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In general, if we denote the neutrino mass eigenstates by ⌫i, i = 1, 2, . . . , n, and the charged lepton mass
eigenstates by li = (e, µ, ⌧), in the mass basis, leptonic CC interactions are given by

�LCC =
gp
2

l̄iL �µ Ui j ⌫ j W+µ + h.c. (3)

Here U is a 3⇥n matrix which verifies UU† = I3⇥3 but in general U†U , In⇥n. This is the case, for example,
when considering mixing with non-doublet states, such as discussed in Sec. 4.

In what follows we will review the status of the analysis of the oscillation neutrino data in di↵erent
frameworks. In Sec. 2 we present the results for the case of three-neutrino mixing, and in Sec. 3 we discuss
the implications of such results for observables sensitive to the absolute neutrino mass scale. In Sec. 4 we fo-
cus on extended scenarios involving mixing with eV-scale sterile neutrinos, as invoked for the interpretation
of the short baseline anomalies. In Sec. 5 we derive limits on the presence of non-standard neutrino-matter
interactions.

2. Analysis in the framework of three-neutrino mixing

The wealth of data listed in the introduction can be consistently described by assuming mixing among
the three known neutrinos (⌫e, ⌫µ, ⌫⌧), which can be expressed as quantum superpositions of three massive
states ⌫i (i = 1, 2, 3) with masses mi. As explained in the previous section this implies the presence of a
leptonic mixing matrix in the weak charged current interactions which can be parametrized as [24]:

U =

0
BBBBBBBB@

c12c13 s12c13 s13e�i�CP

�s12c23 � c12s13s23ei�CP c12c23 � s12s13s23ei�CP c13s23
s12s23 � c12s13c23ei�CP �c12s23 � s12s13c23ei�CP c13c23

1
CCCCCCCCA

0
BBBBBBBB@

ei↵1 0 0
0 ei↵2 0
0 0 1

1
CCCCCCCCA (4)

where ci j ⌘ cos ✓i j and si j ⌘ sin ✓i j. In addition to the Dirac-type phase �CP, analogous to that of the quark
sector, there are two extra phases ↵1, ↵2 associated to a possible Majorana character of neutrinos. Such
phases, however, are not relevant for neutrino oscillations.

In this convention, disappearance of solar ⌫e’s and long baseline reactor ⌫̄e’s proceeds dominantly via
oscillations with wavelength / E/�m2

21 (�m2
i j ⌘ m2

i � m2
j and �m2

21 � 0 by convention) and amplitudes
controlled by ✓12, while disappearance of atmospheric and LBL accelerator ⌫µ’s proceeds dominantly via
oscillations with wavelength / E/|�m2

31| ⌧ E/�m2
21 and amplitudes controlled by ✓23. The angle ✓13

controls the amplitude of oscillations involving ⌫e flavor with E/|�m2
31| wavelengths. Given the observed

hierarchy between the solar and atmospheric wavelengths there are two possible non-equivalent orderings
for the mass eigenvalues, which are conventionally chosen as

�m2
21 ⌧ (�m2

32 ' �m2
31 > 0) ; (5)

�m2
21 ⌧ �(�m2

31 ' �m2
32 < 0) , (6)

As it is customary we refer to the first option, Eq. (5), as Normal Ordering (NO), and to the second one,
Eq. (6), as Inverted Ordering (IO); in this form they correspond to the two possible choices of the sign of
�m2

31. In this convention the angles ✓i j can be taken without loss of generality to lie in the first quadrant,
✓i j 2 [0, ⇡/2], and the CP phase �CP 2 [0, 2⇡]. In the following we adopt the (arbitrary) convention of
reporting results for �m2

31 for NO and �m2
32 for IO, i.e., we always use the one which has the larger absolute

value. Sometimes we will generically denote such quantity as �m2
3`, with ` = 1 for NO and ` = 2 for IO.

In summary, the 3⌫ oscillation analysis of the existing data involves six parameters: 2 mass di↵erences
(one of which can be positive or negative), 3 mixing angles, and the CP phase �CP. For the sake of clarity we
summarize in Table 1 which experiment contribute dominantly to the present determination of the di↵erent
parameters.

