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The paradigm of slow-roll inßation
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Scales and horizons
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co-moving perturbation modes 
leave Hubble horizon during inßation, 
re-enter after inßation

perturbation with given frequency today 
corresponds to Þxed time during inßation 
and re-entry

f ! k ! Nk ! V(! k )1:1 relation:

Here! ij
ab is the transverse, traceless projector andTab is the energy momentum tensor sourcing

the gravitational waves. Eq. (16) is solved by employing the Greens functionGk(! , ! 1) for the

corresponding homogeneous di" erential equation,

hij (k, ! ) =
2

M 2
P

!
d! 1Gk(! , ! 1)! ab

ij (k)Tab(k, ! 1) . (17)

Inserting the background solution for the gauge Þelds, the amplitude of the tensor perturba-

tions is given by (see e.g. [7,8]):

# GW =
1
12

# R,0

"
H

" M P

# 2

(1 + 4 .3 á10! 7N
H 2

M 2
P #6 e4!" ) , (18)

with # R,0 = 8 .6 á10! 5 denoting the radiation energy density today andM P = 2 .4 á1018 GeV

denoting the reduced Planck mass, which in the following expressions we will set to unity.

Here the Þrst term in the bracket is the usual vacuum contribution from inßation, whereas

the second term is sourced by the contribution of the gauge Þelds to the anisotropic stress

energy tensor.

Finally, to depict the power spectra as a function of frequency, we employ:

N = NCMB + ln
kCMB

0.002 Mpc! 1 ! 44.9 ! ln
f

102 Hz
, (19)

with kCMB = 0 .002 Mpc! 1 and NCMB " 50 ! 60. In this convention, the number of e-folds

N decreases during inßation, reachingN = 0 at the end of inßation.

3 General analytical results.

In the equations of Sec. 2, the inßaton potentialV ($) was not further speciÞed. Let us now

turn to this point in more detail. We will follow the classiÞcation of inßation models of

Ref. [12, 13], which covers the vast majority of single-Þeld slow-roll inßation models and is

based on expressing the Þrst slow-roll parameter%as

%# # %V #
&p

N p + O(1/N p+1 ) , (20)

where &p is a positive constant andp is an integer and

%# =
ú$2

2H 2 , %V =
1
2

"
V "

V

# 2

. (21)

The parametrization of the slow-roll parameters in powers of 1/N is a natural way to parametrize

the observed smallness of the slow-roll parameters at the CMB-scales while accounting for an

increase over the course of inßation, required to end inßation [12,13,18]. In the following, we

6

N = H! dt

spectrum sensitive to primordial spectrum (scalar potential) and post-inßationary expansion

Recombination
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GWs in a nutshell
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perturbations of the background metric: 

governed by linearized Einstein equation 

a useful plane wave expansion: 

observational quantity in direct detection

ds

2 = a

2(! )( "µ! + hµ! (x, ! ))dxµ
dx

!

(÷hij = ahij , TT - gauge)

Some useful properties of GWs

perturbations of the homogeneous background metric

ds2 = a2(! )( " µ ! + hµ ! (x , ! ))dxµ dxµ

governed by linearized Einstein equation (÷hij = ahij , TT - gauge)
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Properties of GWs - II
Observable quantities:

! GW =
1
⇢c

@⇢GW(k, ⌧ )
@ ln k

, ⇢GW(⌧ ) =
1

32⇡G

!
úhij (x , ⌧ ) úhij (x , ⌧ )

"

In principle: Calculate Tµ⌫ , work through equations above
In practice:

⇢GW(⌧ ) = ⇢qu
GW(⌧ ) + ⇢cl

GW(⌧ ) .

classical sources (e.g. preheating, cosmic strings):

hij (k , ⌧ ) = 16⇡G
1

a(⌧ )

# ⌧

⌧i

d⌧ ! a(⌧ ! ) G(k, ⌧, ⌧ ! ) " ij (k , ⌧ ! )

inflation (e.g. stochastic source):

