g′2, (4.16)

where g and g′ are the gauge coupling constants of the SU(2)L and U(1)Y gauge symmetries,
respectively, and tanβ is a ratio of the Higgs vacuum expectation values at the EWSB
vacuum, tan β = ⟨Hu⟩/⟨Hd⟩. In addition, yτ is the Yukawa coupling constant of τ lepton,
and is given by yτ = Mτ/v (with Mτ being the mass of τ). The SUSY scale, MSUSY, is
assumed to be 10TeV, and tan β = 20, for our numerical study.

The stau parameters, mℓ̃L
, mτ̃R and Tτ , have not been determined experimentally. As

one can expect from the Lagrangian Eq. (4.1), CCB vacua show up when the tri-linear scalar
coupling Tτ becomes large. As a sample point at which the EWSB vacuum becomes a false
vacuum, we choose the following parameters,

mτ̃ ≡ mℓ̃L
= mτ̃R = 250GeV, (4.17)

Tτ = 300GeV. (4.18)

10
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di
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Example: Stau + sneutrino + SM Higgs + top quark

@Q=250 GeV
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with I = 1, 2, 3. Because we discuss the renormalization-scale uncertainty at the one-loop
level, it is sufficient to consider the leading-logarithmic dependence on the renormalization
scale of the parameters which determine the bounce. Hence, we neglect higher loop effects
on the vacuum decay rate. In particular, the RG running of yt is neglected because the top
quark does not compose B, and thus, the RG running is two-loop effects.

In the effective Lagrangian, the parameters associated with the SM are determined by
the electroweak-scale observables. At the top-quark mass scale, we set them as

yt =
Mt

v
, (4.9)

m2
H(Mt) = −

1

2
M2

h , (4.10)

λH(Mh) =
M2

h

2v2
, (4.11)

where Mt and Mh are the top-quark and Higgs masses, respectively. Numerically, we use
v ≃ 174GeV, Mt = 173.5GeV, and Mh = 125GeV [30]. With the boundary condition,
Eq. (4.11), λH(MSUSY) may be different from the MSSM prediction at the tree level. We
assume that such a deviation is explained by the threshold correction of the scalar-top loops
[31].

The quartic scalar coupling constants, λ(I) and κ(I), are described by the gauge and tau
Yukawa coupling constants at the SUSY scale. At the tree level, they are given by

λ(1)(MSUSY) = (g2 + g′2) cos 2β, (4.12)

λ(2)(MSUSY) = 4y2τ − 2g2 cos 2β, (4.13)

λ(3)(MSUSY) = 4y2τ − 2g′2 cos 2β, (4.14)

κ(1)(MSUSY) =
1

2
(g2 + g′2), (4.15)

κ(2)(MSUSY) = −κ(3)(MSUSY) = 2g′2, (4.16)

where g and g′ are the gauge coupling constants of the SU(2)L and U(1)Y gauge symmetries,
respectively, and tanβ is a ratio of the Higgs vacuum expectation values at the EWSB
vacuum, tan β = ⟨Hu⟩/⟨Hd⟩. In addition, yτ is the Yukawa coupling constant of τ lepton,
and is given by yτ = Mτ/v (with Mτ being the mass of τ). The SUSY scale, MSUSY, is
assumed to be 10TeV, and tan β = 20, for our numerical study.

The stau parameters, mℓ̃L
, mτ̃R and Tτ , have not been determined experimentally. As

one can expect from the Lagrangian Eq. (4.1), CCB vacua show up when the tri-linear scalar
coupling Tτ becomes large. As a sample point at which the EWSB vacuum becomes a false
vacuum, we choose the following parameters,

mτ̃ ≡ mℓ̃L
= mτ̃R = 250GeV, (4.17)

Tτ = 300GeV. (4.18)
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with I = 1, 2, 3. Because we discuss the renormalization-scale uncertainty at the one-loop
level, it is sufficient to consider the leading-logarithmic dependence on the renormalization
scale of the parameters which determine the bounce. Hence, we neglect higher loop effects
on the vacuum decay rate. In particular, the RG running of yt is neglected because the top
quark does not compose B, and thus, the RG running is two-loop effects.