The consistent determination of these leptonic parameters requires a global analysis of the data described
above. Such global fits are presently performed by a few phenomenological groups [25–27]; here we sum-
marize the results from Ref. [27, 28]. We show in Fig. 1 the one-dimensional projections of the ��2 of the

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
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∣∣∣∣ , (5)

0.3 16/01/京大セミナー！
初期のノート ai分解より、最初から elementalを、dyに書き換え：

ただ、対応は付いている、Higgs potential のみにズレがある、かつ、
A ∧Aは同じなので、
違いは d5A5から来る、
• elementalのとき；

d5A5 = d5Φnmdym = [MnmΦml − ΦnlMlm]dym ∧ dyl, (6)
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1 Introduction

The observation of the neutrino oscillation [1,2] clarified finite masses of the neutrinos and
lepton flavor nonconservation. Furthermore, the Daya Bay and RENO experiments [3, 4]
discovered that Ue3 is nonzero and relatively large. However, these experiments shed us a
further mysteries, e.g., dozen of unexplained parameters, and the origin of the flavor. In
particular, the lepton mixing matrix UPMNS [5, 6] is remarkably different from the quark
mixing matrix UCKM [7, 8].

Innumerable models has been proposed so far, to explain the mysterious flavor struc-
tures of the standard model. As representative approaches, researchers explore the con-
tinuous or discrete flavor symmetries [9–11], and specific flavor textures [12, 13].

In the texture approach, the democratic texture [14–22], realized by the S3L × S3R

symmetry is widely studied. It assumes that the Yukawa interactions of the fermions
f = u, d, e have the “democratic matrix” in Eq. (1). In particular, Fujii, Hamaguchi and
Yanagida [23] has derived the large mixing angles of light neutrinos by the seesaw mech-
anism [24], assuming almost degenerated neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1).
However, in the viewpoints of grand unified theories (GUT), degenerated neutrino Yukawa
matrix is undesirable.

In this paper, we obtain the light neutrino masses and mixings consistent with the
experiments, in the democratic texture approach. Yν is assumed to be the same texture
to the other fermions, in order to obtain hierarchical eigenvalues. The majorana mass
of the right-handed neutrinos MR is also assumed to have the democratic texture with
diagonal breaking term. As a result, the mass matrix of the light neutrino mν obtained
by the seesaw mechanism is also described by a perturbed matrix from the same texture.
Adjusting free parameters properly, all elements of the predicted mixing matrix UPMNS are
in 3σ range of the latest global analysis. However, the derivation in this paper remains
only at tree level. The radiative corrections and threshold corrections will modify the
results. We leave it for our future work.

Since a strongly hierarchical Yν can be realized in this framework, it shows a possibility
that large mixings of the leptons and small mixings of the quarks can be explained in a
simple unified picture, such as in SO(10) GUT with democratic texture.

This paper is organized as follows. In the next section, we review the Yukawa matrices
with democratic texture. In Sect. 3 and 4, we present the parameter analysis of the light
neutrino mass. Section 5 is devoted to conclusions and discussions.

2 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14–22], the Yukawa matrices are assumed to be
the following texture:

Yf =
Kf

3

⎛

⎝

1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝

ϵf 0 0
0 δf 0
0 0 λf

⎞

⎠ , (1)
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as

uRi =

⎛

⎝
uR

cR

tR

⎞

⎠ , dRi =

⎛

⎝
dR

sR

bR

⎞

⎠ , eRi =

⎛

⎝
eR

µR

τR

⎞

⎠ , (3)

and the left-handed fermions are written as similar way. The representation of S(abc)
ij is

S(123)
(L,R) =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , S(213)
(L,R) =

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , S(132)
(L,R) =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ , (4)

S(321)
(L,R) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ , S(312)
(L,R) =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ , S(231)
(L,R) =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as Òright-handed ÞeldsÓ
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons
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The observation of the neutrino oscillation [1,2] clarified finite masses of the neutrinos and
lepton flavor nonconservation. Furthermore, the Daya Bay and RENO experiments [3, 4]
discovered that Ue3 is nonzero and relatively large. However, these experiments shed us a
further mysteries, e.g., dozen of unexplained parameters, and the origin of the flavor. In
particular, the lepton mixing matrix UPMNS [5, 6] is remarkably different from the quark
mixing matrix UCKM [7, 8].