! GW (k, ⌧ ) =
r2A2

s

12
k2

a2
0H

2
0
T 2

k (⌧ )
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source: anisotropic 
(not spherical symmetric) 

stress-energy tensor
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Hunting for primordial GWs

tensor anisotropies  
on last scattering surface

polarization of CMB photons 
through Thomson scattering

GW travels freely until today

distortion of space as GW 
passes detector

5

- ground-based interferometers 
- space-based interferometers 
- pulsar timing arrays

CMB direct

- Lensing: T -> E 
- dust contaminates  
    primordial signal 
-  B - modes most sensitive
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Hunting for primordial GWs

r = ! t2/ ! s2

6

sensitive to CMB scales

CMB direct
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" 2

t
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for keq ! k ! kRH

time of re-entryeq RH

with suitable detectors, probe 30 orders of magnitude

BICEP2 Ô14

Rubakov Ô82 
Turner, White, Lidsey Õ93 
Seto, Yokoyama Õ03 
Smith, Kamionkowski Õ05

Lensinghypothetical primordial  
contribution with r ~ 0.17
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Inßation
 AND 

Gravitational Waves
???
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But this is not the end of the storyÉ
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Non-standard sources during inßation 

scalars: spectator Þelds (enhanced by c s < 1)    

gauge Þelds: pseudoscalar inßation 

phase transition(s) during inßation 

Non-standard evolution after inßation 

stiff equation of state during reheating 

Second order gravitational waves 

sourced by large scalar perturbations   

Bouncing cosmologies, broken spacial diffeomorphism, ÉÉÉÉ + your favorite model I forgot to mention 

Cook, Sorbo 2012 
Biagetti, Fasiello, Riotto 2014

Anber, Sorbo Õ06./Õ10/Õ12, 
Barnaby, Namba, Peloso Õ11, 
Barnaby, Pajer, Peloso Ô12 , É

Freese, Spolyar 2004

See also: eLISA inßation working group report, to appear soon; 
Guzzetti, Bartolo, Liguori, Matarrese Ô16 

Spookily Õ93; Joyce Õ96; 
Giovannini Õ99; Sa, Henriques Ô10

Assadulahi, Wands Ô09

see also Hebecker, Jaeckel, Rompineve, Witkowski Õ16  
 for PT just after inßation
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pseudoscalar inßation
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a generic coupling for a pseudoscalar inßaton: 

resulting background equations of motion: 

        tachyonic instability for the gauge Þeld, controlled by  

        exponential growth of gauge Þeld modes towards end of inßation 

        backreaction on inßaton eom, new friction term:  

        + additional source for scalar and tensor ßuctuations

notes - GWs from gauge Þeld production during inßation

Valerie Domcke

January 26, 2016

Abstract

Gauge field production during inflation leads to many potentially observable signatures:

Non-gaussianities in the CMB, primordial black holes, primordial magnetic fields, gravita-

tional waves. After reviewing the basic mechanisms, we study the sensitivity of in particular

the latter signal on the choice of inflation model.

1 Introduction

2 Overview of the mechanism

Collection of the most relevant formulae..

2.1 Homogeneous Þeld equations

Consider a pseudo-scalar inflaton �, coupled to a U(1) gauge field (following [?, 3])

L = !
1

2
@µ�@

µ� !
1

4
Fµ! F

µ! ! V (�) !
↵

4!
�Fµ! F̃

µ! . (1)

This is can be generalized to N U(1)’s’ by replacing Fµ! " F a
µ! [2]. The resulting background

equations for �(t) and Aa(t, x) are

�̈+ 3H�̇+
@V

@�
=

↵

!
#~E ~B$. (2)

d2

d⌧2
~Aa ! % 2 ~Aa !

↵

!
d�

d⌧
% & ~Aa = 0 , (3)

with dot denoting the derivative with respect to cosmic time t and ⌧ denoting the conformal
time. The Friedmann equations reads

3H2 =
1

2
�̇2 + V +

1

2
#~E2 + ~B2$. (4)

For �̇ a slowly varying function in time we can solve the equation for ~A analytically. The last
term in the equation for ~A leads to a tachyonic instability and hence to an exponential growth
of one of the two helicity modes of the vector field,

Aa
+ '

1
(
2k

!
k

2⇠aH

" 1/4

e"# �2
(

2#k/(aH) , (5)

1

A

a(⌧,x) with a2
B

a = ! " A

a, a2
E

a = # A

a!, we obtain the equations of motion

! !! + 2 a H! ! # ! 2! + a2dV(! )
d!