In the effective Lagrangian, the parameters associated with the SM are determined by
the electroweak-scale observables. At the top-quark mass scale, we set them as
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, (4.9)
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where Mt and Mh are the top-quark and Higgs masses, respectively. Numerically, we use
v ≃ 174GeV, Mt = 173.5GeV, and Mh = 125GeV [30]. With the boundary condition,
Eq. (4.11), λH(MSUSY) may be different from the MSSM prediction at the tree level. We
assume that such a deviation is explained by the threshold correction of the scalar-top loops
[31].

The quartic scalar coupling constants, λ(I) and κ(I), are described by the gauge and tau
Yukawa coupling constants at the SUSY scale. At the tree level, they are given by

λ(1)(MSUSY) = (g2 + g′2) cos 2β, (4.12)

λ(2)(MSUSY) = 4y2τ − 2g2 cos 2β, (4.13)

λ(3)(MSUSY) = 4y2τ − 2g′2 cos 2β, (4.14)

κ(1)(MSUSY) =
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2
(g2 + g′2), (4.15)

κ(2)(MSUSY) = −κ(3)(MSUSY) = 2g′2, (4.16)

where g and g′ are the gauge coupling constants of the SU(2)L and U(1)Y gauge symmetries,
respectively, and tanβ is a ratio of the Higgs vacuum expectation values at the EWSB
vacuum, tan β = ⟨Hu⟩/⟨Hd⟩. In addition, yτ is the Yukawa coupling constant of τ lepton,
and is given by yτ = Mτ/v (with Mτ being the mass of τ). The SUSY scale, MSUSY, is
assumed to be 10TeV, and tan β = 20, for our numerical study.

The stau parameters, mℓ̃L
, mτ̃R and Tτ , have not been determined experimentally. As

one can expect from the Lagrangian Eq. (4.1), CCB vacua show up when the tri-linear scalar
coupling Tτ becomes large. As a sample point at which the EWSB vacuum becomes a false
vacuum, we choose the following parameters,

mτ̃ ≡ mℓ̃L
= mτ̃R = 250GeV, (4.17)

Tτ = 300GeV. (4.18)
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with I = 1, 2, 3. Because we discuss the renormalization-scale uncertainty at the one-loop
level, it is sufficient to consider the leading-logarithmic dependence on the renormalization
scale of the parameters which determine the bounce. Hence, we neglect higher loop effects
on the vacuum decay rate. In particular, the RG running of yt is neglected because the top
quark does not compose B, and thus, the RG running is two-loop effects.

In the effective Lagrangian, the parameters associated with the SM are determined by
the electroweak-scale observables. At the top-quark mass scale, we set them as

yt =
Mt

v
, (4.9)

m2
H(Mt) = −

1

2
M2

h , (4.10)

λH(Mh) =
M2

h

2v2
, (4.11)

where Mt and Mh are the top-quark and Higgs masses, respectively. Numerically, we use
v ≃ 174GeV, Mt = 173.5GeV, and Mh = 125GeV [30]. With the boundary condition,
Eq. (4.11), λH(MSUSY) may be different from the MSSM prediction at the tree level. We
assume that such a deviation is explained by the threshold correction of the scalar-top loops
[31].

The quartic scalar coupling constants, λ(I) and κ(I), are described by the gauge and tau
Yukawa coupling constants at the SUSY scale. At the tree level, they are given by

λ(1)(MSUSY) = (g2 + g′2) cos 2β, (4.12)

λ(2)(MSUSY) = 4y2τ − 2g2 cos 2β, (4.13)

λ(3)(MSUSY) = 4y2τ − 2g′2 cos 2β, (4.14)

κ(1)(MSUSY) =
1

2
(g2 + g′2), (4.15)

κ(2)(MSUSY) = −κ(3)(MSUSY) = 2g′2, (4.16)

where g and g′ are the gauge coupling constants of the SU(2)L and U(1)Y gauge symmetries,
respectively, and tanβ is a ratio of the Higgs vacuum expectation values at the EWSB
vacuum, tan β = ⟨Hu⟩/⟨Hd⟩. In addition, yτ is the Yukawa coupling constant of τ lepton,
and is given by yτ = Mτ/v (with Mτ being the mass of τ). The SUSY scale, MSUSY, is
assumed to be 10TeV, and tan β = 20, for our numerical study.

