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Einstein Cylinder
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Untwisted and twisted fields: real scalar field
[Isham, Proc. R. Soc. Lond. A 362 (1978) 383.]

= Topology of the
principal Z2-bundle

[E.Q. Isham 78;
Dowker, Banach ‘78;
DeWitt, Hart, Isham 79]

Fieure 1. A cross section of the product Fioure 2. A cross section of the twisted
real line bundle over S Mébius band bundle over ST,
Periodic B. C. Anti-periodic B.C.
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Untwisted and twisted fields: real scalar field
[Isham, Proc. R. Soc. Lond. A 362 (1978) 383.]

= Topology of the
principal Z>-bundle

[E.g. Isham 78;
Dowker, Banach ‘78;
DeWitt, Hart, Isham 79]
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Ficure 3. The product principal Z,-bundle  Fraure 4, The twisted principal Z,-bundle

over S1, over 81,
Periodic B.C. Anti-periodic B.C.
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All fleld-modes contribute.



Model

e Derivative-coupling Unruh-DeWitt Detectors (UD’) with
internal harmonic oscillators

Action
Y 1 2 A o .
S = ) d“rd, LI d Massless real scalar field
+ Z / d’r d 8de — wde} Internal: harmonic oscillator
—Z/\ / d74Q / d2®(2°, 2" )8% (x> —(3(14)  Point-like object
~— [Unruh, Zurek 1989;
I Raine, Sciama, Grove 1992]

dy = d/dry

Features:
1. Linear, crystal clear;

Worldline of detector d

2. Simplest field-atom (spatially localized) interacting system,;
3. In some simple setups we are able to obtain analytic results in the whole parameter range;

4. Complicated enough to give nontrivial results and insights.



Model

Derivative Coupling Unruh-DeWitt Detectors (UD’) with

Internal HOs
= Action

1 o L f ; 2 2 2
s= 3 [dro.aore + 3, [ dal0aQa)® - 508
d

-3 [ 740404 f da2®(2°, 21 )62 (2 — 25(1y))
—~

= Canonical momenta and Hamiltonian

NS i
= 3,Q4 (7q4) — mechanical momenta oy = 9,2

Pa(ra) = 00,Q 4 (7a) <

I'.'d =
‘if; I S |
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Model

Derivative Coupling Unruh-DeWitt Detectors (UD’) with

Internal HOs
= Action

1
‘;_—— rf!{}“*I‘f}”q’ ‘|‘Z /”F [(PaQa)® — waQq]

@Qd(}d f P (a”, )5 (2 — 20

— Z}H / d7484Q 4 /;F,,-:Tq,,-”__,-"],.5'-'[.,--* — z4l74)) + surface term
T .

= Canonical momenta and Hamiltonian
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Pi(1q) = 04Qq (1q) + A (24 (74))
IT'(t, a) f}”‘lI’{T._,r)

H = Z 20 |[r”‘ { Pa(") - ’MI’;L:..-H '[-"”:]_ + wa Tlrf“;]} +
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Model

Derivative Coupling Unruh-DeWitt Detectors (UD’) with

Internal HOs
= Action

]_
S =—= | d&20,90" P ‘|'Z j ATy f} 1Qa)’ _"‘*’dfﬂ]d]

@Qdf}dfd' r®(ax”, )6 (a” — zg(7q)) ~ex-E

= Z A / A7 404004 / e ® (2", 2" )6 (a2 - z4(7q)) + surface term (T)
do ' ~ev-A

= Canonical momenta and Hamiltonian
Pil7q) = 04Q4q (14) + AP (25(74)) ~mv + eA, not physically measurable

IT'(t, x) U”@{T._,rj

" Z 2v I[’m { Fal?) - A1 (20) {"'”:]_ +u.e'flf-.:lcl[ﬂlrf“]]} +



Recipe

= Gaussian states are always Gaussian in our linear system.