=
↵

f
a2

E

a áBa ,
!

@2

@⌧ 2
# ! 2 # ↵

! !

f
!"

"
A

a = 0 , ! áAa = 0 , (4)

where H = a!(⌧ )/a 2(⌧ ) and where the prime denotes di" erentiation with respect to the
conformal time ⌧ .

2.1 Generation of the gauge field

The rolling inßaton induces the generation of quanta of the gauge Þeld. In order to study
this process we promote the classical ÞeldAa(⌧, x) to an operator ö

A

a(⌧, x). We decompose
ö
A

a into annihilation and creation operators

A

a(⌧, x) =
#

! =±

$
d3k

(2⇡)3/ 2

%
e! (k) Aa

! (⌧, k) öa! (k) ei k·x + h.c.
&

, (5)

where the helicity vectorse±(k) are deÞned in such a way thatkáe± = 0, k " e± = $ i k e±.
Then, the mode functionsAa

± must satisfy the equationsAa
±

!! + ( k2 $ ↵ k ! !/f ) Aa
± = 0.

Since we are looking for inßating solutions, we assumea(⌧ ) %= # 1/ (H ⌧ ), and d! /dt &
ú! 0 = constant. Hence, the equation forAa

± reads

d2Aa
±(⌧, k)
d⌧ 2

+
'
k2 ± 2k

⇠

⌧

(
Aa

±(⌧, k) = 0 , (6)

where we have deÞned

⇠ & ↵
ú! 0

2f H
, (7)

and we will be interested in the case⇠ >% O(1). Depending on the sign of⇠, one of the
two solutions Aa

+ or Aa
" of eq. (6) will develop an instability. We assume that↵ > 0 and

V !(! ) < 0, so that ⇠ > 0.
The solution that reduces to positive frequency fork ⌧ ' #( is

Aa
±(⌧, k) =

1
)

2k
[i F 0 (± ⇠, # k ⌧ ) + G0 (± ⇠, # k ⌧ )] , (8)

whereF0 and G0 are the regular and irregular Coulomb wave functions respectively. At late
times |k ⌧ | * 2⇠ the positive helicity modeA+ behaves as

Aa
+(⌧,~k) %=

1
)

2k

!
k

2⇠ aH

" 1/ 4

e"# " 2
)

2 #k/aH , (9)

and is thus ampliÞed by a factore"# . On the other hand, the modeAa
" is not ampliÞed by

the rolling inßaton and we will ignore it from now on.

3

! =
" #̇
2⇤H

! !
"

" = ú#/(
"

2H)

Turner, Widrow Õ88, 
Garretson, Field, Caroll Õ92,  
Anber, Sorbo Õ06./Õ10/Õ12, 
Barnaby, Namba, Peloso Õ11, 
Barnaby, Pajer, Peloso Ô12 , 
É..

The resulting background equations for! (t) and Aa(t, x) are

¬! + 3H ú! +
" V
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=
#
!

! $E $B" . (3)

d2

d%2
$Aa # $ 2 $Aa #

#
!
d!
d%

$ % $Aa = 0 , (4)

where dots are used to denote derivatives with respect to cosmic timet, whereas%denotes

the conformal time. The Friedmann equation reads:

3H2 =
1
2

ú! 2 + V +
1
2

! $E2 + $B2" . (5)

Assuming ú! is a slowly varying function in time, we can solve the equation for$A analytically.

The Fourier modes of $A must satisfy:

d2Aa
±(%, k)
d%2 +

 
k2 ±

#k ú!
! H%

!
Aa

±(%, k) = 0 . (6)

Here the subscript ± refers to the two helicity modes of the massless gauge Þeld ($Aa =

$e±Aa
± exp(i$k$x)). The corresponding helicity vectors $e±($k) satisfy $k %$e± = & ik$e⌥, turning

the cross-product in Eq. (4) (arising in turn from the antisymmetric &-tensor in ÷Fµ! ) into the

± in Eq. (6). This leads to a tachyonic instability in the A+ mode (for ú! < 0) and hence to

an exponential growth of one of the two helicity modes of the vector Þeld,

Aa
+ '