The stau parameters, mℓ̃L
, mτ̃R and Tτ , have not been determined experimentally. As

one can expect from the Lagrangian Eq. (4.1), CCB vacua show up when the tri-linear scalar
coupling Tτ becomes large. As a sample point at which the EWSB vacuum becomes a false
vacuum, we choose the following parameters,

mτ̃ ≡ mℓ̃L
= mτ̃R = 250GeV, (4.17)

Tτ = 300GeV. (4.18)
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You are a dead man......
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with I = 1, 2, 3. Because we discuss the renormalization-scale uncertainty at the one-loop
level, it is sufficient to consider the leading-logarithmic dependence on the renormalization
scale of the parameters which determine the bounce. Hence, we neglect higher loop effects
on the vacuum decay rate. In particular, the RG running of yt is neglected because the top
quark does not compose B, and thus, the RG running is two-loop effects.

In the effective Lagrangian, the parameters associated with the SM are determined by
the electroweak-scale observables. At the top-quark mass scale, we set them as

yt =
Mt

v
, (4.9)

m2
H(Mt) = −

1

2
M2

h , (4.10)

λH(Mh) =
M2

h

2v2
, (4.11)

where Mt and Mh are the top-quark and Higgs masses, respectively. Numerically, we use
v ≃ 174GeV, Mt = 173.5GeV, and Mh = 125GeV [30]. With the boundary condition,
Eq. (4.11), λH(MSUSY) may be different from the MSSM prediction at the tree level. We
assume that such a deviation is explained by the threshold correction of the scalar-top loops
[31].

The quartic scalar coupling constants, λ(I) and κ(I), are described by the gauge and tau
Yukawa coupling constants at the SUSY scale. At the tree level, they are given by

λ(1)(MSUSY) = (g2 + g′2) cos 2β, (4.12)

λ(2)(MSUSY) = 4y2τ − 2g2 cos 2β, (4.13)

λ(3)(MSUSY) = 4y2τ − 2g′2 cos 2β, (4.14)

κ(1)(MSUSY) =
1

2
(g2 + g′2), (4.15)

κ(2)(MSUSY) = −κ(3)(MSUSY) = 2g′2, (4.16)

where g and g′ are the gauge coupling constants of the SU(2)L and U(1)Y gauge symmetries,
respectively, and tanβ is a ratio of the Higgs vacuum expectation values at the EWSB
vacuum, tan β = ⟨Hu⟩/⟨Hd⟩. In addition, yτ is the Yukawa coupling constant of τ lepton,
and is given by yτ = Mτ/v (with Mτ being the mass of τ). The SUSY scale, MSUSY, is
assumed to be 10TeV, and tan β = 20, for our numerical study.

The stau parameters, mℓ̃L
, mτ̃R and Tτ , have not been determined experimentally. As

one can expect from the Lagrangian Eq. (4.1), CCB vacua show up when the tri-linear scalar
coupling Tτ becomes large. As a sample point at which the EWSB vacuum becomes a false
vacuum, we choose the following parameters,

mτ̃ ≡ mℓ̃L
= mτ̃R = 250GeV, (4.17)

Tτ = 300GeV. (4.18)
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It is quite important to calculate A
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Here, ` labels the irreducible representations of O(4) symmetry and “dim” is the dimension

of the representation.

The radial determinant is defined by the product of the eigenvalues of eigenfunctions,

[�@2
r �

3

r
@r +

L2

r2
+m2(r)] i = �i i, (5)

with boundary conditions,

 (0) < 1,  (R) = 0. (6)

Here, R is a supposititious boundary and is sent to infinity finally. This is justified because

the bounce solution has a typical size and the di↵erence between the two operators in

the determinants becomes negligible for a large enough R. Furthermore, since the typical

momentum of the bounce solution plays a role of physical UV and IR cut-o↵ of the radial

momentum, we do not need any regularization for the sub-determinant for each `.

We further assume that �(R) is non-zero. It can be zero after R ! 1 is taken, but it

should be taken after all the calculation has been done. This definition is consistent with

the method used in [8–12].

III. FUNCTIONAL DETERMINANT IN THE GAUGE SECTOR

In this section, we summarize the hyperspherical expansions and the functional determi-

nants in the gauge sector.