Innumerable models has been proposed so far, to explain the mysterious flavor struc-
tures of the standard model. As representative approaches, researchers explore the con-
tinuous or discrete flavor symmetries [9–11], and specific flavor textures [12, 13].

In the texture approach, the democratic texture [14–22], realized by the S3L × S3R

symmetry is widely studied. It assumes that the Yukawa interactions of the fermions
f = u, d, e have the “democratic matrix” in Eq. (1). In particular, Fujii, Hamaguchi and
Yanagida [23] has derived the large mixing angles of light neutrinos by the seesaw mech-
anism [24], assuming almost degenerated neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1).
However, in the viewpoints of grand unified theories (GUT), degenerated neutrino Yukawa
matrix is undesirable.

In this paper, we obtain the light neutrino masses and mixings consistent with the
experiments, in the democratic texture approach. Yν is assumed to be the same texture
to the other fermions, in order to obtain hierarchical eigenvalues. The majorana mass
of the right-handed neutrinos MR is also assumed to have the democratic texture with
diagonal breaking term. As a result, the mass matrix of the light neutrino mν obtained
by the seesaw mechanism is also described by a perturbed matrix from the same texture.
Adjusting free parameters properly, all elements of the predicted mixing matrix UPMNS are
in 3σ range of the latest global analysis. However, the derivation in this paper remains
only at tree level. The radiative corrections and threshold corrections will modify the
results. We leave it for our future work.

Since a strongly hierarchical Yν can be realized in this framework, it shows a possibility
that large mixings of the leptons and small mixings of the quarks can be explained in a
simple unified picture, such as in SO(10) GUT with democratic texture.

This paper is organized as follows. In the next section, we review the Yukawa matrices
with democratic texture. In Sect. 3 and 4, we present the parameter analysis of the light
neutrino mass. Section 5 is devoted to conclusions and discussions.

2 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14–22], the Yukawa matrices are assumed to be
the following texture:

Yf =
Kf

3

⎛

⎝

1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝

ϵf 0 0
0 δf 0
0 0 λf

⎞

⎠ , (1)
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小出公式は

me + mµ + mτ =
2

3
(
√

me +
√

mµ +
√

mτ )
2. (1)

である。

0.1 小出公式　必要十分条件
まず、小出さんがおいた条件の必要十分性：
条件

λe
i = (zi + z0)

2, z1 + z2 + z3 = 0, z0 =

√
z2
1 + z2

2 + z2
3

3
, (2)

仮に今、a + b + c = 3z0と置く（ただの書き換え）、

a2 + b2 + c2 =
2

3
(a + b + c)2 = 6z2

0 , (3)

ai = z0 + zi →
∑

zi = 0, (4)

1

(Koide	
  formula	
  (very	
  high	
  precision))	


振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
アレ、ζ = −ϵ版、

U †
DCYfUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵf −2

√
6ϵf

−2
√

3ϵf 4δf −2
√

2δf
−2

√
6ϵf −2

√
2δf 6Kf + 2δf

⎞

⎟⎠ , (2)

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

表 1: The charge assignments of the leptons under the discrete symme-
tries.

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (3)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (4)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (5)

m2
π± = −(mu + md)

⟨q̄q⟩
f2
π

, (6)

シーソーメカニズム、

L = −M

2
νc

RνR − Yν ν̄LνRH + h.c.,

1

(
ν̄L ν̄c

R

)( 0 Yνv

Y T
ν v M

)(
νL

νc
R

)
(7)

L =
(
ūu d̄d s̄s

)
⎡

⎢⎣M2

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠− ⟨q̄q⟩
f2
π

⎛

⎜⎝
mu 0 0
0 md 0
0 0 ms

⎞

⎟⎠

⎤

⎥⎦

⎛

⎜⎝
ūu

d̄d

s̄s

⎞

⎟⎠ ,

(8)

⎛

⎜⎝
π0

η0

η′0

⎞

⎟⎠ =

⎛

⎜⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

− 2√
6

1√
3

1√
3

1√
3

⎞

⎟⎟⎠

⎛

⎜⎝
ūu

d̄d

s̄s

⎞

⎟⎠ , (9)

m2 = (10)

=

⎛

⎜⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎟⎠

⎛

⎜⎝
0 0 0
0 0 0
0 0 Kf

⎞

⎟⎠

⎛

⎜⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎟⎠ , (11)

U =

⎛

⎜⎝
Ue1 Ue2 Ue3

Uµ1 Uµ2 Uµ3

Uτ1 Uτ2 Uτ3

⎞

⎟⎠ (12)

=

⎛

⎜⎝
1 0 0
0 c23 s23

0 −s23 c23

⎞

⎟⎠

⎛

⎜⎝
c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

⎞

⎟⎠

⎛

⎜⎝
c12 s12 0
−s12 c12 0

0 0 1

⎞

⎟⎠

⎛

⎜⎝
eiα1/2 0 0

0 eiα2/2 0
0 0 1

⎞

⎟⎠

(13)

=

⎛

⎜⎝
c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

⎞

⎟⎠

⎛

⎜⎝
eiα1/2 0 0

0 eiα2/2 0
0 0 1

⎞

⎟⎠

(14)

0.2 16/05/学振ノート
Fritzsch Cabbibo �¯

|Vus| ≃ sin θC ≃
∣∣∣∣

√
md

ms
+ eiδ

√
mu

mc

∣∣∣∣ , (15)

2

≒0.22,	
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H�„�x n �Í�i�Ñ�”�æ�¤�Þ�”�Å

f (x) =
∫

dnk
(2π)n

f (k) eikx (1)

k = 0 �›
¬�R�`�h�q�V�w�ˆ�z
H�„�T�’
(���›	��“	†�X�Ä�U	Z�R�”�‚�‚

0.1 16/06/ �[�Ä�G�·�Û�Æ�”�‚

�›�±�^�œ
[

Yf =
K f

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎟⎠ , (2)

M R = mR

⎡

⎢⎣
K R

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (3)

�ž�è�z ζ = ! ϵ 
[�z

U 
DC YqUDC

"=
1
6

⎛

⎜⎝
0 ! 2

#
3ϵq ! 2

#
6ϵq

! 2
#

3ϵq 4δq ! 2
#

2δq
! 2

#
6ϵq ! 2

#
2δq 6K f + 2δq

⎞

⎟⎠ , (4)

S3L S3R

lLi 1L + 2L 1R

νRi 1L + 2L 1R

eRi 1L 1R + 2R


¯ 1: The charge assignments of the leptons under the discrete symme-
tries.

Yq =
K q

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
! ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (5)

1

	ü�“� �w�O��


H�„�x n �Í�i�Ñ�”�æ�¤�Þ�”�Å

f (x) =
!

dnk
(2! )n f (k) eikx (1)

k = 0 �›
¬�R�`�h�q�V�w�ˆ�z
H�„�T�’
(���›	��“	†�X�Ä�U	Z�R�”�‚�‚

0.1 16/06/ �[�Ä�G�·�Û�Æ�”�‚

�›�±�^�œ
[

cn,R ! K ν,R

Yf =
K f

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' + cν

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

"f 0 0
0 #f 0
0 0 $f

%

&
' , (2)

M R = mR

(

)
*

K R

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' + cR

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

"R 0 0
0 #R 0
0 0 $R

%

&
'

+

,
- . (3)

�ž�è�z " = " #
[�z

U†
DCYqUDC

#=
1
6

"

#
$

0 " 2
$

3#q " 2
$

6#q

" 2
$

3#q 4$q " 2
$

2$q

" 2
$

6#q " 2
$

2$q 6K f + 2$q

%

&
' , (4)

S3L S3R

lLi 1L + 2L 1R

%Ri 1L + 2L 1R

eRi 1L 1R + 2R


¯ 1: The charge assignments of the leptons under the discrete symme-
tries.

Yq =
K q

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' +

"

#
$

" #q 0 0
0 #q 0
0 0 $q

%

&
' , (5)

1

3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as

uRi =

⎛

⎝
uR

cR

tR

⎞

⎠ , dRi =

⎛

⎝
dR

sR

bR

⎞

⎠ , eRi =

⎛

⎝
eR

µR

τR

⎞

⎠ , (3)

and the left-handed fermions are written as similar way. The representation of S(abc)
ij is

S(123)
(L,R) =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , S(213)
(L,R) =

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , S(132)
(L,R) =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ , (4)

S(321)
(L,R) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ , S(312)
(L,R) =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ , S(231)
(L,R) =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+ cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U †
DCYfUDC (10)