1
(

2k

✓
k

2' aH

◆1/ 4

e"# �2
(

2#k/ (aH ) , (7)

where we have deÞned

' )
#| ú! |
2! H

. (8)

W.l.o.g., let us assume that ! > 0, V 0(! ) > 0, ú! < 0. The strong gauge Þeld production

modiÞes the slow-roll equation of motion and the Friedmann equation through4

! $E $B" ' N á 2.4 á10�4H
4

' 4 e2"# ,
1
2

! $E2 + $B2" ' N á 1.4 á10�4H
4

' 3 e2"# . (10)

Typically the e" ect in the Friedmann equation is small. However, in the slow-roll equation

for the inßaton, this introduces an additional friction term which can slow down inßation

signiÞcantly as ' * | ú! |/H increases towards the end of inßation. Inßation then extends for

# N⇤ additional e-folds, implying that for a given scalar potential, the point where the CMB

4More precisely, and relevant for small ⇠ [6]:

h ~E ~Bi ' H4

⇠4
e2⇡⇠

1
221⇡2

! 8⇠

0
x7e�x dx . (9)

4
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d2

d⌧2
~Aa # $ 2 ~Aa #

↵

!
d�
d⌧

$ % ~Aa = 0 , (4)

where dots are used to denote derivatives with respect to cosmic timet, whereas⌧ denotes

the conformal time. The Friedmann equation reads:

3H 2 =
1
2

ú�2 + V +
1
2

! ~E 2 + ~B 2" . (5)

Assuming ú� is a slowly varying function in time, we can solve the equation for~A analytically.

The Fourier modes of ~A must satisfy:

d2Aa
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the cross-product in Eq. (4) (arising in turn from the antisymmetric ✏-tensor in ÷Fµ⌫) into the

± in Eq. (6). This leads to a tachyonic instability in the A+ mode (for ú� < 0) and hence to

an exponential growth of one of the two helicity modes of the vector Þeld,
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2k

#
k

2⇠aH

$ 1/4
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(
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⇠ )
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2! H
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W.l.o.g., let us assume that � > 0, V #(�) > 0, ú� < 0. The strong gauge Þeld production

modiÞes the slow-roll equation of motion and the Friedmann equation through4

! ~E ~B " ' N · 2.4 · 10" 4H 4

⇠4
e2⇡⇠ ,

1
2

! ~E 2 + ~B 2" ' N · 1.4 · 10" 4H 4

⇠3
e2⇡⇠ . (10)

Typically the e" ect in the Friedmann equation is small. However, in the slow-roll equation

for the inßaton, this introduces an additional friction term which can slow down inßation

signiÞcantly as⇠ * | ú�|/H increases towards the end of inßation. Inßation then extends for

# N$ additional e-folds, implying that for a given scalar potential, the point where the CMB

4More precisely, and relevant for small ! [6]:

! "E "B " #
H 4

! 4

e2⇡⇠

1
221#2

!
8⇠

0

x7e�x dx . (9)

4

power spectrum of scalar and tensor perturbations affected
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GW spectrum 
of pseudoscalar inßation
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Figure 5: Power spectrum of scalar perturbations for all the models with the same parameters and color code of

Fig. 4. The upper horizontal line estimates the PBH bound, the lower one indicates the COBE normalization.

!" ! !" !" ! !# !" ! " !" # !" "

!" ! $%

!" ! $&

!" ! !%

!" ! !&

!" ! %

"!"#"$"%"&"'"

f !!" "

��
!"

!#

#

Figure 6: Gravitational wave spectrum for all the models with the same parameters and color code of Fig. 4.

We are also showing the sensitivity curves for (from left to right): milli-second pulsar timing, eLISA, advanced

LIGO. Current bounds are denoted by solid lines, expected sensitivities of upcoming experiments by dashed

lines. See main text for details.