In the Euclidean theory with a gauge field A, a complex scalar field �, and FP ghosts c

and c̄, the Lagrangian in R⇠ gauge is given by

LE =
1

4
F 2 + |D�|2 + V (|�|) + LGF + LFP , (7)

where

LGF =
1

2⇠
(@µA

µ � ⇠v�)2, (8)

LFP = c̄(�@2 + ⇠v2)c. (9)

Here, D = @ � igA, Fµ⌫ = i[Dµ, D⌫ ]/g and � = (v/g + h + i�)/
p
2. We assume v(r) is a

O(4) symmetric solution of the equations of motion and is real. The origin is assumed to be

r = 0. We absorb the gauge coupling into the definition of v(r) to avoid messy expressions.
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YES, but we have to take the Feynman-t’Hooft gauge.
(⇠ = 1)

Aµ@µ@⌫A⌫

Aµ@µ�

e.g.) U(1) gauge

[J. Baacke, K. Heitmann; ’99, G. Ishirori, G. Ridolfi, A. Strumia; ’01]



Gauge zero mode
gauge symmetric false vacuum

bounce solution

“Global” symmetry

There is a flat space
We know how to deal with it when

[A. Kusenko, K. M. Lee, E. J. Weinberg; ’97]In addition,

⇠ ! 0



Why gauge 
(in)dependence?

requirement of numerical method

⇠ = 0 ⇠ = 1

zero mode becomes simple

⇠

The numerical method is only available when ⇠ = 1 , but

* it is not guaranteed that the result is gauge invariant

* we do not know how to treat the zero mode with ⇠ = 1



Nielsen-Kugo-Fukuda 
identity
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Z
d4y
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@�j(y)
Hj [�, y]

= 0 (at extrema)

An effective action is gauge independent if evaluated at an extrema.
[N. K. Nielsen; ’75, R. Fukuda, T. Kugo; ’76]



Nielsen-Kugo-Fukuda 
identity

⇠
@Se↵
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=

Z
d4y

@Se↵

@�j(y)
Hj [�, y]

= 0 (at extrema)

An effective action is gauge independent if evaluated at an extrema.
[N. K. Nielsen; ’75, R. Fukuda, T. Kugo; ’76]

* it is not trivial that the gauge independence is maintained 
within the one-loop level

*  the subtraction of the zero mode may break the gauge invariance

However,

-> 3D is partially shown by [J. Baacke, G. Lavrelashvili; ‘04]

* there can be gauge-dependent numerical artifacts at the boundary



Gauge invariance



Setup

Here, ` labels the irreducible representations of O(4) symmetry and “dim” is the dimension

of the representation.
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Abelian Higgs model
[U(1) gauge + one complex scalar]



Partial wave expansions

The quadratic part of the Lagrangian is given by

Lquad.
E =

1

2
(A,�)M(A,�)T +

1

2
h(�@2 +m2

h)h+ c̄(�@2 + ⇠v2)c, (10)

where

M =

0

@�@2�µ⌫ + ⇠�1
⇠ @µ@⌫ + v2�µ⌫ 2x̂µv0

2x̂⌫v0 �@2 + ⇠v2 +m2
�

1

A (11)

with m2
X = @2V/@X2 (X = h,�). Here, we used x̂ = x/r, v0 = dv/dr, and T means the

transposition. We call M the fluctuation operator.

The partial wave expansions of A and � are given by

Aµ(x) = a`mn
1 (r)x̂µY`mn + a`nm2 (r)r@µY`nm

+ a`nm3 (r)✏µ⌫⇢�V
⌫
1 iL

⇢�Y`nm + a`nm4 (r)✏µ⌫⇢�V
⌫
2 iL

⇢�Y`nm, (12)

�(x) = b`nm(r)Y`nm. (13)

Here, Lµ⌫ = i(xµ@⌫ � x⌫@µ), Vi are arbitrary orthogonal vectors, and Y`nm are the hyper-

spherical functions in S3. Taking appropriate Vi, we normalize the bases for a1, a3 and a4,

but we do not normalize the basis for a2 to avoid messy expressions.

For ` > 0, (a1, a2,�) and (a3, a4) are separated and the latter does not depend on ⇠.