=

⎛

⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎠

⎡

⎣Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠

⎤

⎦

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ (11)

= Kf

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠+

⎛

⎜⎝

1
2(ζf + ϵf )

1
2
√

3
(ζf − ϵf )

1√
6
(ζf − ϵf )

1
2
√

3
(ζf − ϵf )

1
6(ζf + ϵf + 4δf )

1
3
√

2
(ζf + ϵf − 2δf )

1√
6
(ζf − ϵf )

1
3
√

2
(ζf + ϵf − 2δf )

1
3(ζf + ϵf + δf )

⎞

⎟⎠ . (12)

5

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (2)

S3L S3R

lLi 1L + 2L 1R

νRi 1L + 2L 1R

eRi 1L 1R + 2R

表 1: The charge assignments of the leptons under the discrete symme-
tries.

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (3)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (4)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (5)

m2
π± = −(mu + md)

⟨q̄q⟩
f2
π

, (6)

シーソーメカニズム、

L = −M

2
νc

RνR − Yν ν̄LνRH + h.c.,

1

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
濱口さん版
cn,R ≫ Kν,R

Yν =
Kν

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζν 0 0
0 ϵν 0
0 0 δν

⎞

⎟⎠ , (2)

Ye =
Ke

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
ζe 0 0
0 ϵe 0
0 0 δe

⎞

⎟⎠ , (3)

MR = mR

⎡

⎢⎣
KR

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (4)

アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:
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⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)
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⎛
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and the left-handed fermions are written as similar way. The representation of S(abc)
ij is
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The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be
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Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:
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where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as
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and the left-handed fermions are written as similar way. The representation of S(abc)
ij is
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The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+ cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U †
DCYfUDC (10)

=

⎛

⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎠

⎡

⎣Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠

⎤

⎦

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ (11)

= Kf

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠+

⎛

⎜⎝

1
2(ζf + ϵf )

1
2
√

3
(ζf − ϵf )

1√
6
(ζf − ϵf )

1
2
√

3
(ζf − ϵf )

1
6(ζf + ϵf + 4δf )

1
3
√

2
(ζf + ϵf − 2δf )

1√
6
(ζf − ϵf )

1
3
√

2
(ζf + ϵf − 2δf )

1
3(ζf + ϵf + δf )

⎞

⎟⎠ . (12)
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4 Simplified case: ! " = ! R = cR = 0

From the Yukawa matrices Eq. (1) and the mass matrix Eq. (7), the small neutrino mass
is obtained by the seesaw mechanism [25]

m! =
v2

2
Y T

! M ! 1
R Y! , (22)

where v/
!

2 = "H # is the vacuum expectation value of the Higgs boson. As the simple
and important example, let us consider a simpliÞed parameter set,! ! = ! R = cR = 0.
In this case, the resulting small neutrino mass is also democratic type with the diagonal
breaking term:

m(0)
! =

v2

2
1

mR

!

" K 2
!

3K R

#

$
1 1 1
1 1 1
1 1 1

%

& +

#

$
0 0 0
0 #2

! / #R 0
0 0 $2

! / $R

%

&

'

( . (23)

Note that this is the exact results and no approximation is used.
In order to obtain observed large mixing angles ofUPMNS , the diagonalization ofm!

should have only small mixing angles. Otherwise, the diagonalization ofm! cancel outs
that of the charged lepton mass, orYe, which is almost diagonalized byUDC (9). Then,
the following hierarchical relation is required phenomenologically:

K 2
!

3K R
$

#2
!

#R
$

$2
!

$R
. (24)

Accordingly, the normal hierarchy (NH) m1 $ m2 $ m3 is forced for these parameter
sets,and both inverted hierarchical and degenerated masses are excluded.

If we treat m1 as a small perturbation, the mass matrix (23) is diagonalized at the
leading order as

m(0)
! =

#

)
$

m(0)
1 m(0)

1 m(0)
1

m(0)
1 m(0)

2 m(0)
1

m(0)
1 m(0)

1 m(0)
3

%

*
& % V! mdiag

! V  
! , (25)

&

#

)
)
)
)
$

1 m(0)
1

m(0)
2

m(0)
1

m(0)
3

' m(0)
1

m(0)
2

1 m(0)
1

m(0)
3

' m(0)
1

m(0)
3

' m(0)
1

m(0)
3

1

%

*
*
*
*
&

#

)
$

m(0)
1 0 0
0 m(0)

2 0
0 0 m(0)

3

%

*
&

#

)
)
)
)
$

1 ' m(0)
1

m(0)
2

' m(0)
1

m(0)
3

m(0)
1

m(0)
2

1 ' m(0)
1

m(0)
3

m(0)
1

m(0)
3

m(0)
1

m(0)
3

1

%

*
*
*
*
&

, (26)

where

m(0)
1 =

v2

2mR

K 2
!