18

ΩGW = 1
12

H
πMP

⎛
⎝⎜

⎞
⎠⎟

2

(1+ 4.3×10(−7) H 2

MP
2ξ 6

e4! " )

generically very blue spectrum 
low scale models feature stronger increase

p = 1 (Quadratic)
p = 2 (Starobinsky)
p = 3 (Hilltop)
p = 4 (Hilltop)

Figure 4: Evolution of the parameter ⇠ governing the strength of the gauge interactions for models with

di↵erent values of p as defined in Eq. (20). The parameters for the Starobinsky model are as in Fig. 3, the

parameters for the other models are listed in App. A.

are in tension with the estimated PBH bound of [11] when we restrict to the case N = 1. As

this discrepancy is however only by a O(1) factor, it can both be addressed by taking into

account the theoretical uncertainties in the PBH bound (see also Sec. 5) or by considering

models with N > 1. As evident from the figure, the scalar spectrum for the Hilltop models

i.e. p = 3, 4 presents a much steeper decrease in the first part of the evolution with respect

the other models, as predicted by Eq. (25), ✏V ' N�p.

name full name number of arms armlength [Gm] lifetime [yr]

C1 L6A5M5N2 3 5 5

C2 L6A1M5N2 3 1 5

C3 L4A2M5N2 2 2 5

C4 L4A1M2N1 2 1 2

Table 1: Configurations of the planned space-based GW mission eLISA considered in this paper.

The GW spectrum for all the models considered in this paper is shown in Fig. 6. In agreement

with the discussion of Sec. 3.2, all of these models are reproducing the schematic behavior

shown in Fig. 2. In particular we can always appreciate two abrupt changes in the slope of

the curves for two di↵erent values of the frequency. Further we depict in Fig. 6 the sensitivity

curves of a selection of current (solid lines) and upcoming (dashed lines) direct GW detectors.

Representing the millisecond pulsar timing arrays covering frequencies around 10�10 Hz, we

16

r ! 10�3. Moreover, with the ongoing upgrades, LIGO/VIRGO is expected to reach a sensi-

tivity to detect or rule out the p = 1 and p = 2 case in the next few years, if ↵/⇤ is sizable.

In the case of a positive detection, the upcoming eLISA mission would potentially allow to

di↵erentiate between these two cases, as well as constrain the value of ↵/⇤.

(a) LIGO plot. (b) eLISA plot.

Figure 7: Plot of the (! /⇤, " ) parameter space for the Starobinsky model with contour lines for n
s

(solid blue),

r = {0.003, 0.005, 0.1, 0.2, 0.3, . . . } (dotted) and #
CMB

= {0.5, 1, 1.5, . . . } (dashed). The orange shaded regions

denote the projected sensitivity for advanced LIGO in the O2 and O5 run (left panel) and for eLISA in the

C1 - C4 configurations (right panel).

The complementarity of CMB measurements and direct gravitational wave searches is made

explicit in Fig. 7 for the Starobinsky class of models (p = 2). In the parameter space spanned

by ↵/⇤ and �, we numerically solve the equation of motion (23) for the inflaton field, fixing

V0 (iteratively) to the value required by the COBE normalization. Fig. 7 shows constraints

from CMB measurements (⇠CMB, ns, r) as well as constraints and the projected sensitivity

of direct gravitational wave detectors (eLISA and LIGO/VIRGO). The solid blue lines corre-

spond to fixed values for nS with the shaded regions denoting the one and two sigma regimes;

dotted lines correspond to fixed values for r and dashed lines correspond to constant values

for ⇠CMB. The upper bound ⇠ < 2.5 is marked by the red line. The orange shaded regions

correspond to the observable regions for LIGO (left panel, evaluated at 50 Hz, runs O1, O2

and O5 as detailed in Sec. 4) and LISA (right panel, evaluated at 0.01 Hz, configurations

C1 - C4 as detailed in Sec. 4). Remarkably, the current constraint on ⇠CMB approximately

coincides with the recently published data on LIGO run O1 [25]. For � ! 0.2, this moreover

23

Starobinsky-type model

V(φ) =V0 1− e−γ φ( )2

observable signal for direct detection, sensitive to underlying inßation model

VD, Pieroni, Binetruy 2016

upcoming LIGO runs

ε ~
1

N p

Mukhanov Õ13
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non-standard equation of state after inßation

11
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Δt
2

12
k2

a0
2H0

2 Tk
2 , Tk(t) =

a(ti )
a(t)

= ti

t
⎛
⎝⎜

⎞
⎠⎟

2
3(1+ω )

→ Ω( f ) = Ω( f0 )
f
f0

⎛
⎝⎜

⎞
⎠⎟

2(3ω−1)
1+3ω

ω = 0

ω =1/ 3

! =1

matter

kinetic energy

radiation

!" -!" !" -#$ !" -#" !" -$ !" " !" $ !" #"

!" -!$

!" -!"