Thus, we only consider the former determinant. The fluctuation operator for (a1, a2,�) is

given by

M` =

0

BBB@

�⇤` +
3
r2 + v2 �2`(`+2)

r2 2v0

� 2
r2 �⇤` � 1

r2 + v2 0

2v0 0 �⇤` + ⇠v2 +m2
�

1

CCCA

+
1� ⇠

⇠

0

BBB@

�@2
r � 3

r@r +
3
r2 � `(`+2)

r2 (1� r@r) 0

� 1
r2 (3 + r@r)

`(`+2)
r2 0

0 0 0

1

CCCA
, (14)

with

⇤` = @2
r +

3

r
@r �

`(`+ 2)

r2
(15)

For ` = 0, a2, a3 and a4 do not exist because Y000 is a constant. The fluctuation operator

for (a1,�) is given by

M0 =

0

@
1
⇠

⇥
�⇤0 +

3
r2 + ⇠v2

⇤
2v0

2v0 �⇤0 + ⇠v2 +m2
�

1

A . (16)
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Y`mn : hyperspherical functions

det
@2S

@(a3, a4)2

x̂µ =
xµ

r

Vi : independent vectors
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(a`mn
1 , a`mn

2 , b`mn)

The goal of this paper is to show
Q

`[detM`](`+1)2

Q
`[detM`

FP]
2(`+1)2

= [⇠ independent], (17)

where

M`
FP = �⇤` + ⇠v2. (18)

It will, however, turn out that the determinant is gauge invariant for each `,

detM`

[detM`
FP]

2
= [⇠ independent]. (19)

IV. GAUGE INDEPENDENCE FOR ` > 0

In this section, we show the gauge independence for ` > 0.

We first obtain a relation between the NG boson mass and the derivative of the potential.

Since the potential is invariant under the global U(1) symmetry, we have

0 = �V =
@V

@�
��+

@V

@ 
� 

= ✏

✓
@V

@�
 � @V

@ 
�

◆
, (20)

where, � = ( + i�)/
p
2 and ✏ is an infinitesimal number. Taking the derivative w.r.t. �

and taking the expectation value, we have

m2
�v = g2

@V

@v
. (21)

Using the equations of motion for v, we get
✓
�@2r �

3

r
@r +m2

�

◆
v = 0. (22)

Let us resume to the gauge invariance of the determinant. The fluctuation operator for

(a1, a2,�) is given by

M` =

0

BBB@

�⇤` +
3
r2 + v2 �2`(`+2)

r2 2v0

� 2
r2 �⇤` � 1

r2 + v2 0

2v0 0 �⇤` + ⇠v2 +m2
�

1

CCCA

+
1� ⇠

⇠

0

BBB@

�@2r � 3
r@r +

3
r2 � `(`+2)

r2 (1� r@r) 0

� 1
r2 (3 + r@r)

`(`+2)
r2 0

0 0 0

1

CCCA
. (23)
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in basis of ,

det @2S
@(a1,a2,b)2

det @2S
@(c,c̄)2

=

Q
`[detM`](`+1)2

Q
`[detM`

FP]
2(`+1)2

We want to show is the gauge independence of

For ℓ>0,



A glimpse…As we defined, the determinant is taken in space F , which is defined by

F 3 (f1(r), f2(r), f3(r))

fi(r) 2 C1(R), fi(0) < 1, fi(R) = 0. (24)

Rather than working with F , it is better to use another basis. Let us define

B =

0

BBB@

`(`+2)
r @r 0

1
r2@rr

2 1
r 0

0 0 v

1

CCCA
, (25)

which maps

B : G �! F

2 2

(g1, g2, g3) 7�! (f1, f2, f3)T = B(g1, g2, g3)T

(26)

Since we do not want to double count or miss some eigenvalues, we search for an appropriate

G that makes B a bijection. The relations between fi and gi are given by

⇤`g1 = �1

r
f1 +

1

r
@rrf2, (27)

⇤`g2 =
1

r3
@rr

3f1 �
`(`+ 2)

r
f2, (28)

g3 =
f3
v
. (29)

It clearly shows that we have a freedom to add �i that satisfies

⇤`�i = 0 (30)

to gi. Notice that the solution to ⇤`� = 0 that is regular at the origin is � / r`. Since the

other solution is � / r�2�` and is not normalizable, we omit this solution.