3K R
, m(0)

2 =
v2

2mR

+
#2

!

#R
+

K 2
!

3K R

,
, m(0)

3 =
v2

2mR

+
$2

!

$R
+

K 2
!

3K R

,
. (27)
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
濱口さん版
cn,R ≫ Kν,R

Yν =
Kν

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζν 0 0
0 ϵν 0
0 0 δν

⎞

⎟⎠ , (2)

Ye =
Ke

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
ζe 0 0
0 ϵe 0
0 0 δe

⎞

⎟⎠ , (3)

MR = mR

⎡

⎢⎣
KR

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (4)

アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (5)

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (6)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (7)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (8)

1

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (2)

S3L S3R

lLi 1L + 2L 1R

νRi 1L + 2L 1R

eRi 1L 1R + 2R

表 1: The charge assignments of the leptons under the discrete symme-
tries.

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (3)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (4)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (5)

m2
π± = −(mu + md)

⟨q̄q⟩
f2
π

, (6)
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f (k) eikx (1)

k = 0 �›
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Yf =
K f

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎟⎠ , (2)

M R = mR

⎡

⎢⎣
K R

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (3)

�ž�è�z ζ = ! ϵ 
[�z

U 
DC YqUDC

"=
1
6

⎛

⎜⎝
0 ! 2

#
3ϵq ! 2

#
6ϵq

! 2
#

3ϵq 4δq ! 2
#

2δq
! 2

#
6ϵq ! 2

#
2δq 6K f + 2δq

⎞

⎟⎠ , (4)
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lLi 1L + 2L 1R

νRi 1L + 2L 1R

eRi 1L 1R + 2R
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⎛
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⎞
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⎛
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⎞

⎟⎠ , (5)
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f (x) =
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dnk
(2! )n f (k) eikx (1)
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[

cn,R ! K ν,R

Yf =
K f

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' + cν

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

"f 0 0
0 #f 0
0 0 $f

%

&
' , (2)

M R = mR

(

)
*

K R

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' + cR

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

"R 0 0
0 #R 0
0 0 $R

%

&
'

+

,
- . (3)

�ž�è�z " = " #
[�z

U†
DCYqUDC

#=
1
6

"

#
$

0 " 2
$

3#q " 2
$

6#q

" 2
$

3#q 4$q " 2
$

2$q

" 2
$

6#q " 2
$

2$q 6K f + 2$q

%

&
' , (4)
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lLi 1L + 2L 1R

%Ri 1L + 2L 1R
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¯ 1: The charge assignments of the leptons under the discrete symme-
tries.

Yq =
K q

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' +

"

#
$

" #q 0 0
0 #q 0
0 0 $q

%

&
' , (5)

1

3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as

uRi =

⎛

⎝
uR

cR

tR

⎞

⎠ , dRi =

⎛

⎝
dR

sR

bR

⎞

⎠ , eRi =

⎛

⎝
eR

µR

τR

⎞

⎠ , (3)

and the left-handed fermions are written as similar way. The representation of S(abc)
ij is

S(123)
(L,R) =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , S(213)
(L,R) =

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , S(132)
(L,R) =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ , (4)

S(321)
(L,R) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ , S(312)
(L,R) =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ , S(231)
(L,R) =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+ cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U †
DCYfUDC (10)

=

⎛

⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎠

⎡

⎣Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠

⎤

⎦

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ (11)

= Kf

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠+

⎛

⎜⎝

1
2(ζf + ϵf )

1
2
√

3
(ζf − ϵf )

1√
6
(ζf − ϵf )

1
2
√

3
(ζf − ϵf )

1
6(ζf + ϵf + 4δf )

1
3
√

2
(ζf + ϵf − 2δf )

1√
6
(ζf − ϵf )

1
3
√

2
(ζf + ϵf − 2δf )

1
3(ζf + ϵf + δf )

⎞

⎟⎠ . (12)
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4 Simplified case: ! " = ! R = cR = 0

From the Yukawa matrices Eq. (1) and the mass matrix Eq. (7), the small neutrino mass
is obtained by the seesaw mechanism [25]

m! =
v2

2
Y T

! M ! 1
R Y! , (22)

where v/
!