!" -#$

!" -#"

!" -$

!" -$ !" " !" $ !" #" !" #$ !" !" !" !$

f !Hz"

Ω
G
W

!2

k!Mpc! 1"

TRH =   10 MeV           104 GeV             1010 GeV

kination phase after inßation: 
Spookily Õ93; Joyce Õ96 

GW production in 
(hybrid) quintessential models: 
Giovannini Õ99; Sa, Henriques Ô10

7

!68 !66 !64 !62 !60 !58 !56
u

!1

!0.5

0
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1

w

g"0.004g"0.025

FIG. 7: Time evolution of the equation-of-state parameter
w = p/ρ for g = 0 .004 and g = 0 .025. The duration of the
kination period in the former case is much longer, implying
a higher peak in the gravitational-wave spectrum. In this
Þgure the values of the parameters are the same as in Fig. 6
and u = ! ln(1 + z), where z is the redshift.

stood as follows. If one decreases g (for fixed values of m
and λχ), the value of χ at the minimum of the potential
also decreases (recall that χmin = ±

!
g2(m2 ! φ2)/λχ ),

meaning that less energy is acquired by this field as it
oscillates around the minimum during the second stage
of evolution. As a consequence, less energy is available
to be transferred, during the third stage of evolution,
from the scalar field χ to the radiation fluid, leading to a
lower reheating temperature. This, in turn, implies that
after the complete decay of χ a longer period of time is
required for the energy density of radiation to become
greater than the kinetic energy of the scalar field φ, i.e.,
the beginning of the radiation-dominated era is delayed
and, consequently, the kination period becomes longer.
In short, we could say that reheating becomes less effi-
cient as g decreases.
As we have seen in Sect. II, g is not a free param-

eter, its value is bounded from above by the condition
that the motion of φ is not affected by χ [see Eq. (4)]
and from below by the condition that the scalar field
χ responds quickly enough to changes in the potential
U(φ,χ), rolling down toward one of the new minima and
oscillating around it [see Eq. (3)]. Therefore, within the
hybrid quintessential inflationary model, the duration of
the kination period and, consequently, the height of the
peak in the gravitational-wave spectrum, cannot be freely
adjusted, they are limited by the allowed values of the
parameter g.
What in the previous two paragraphs was said rela-

tively to the dependence of the gravitational-wave spec-
trum on the value of g could also be said, with the neces-
sary adaptations, about the parameters m and λχ. The
dependence of the spectrum on the parameter m is il-
lustrated in Fig. 8. There, two spectra are shown, cor-
responding to the minimum and maximum values of m
allowed by the constraints (3) and (4) for fixed values
of λφ, g, and λχ. For both values of m, the parameter

!15 !10 !5 0 5 10
log !Ω0"#rad.s !1$%

!17

!16

!15

!14

!13

lo
g
#
$

G
W$ m"2.5 %10!3 mp

m"0.01m p

FIG. 8: Gravitational-wave spectrum for λφ = 10−13, g =
0.01, λχ = 1, and µ = 1. The two curves correspond
to the minimum and maximum values of m allowed by the
constraints (3) and (4), namely, m = 2 .5 " 10−3 mp and
m = 0 .01mp . In both cases M is of the order of 10−14 mp .

!15 !10 !5 0 5 10
log !Ω0"#rad.s !1$%
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FIG. 9: Gravitational-wave spectrum for λφ = 10−13, g =
6.3 " 10−4, m = 0 .01mp , and µ = 0 .1. The three curves
correspond to λχ = 10−4, 10−2, 1. The minimum value of
λχ, allowed by constraints (4) and (6), is 1 .5 " 10−5. In all
casesM is of the order of 10−14 mp .