The easiest way to make B a bijection is to fix the normalization of �i for each pair of f1

and f2. We choose them appropriately to make the final result simpler. The most convenient

choice is to take

�1(r) = �
✓
c+

g1(R)

R`

◆
r`, (31)

�2(r) = c(`+ 2)r`, (32)

where, c is a dimensionful constant, but is completely irrelevant for our discussion.
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Now, the boundary conditions for gi are fixed by �i. We define G as

G 3 (g1(r), g2(r), g3(r))

gi(r) 2 C1(R), gi(0) < 1,

@rg1(R) =
1

R
[`g1(R)� g2(R)], @rg2(R) = 0, g3(R) = 0. (33)

Notice that v(R) 6= 0 before taking R ! 1.

Since B operates on G, we can safely take a inverse of B, which is given by

B�1 =

0

BBB@

�⇤�1
`

1
r ⇤�1

`
1
r@rr 0

⇤�1
`

1
r3@rr

3 �⇤�1
`

`(`+2)
r 0

0 0 1
v

1

CCCA
, (34)

In this basis, the fluctuation operator becomes

B�1M`B = N [MD + (BN)�1K], (35)

where

MD =

0

BBB@

�⇤` + v2 0 0

0 �⇤` + ⇠v2 0

0 0 �⇤` + ⇠v2

1

CCCA
,

N =

0

BBB@

1 0 0

0 1/⇠ 0

0 0 1

1

CCCA
, K = 2v0

0

BBB@

0 �v v

�v 0 0
`(`+2)

r @r �@r

1

CCCA
, (36)

and the last term can be calculated as

(BN)�1K = 2

0

BBB@

�⇤�1
`

1
r@rrvv

0 ⇤�1
`

1
rvv

0 �⇤�1
`

1
rvv

0

⇠⇤�1
`

`(`+2)
r vv0 �⇠⇤�1

`
1
r3@rr

3vv0 ⇠⇤�1
`

1
r3@rr

3vv0

v0

v
`(`+2)

r
v0

v @r �v0

v @r

1

CCCA
. (37)

As we can see, if v0 = 0, B diagonalizes the fluctuation operator and two FP operators are

decoupled. This is why this basis is convenient.

Since the right two columns have the same structure, we rotate the matrix using

R =

0

BBB@

1 0 0

0 1/2 1/2

0 �1/2 1/2

1

CCCA
. (38)
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As we can see, if v0 = 0, B diagonalizes the fluctuation operator and two FP operators are

decoupled. This is why this basis is convenient.

Since the right two columns have the same structure, we rotate the matrix using

R =

0

BBB@

1 0 0

0 1/2 1/2

0 �1/2 1/2

1

CCCA
. (38)

10Then, we get

R�1(BN)�1M`BR =
0

BBB@

�⇤` + v2 � 2⇤�1
`

1
r@rrvv

0 2⇤�1
`

1
rvv

0 0

2`(`+ 2)(⇤�1
` ⇠v2 � 1) v

0

rv �⇤` + ⇠v2 � 2
⇥
⇠⇤�1

`
1
r3@rr

3vv0 + v0

v @r
⇤

0

2`(`+ 2)(⇤�1
` ⇠v2 + 1) v

0

rv �2
⇥
⇠⇤�1

`
1
r3@rr

3vv0 � v0

v @r
⇤

�⇤` + ⇠v2

1

CCCA
. (39)

As we can see, one of the FP operators is separated. It corresponds to the gauge transfor-

mation and is called the “gauge mode” in [13].

Let us search for the other FP operator. Since it was located at the middle of the

determinant if v0 = 0, we try to simplify the middle element. To remove ⇤�1
` in the middle,

we multiply

X =

0

BBB@

1 1
`(`+2)vv0r2@rr

3vv0 0

0 1 0

0 0 1

1

CCCA
(40)

from the right side. Notice that this does not change the determinant. This operation

corresponds to what is known as the Gaussian elimination. Then, we get

(BNR)�1M`BRX =
0

BBB@

�⇤` + v2 � 2⇤�1
`

1
r@rrvv

0 ⇥
(�⇤` + v2) 1

vv0r2@rr
2 � 2

⇤
rvv0

`(`+2) 0

2`(`+ 2)(⇤�1
` ⇠v2 � 1) v

0

rv �⇤` + ⇠v2 � 2m2 � 2v02

v2 � 4v0

v @r 0

2`(`+ 2)(⇤�1
` ⇠v2 + 1) v

0

rv
1
v2⇤`v2 �⇤` �⇤` + ⇠v2

1

CCCA
. (41)