(K-A) representation of Wigner functional [Unruh, Zurek 1989]
(Characteristic functional of Wigner functional [e.g. Mandel, Wolf 1993])

p(K.A) = [ D=y (S — (A/2)]¢v* [E + (A/2)]
. -1
= Nexp—- [K,Q" K, — ARWE, + A, PMA,
where  (A.B)=(AB+BA)/2
B |
b D) = |—— K.A = hQM
(. Py ) | 10K, 101K, PR A) A—K—0 &
(10,11, ) = [ i1 ihd (K. A) _ ppuv
ey, ) = 57, A, PUL. o = h y
[ ind R T
I, o) = |[——p(K.A = _RM
( ft Y > -O&” I‘OI\.;_; p( A )] A K—0 2

are correlators, which can be calculated in the Heisenberg picture.



Recipe

= Heisenberg EOM
03Qa(Tq) + wiQqa(Tq) = —A0q®(24(1q)),
—0P(z) = A Z / A7 04Q4(74)0% (2 = 25(74))
—.
= Mode-function expansion

ﬁ [ df . N ﬁ
Qa(7g) Z \/ 5. Yog | da (Ta)ag + "Id (7a Z \/ 5~ 2on fjd )by + 44" ‘d)bl] ;
[ P TRy Lk TR
t) = Z | /H 2 (t)ag + O (?)rrd, + Z \/ E r__.-)_,,(r]h;‘_ + o, [f)hl_] :
d’ J

Remark: Zero mode (free field, untwisted field only)

By o(t) = Bp_o(0) + (t/L)_o(0) = /)2 [ (i/L)t)b, + (1+(i/L)r;E,~Jj]




Recipe
= EOM for mode functions (u=d. k)
Jata(Ta) +wad(ta) = Aot (74))

—Opk(t) = /\Z / rdef)dqﬁ(Td)dj (2% — z4(7q))
=



Recipe

EOM for mode functions (u=d, k)

0345 (1q) + widi(1q) = =A040" (7))

Solution

—O¢#(t) = /\Z / d71q04q (T4)8% (2% — 25(74))
¥

o(t) = o' (1) + o (1)

KO (1) = ¢mienttiks
where
M] 'U Z / ArqGhre( ('d):’()dqd(‘d)

Gret(t, @

1
.z = 5 Z e"t+x— (' +2" +nl)])0[t —ax— (t' —x" —nlL)]
nec’

for ...




Il. One-detector case



~ One-detector A
= EOM for ¢4 ()

(07 + 2900 + Q) ¢4 (1) = =290 (1) — N2 > ™ 0(t —n'L)drg(t —n'L)

n'—1
:I/\ 1 = _)‘8 for t < L
e (0f =270, + ) ¢!y (t — L) for t > L,

1{0] (t) =0, (b (f) = ¢ilknlt for k,, # 0, and qﬁg[m (t) = 1 —(i/L)t for the zero mode
t/L
Untwisted field (e = 1):
2L

x/L



One'deteCtOI" A =01, =23, R=13
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One-detector A

I

e Untwisted field (e =1): ¢y (¢)

[y=0.1, Q=23,R=13}

[y=0.1, =23, R=1.3)
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One-detector A

e [nitial state of the combined system (at t=0)

[4(0)) = |9) ®|0L)
/ \

Ground state Vacuum state :
of detector A of the field !UIJ - |UL >nz >‘“

zero mode, assuming:

A0 [{60(0), 70(0)}0L), = 0 (04|23, (0)[0), = ,(OLI7Z, (0)|0L), = /2

~ minimal uncertainty

Then, e.g.
QA1) = (Qa(1). Qa(t)), + (Qa(t). Qa(t)),
) . K
(Qﬂ(t)ﬂQA(t)}a ﬁm;}(t”?
A A B b ko W = wp = |1.| for & # 0
(Qa(1),Qal(1))y —.gz oo, 94" ()] o = 1fork = 0
U = /(Q3)(P2) — (Qu, Pa)’ purity P = Tr(p})? = 1/(2U)

linear entropy S, =1—-P




One-detector A

e Untwisted field:

<Pi> <Q,§>
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One-detector A

e Untwisted field:

alternative S’; ~AQ® (surface term ignored) and P’~Q + \®

- '
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Compare with other formalisms

Untwisted field

(—10 Q 2.3, L=18.2212, n;,,;,=1000

91,1
L First order TDPT
3.x107° with finite duration
in-6t e First order TDPT
2.5x10 5 / with infinite duration
2.%107° (Gaussian switching fun.)
1s%x10¢ (i T non-perturbative result

........................ - Lin & Hu, PRD (2007)

1.x 1075
5.x1077¢

Martin-Martinez & Louko, PRD (2014)
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One-detector A

o Twisted field (€ =—1):
\Y) <P2>
; 22F
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lIl. Two-detector case



Two identical detectors A,B

« EOM:
(0F + ng—) +925)d B)( ) = =AY, o, 1 (4 (1)
Z {(‘“ —n L)O q_l B)( — '?1-’]__,-)
n'=1

+ (En + g™ ‘H)Q(t [n —(1/2)|L ) QBH)( [ ) — (1/2)]L)}

Suppose detector A, B are located at x=0, L/2, respectively.

= Untwisted field (e = 1): Let ¢/ = (¢y £¢%)/V?2 lﬁi _}

(02 + 240, + Q2) ¢ (1) A
= —i}‘“(r) + 6 (f - £) (07 — 270, + Q3) ¢ (f - E) where T ! 4 -.
\/E | 9 i it 0) 14 9 »1\

L L L N N

i «(0) () y (0] e[ 10) :

.F_ﬂ_()_c)f[‘ (t) + o4 ()]—9(#—5)0, l:i:c{, (r—2)+>‘” (r—E)] wa |
5 ,,

= Twisted field (¢ =—1): Two independent single detectors

, X — X3y, () for t+ < L/2
9 + 270 + Q2 " (1) = 0(L/2) ) - -
((f YOy [}) q.l[B}( ) { (a_ — 270, +g]ﬁ)qﬁ{H}(f—L/2) for + > L/2



Two identical detectors A,B

e [nitial state of the combined system (at t=0)

[©(0)) = |g4.q9p5) ®|0L)

A0L163, (0)[0L), = (0|72, (0)[0L), = N/2

Two-mode squeezed state Vacuum state |(r) = |0r,),,, ® |0),
of detectors A and B of the field
1 Lo 2, a=2/7 5 N2 - .
pap(0) = —~ exp ~3 [p’ (Qa+ Q)+ 877 (Pa+ Pg) - S

N ”-_2((2‘-1 B (25)3 4+ “_2(1—{1 . PU)_.’] r > J'l“‘,:/ ;*

Quantum Teleportation (FiQT);

Entanglement around the Light Cone (EnLC):
[Lin, CHC, Hu, PRD91, 084063 (2015)] A
~ “physically measurable” in a probabilistic sense X
( ~ upper bound for the optimal Fidelity of

Necessary condition for FIQT beating the classical one.)



Two identical detectors A,B

e Untwisted field:
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Two identical detectors A,B

e Twisted field:

k. |n|=1,...,1000.
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Early-time behavior
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Summary and Discussion

The action of the UD’ detectors in (1+1)D can be written in
different forms, which gives different canonical momenta. Only one
of them (mechanical momentum) is physically measurable.

The St x R! spacetime possesses two inequivalent configuration
spaces for a scalar field: untwisted (periodic B.C.) and twisted (anti-
periodic B.C.) fields. The twisted field has no zero mode.

At large time-scale the physical quantities consist of the two-point
correlators of the detector show beating behaviors dominated by
two or few eigen-modes.

The discreteness of the fielf spectrum is important in the detector-
detector entanglement.

The lowest order perturbation result may become unrealiable as
earlyast = L.



Thank you !
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