µ is chosen such that constraint (6) is satisfied. As we
see in this figure, the height of the peak, located at high
frequencies, increases as the parameter m decreases. In
Fig. 9, three gravitational-wave spectra are shown for dif-
ferent values of λχ and fixed values of λφ, g, m and µ.
As expected, the height of the peak increases as the pa-
rameter λχ increases. In all cases considered above, the
parameter M is of the order of 10−14mp .
Let us now turn to the analysis of the influence of

the dissipation parameter µ on the duration of the ki-
nation period and, consequently, on the height of the
high-frequency peak of the gravitational-wave spectrum.
Remember that the parameter µ is bounded from below
by the condition that the motion of φ is not affected by
χ [see Eq. (6)]. We also require that this parameter is
smaller than a critical value, µcrit, above which the os-
cillatory motion of the scalar field χ during the third
stage of evolution would become over-damped. For val-
ues of the dissipation parameter µ lying in the interval

stiff equation of state during reheating can enhance primordial GW signal

r = 0.1
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Figure 2: The present energy density of gravitational waves, ΩGW,0, generated during a mat-
ter dominated era shown as a function of wavenumberk. In this exampleF = ( kdom/kdec)2 =
106. The solid line shows the result predicted using the linear matter power perturbation for
k < kdom, while the dotted line shows the result using the matter power spectrum truncated
at k > kcut = 200kdec.

During and after the radiation-dominated era, the density of gravitational waves on sub-
Hubble scales then redshifts exactly as any non-interacting relativistic particles and in the
present day we have

ΩGW,0(k) !
Ω! ,0

12

(
k

kdec

)2

Ph(k, ! dec) , (46)

where the present density of photons isΩ! ,0 ! 1.2" 10! 5, and we neglect additional numerical
factors due to the detailed thermal history, such as the heating of photons by the annihilation
of other relativistic particle species.

4.1 Linear scalar perturbations

If we take Eq. (37) for the amplitude of tensor perturbationsfor k < kdec at the start of the
radiation era, whenH = kdec, we have

ΩGW (k, ! ) !
23
12

# 4
R

(
kdomk

k2
dec

)
I1(k/kdom) , (47)

and this remains constant (assuming no further production of gravitational waves on sub-
Hubble scales) during the radiation era. The present day density of second-order gravita-
tional waves produced due to Þrst-order scalar perturbations is thus given by

ΩGW,0(k) !
23
12

# 4
R Ω! ,0

(
kdomk

k2
dec

)
I1(k/kdom) , (48)
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) kRH kinf

matter dominated reheating phase

second order GW production

12

Large scalar perturbations re-entering the horizon after inßation  

grow in a matter-dominated reheating phase 

source second order tensor perturbations 

max. amplitude: 

detectable signal for eLISA/LIGO/VIRGO for 
relatively small reheating temperatures and   

note: very large      on small scales leads to the formation of primordial black holes, 
which in turn can produce a stochastic GW background through unresolved merger processes.    

ΩGW
max ≈ Δ s

4Ωr
kinf
kRH

⎛
⎝⎜

⎞
⎠⎟

2

(Δ s
2 )small scales ≫ (Δ s

2 )CMB

~ k

Assadulahi, Wands Ô09

! s
2

primordial scalar ßuctuations can source gravitational waves after inßation

Tomita Õ67, ÉÉ
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Conclusion and Outlook

13

GW astronomy has begun - and we are only at the very beginning! 

The stochastic background of cosmic inßation is the holy grail of GW astronomy:  
    It would shed light on the microphysics of inßation, as well as the entire subsequent 
    cosmological history 

The complementarity of CMB and direct GW measurements provides a 
    powerful probe of the physics of cosmic inßation. 

For the simplest models of inßation, the primordial GW signal is unobservable by  
    upcoming GW interferometers. But possible game changers are: 

- non-standard sources during inßation 
- stiff equation of state during reheating 
- second order tensor perturbations 

If the inßaton is a pseudoscalar, the GW signal of cosmic inßation can be 
    enhanced by many orders of magnitude, in particular in the range of eLISA  
    and LIGO/VIRGO. The spectrum is then sensitive to the shape of the inßaton potential. 

Thank you!