From the equations of motion of v, we have

�⇤`v
2 = v2

✓
�⇤` � 2m2 � 2

v02

v2
� 4

v0

v
@r

◆
. (42)

We can see that the right hand side has the same form as what appears in the middle

element. Thus, we scale the matrix using

S =

0

BBB@

1 0 0

0 1/v2 0

0 0 1

1

CCCA
. (43)

Here, the dimensionful entry is understood as normalized by a dimensionful constant, which

11

For ℓ>0,

A FP operator is separated.

(det 1/ξ is irrelevant)



A part of results
form the right side and Z�1 from the left side. The result is

Z�1(BNRS)�1M`BRXSY Z

=

0

BBB@

F G 0

0 �⇤` + ⇠v2 0

H 0 �⇤` + ⇠v2

1

CCCA

=

0

BBB@

1 0 0

0 �⇤` + ⇠v2 0

0 0 1

1

CCCA

0

BBB@

F G 0

0 1 0

H 0 1

1

CCCA

0

BBB@

1 0 0

0 1 0

0 0 �⇤` + ⇠v2

1

CCCA
. (51)

Here, all the elements are assumed to be normalized by a mass unit “1”.

Let us examine the boundary conditions for the FP operators. The above decomposition

allows us to rewrite M` as

M` = BNB�1 ⇥ B

0

BBB@

1 0 0

0 1 0

0 1 1
v2 (�⇤` + ⇠v2)v2

1

CCCA
B�1

⇥Q1 ⇥ B

0

BBB@

1 0 0

0 �⇤` + ⇠v2 0

0 0 1

1

CCCA
B�1 ⇥Q2. (52)

Here, Qi are defined as

Q1 = B

0

BBB@

1 0 0

0 1 0

0 �1 1

1

CCCA
RSZ

0

BBB@

F G 0

0 1 0

H 0 1

1

CCCA
(RXSY Z)�1

0

BBB@

1 0 E2

�E1 1 0

E1 �1 1

1

CCCA
B�1, (53)

Q2 = B

0

BBB@

1 0 0

E1 1 0

0 0 1

1

CCCA

0

BBB@

1 �E2 E2

0 1 0

0 �1 1

1

CCCA
B�1, (54)

with

E1 =
2`(`+ 2)

v2
⇤�1

`

vv0

r
, (55)

E2 =
1

`(`+ 2)vv0r2
@rr

3vv0. (56)
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X1(BNR)�1M`BRX2

det=1, ξ-independent operations

F,G,H : ξ-independent operators

We extensively discuss the ℓ=0 case, the boundary effects, 
the gauge zero mode and the renormalization in our paper.



Summary
• Numerical calculations of functional determinants are needed 
for the precise calculation of bubble nucleation rates. 

• The numerical method requires a specific gauge fixing, but it is 
not clear that the 1-loop effective action is gauge invariant. 

• When the bounce solution breaks the gauge symmetry that is 
not broken in the false vacuum, a gauge zero mode appears. 
However, we do not know what is the gauge invariant treatment. 

• We (will) show the gauge invariance of the functional 
determinant explicitly, and give a correct way to treat the gauge 
zero mode. Wait for our paper!



Numerical method
� = Ae�B

Theorem

DetL1

DetL0
=

y1(1)

y0(1)

Lj = � d

2

dx

2
+Rj(x) I = [0, 1]

The ratio of the determinant of differential operators,

on

is given by the ratio of the solutions of differential equations

Ljyj(x) = 0
yj(0) = 0, y0j(0) = 1

eigenfunctions satisfy

(J. H. van Vleck, ’28; R. H. Cameron and W. T. Martin, ’45; …)

lnA�2 = ln
det

⇥
�@2 +m2

0 + �W
⇤

det [�@2 +m2
0]

f(0) = 0, f(1) = 0

function of the bounce solution