2 = "H # is the vacuum expectation value of the Higgs boson. As the simple
and important example, let us consider a simpliÞed parameter set,! ! = ! R = cR = 0.
In this case, the resulting small neutrino mass is also democratic type with the diagonal
breaking term:

m(0)
! =

v2

2
1

mR

!

" K 2
!

3K R

#

$
1 1 1
1 1 1
1 1 1

%

& +

#

$
0 0 0
0 #2

! / #R 0
0 0 $2

! / $R

%

&

'

( . (23)

Note that this is the exact results and no approximation is used.
In order to obtain observed large mixing angles ofUPMNS , the diagonalization ofm!

should have only small mixing angles. Otherwise, the diagonalization ofm! cancel outs
that of the charged lepton mass, orYe, which is almost diagonalized byUDC (9). Then,
the following hierarchical relation is required phenomenologically:

K 2
!

3K R
$

#2
!

#R
$

$2
!

$R
. (24)

Accordingly, the normal hierarchy (NH) m1 $ m2 $ m3 is forced for these parameter
sets,and both inverted hierarchical and degenerated masses are excluded.

If we treat m1 as a small perturbation, the mass matrix (23) is diagonalized at the
leading order as

m(0)
! =

#

)
$

m(0)
1 m(0)

1 m(0)
1

m(0)
1 m(0)

2 m(0)
1

m(0)
1 m(0)

1 m(0)
3

%

*
& % V! mdiag

! V  
! , (25)

&

#

)
)
)
)
$

1 m(0)
1

m(0)
2

m(0)
1

m(0)
3

' m(0)
1

m(0)
2

1 m(0)
1

m(0)
3

' m(0)
1

m(0)
3

' m(0)
1

m(0)
3

1

%

*
*
*
*
&

#

)
$

m(0)
1 0 0
0 m(0)

2 0
0 0 m(0)

3

%

*
&

#

)
)
)
)
$

1 ' m(0)
1

m(0)
2

' m(0)
1

m(0)
3

m(0)
1

m(0)
2

1 ' m(0)
1

m(0)
3

m(0)
1

m(0)
3

m(0)
1

m(0)
3

1

%

*
*
*
*
&

, (26)

where

m(0)
1 =

v2

2mR

K 2
!

3K R
, m(0)

2 =
v2

2mR

+
#2

!

#R
+

K 2
!

3K R

,
, m(0)

3 =
v2

2mR

+
$2

!

$R
+

K 2
!

3K R

,
. (27)
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
濱口さん版
cn,R ≫ Kν,R

Yν =
Kν

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζν 0 0
0 ϵν 0
0 0 δν

⎞

⎟⎠ , (2)

Ye =
Ke

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
ζe 0 0
0 ϵe 0
0 0 δe

⎞

⎟⎠ , (3)

MR = mR

⎡

⎢⎣
KR

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (4)

アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (5)

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (6)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (7)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (8)
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縮退 neutrino

m1 ! m2 ! m3, (2)

Yu " Y! , (3)

Yd " Ye, (4)

# VCKM " UPMNS

UPMNS = U(observed)
PMNS , (5)

濱口さん版
cn,R $ K ! ,R

Y! =
K !

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' + c!

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

ζ! 0 0
0 ϵ! 0
0 0 δ!

%

&
' , (6)

Ye =
K e

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' +

"

#
$

ζe 0 0
0 ϵe 0
0 0 δe

%

&
' , (7)

M R = mR

(

)
*

K R

3

"

#
$

1 1 1
1 1 1
1 1 1

%

&
' + cR

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

ζR 0 0
0 ϵR 0
0 0 δR

%

&
'

+

,
- . (8)
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世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (2)

S3L S3R

lLi 1L + 2L 1R

νRi 1L + 2L 1R

eRi 1L 1R + 2R

表 1: The charge assignments of the leptons under the discrete symme-
tries.

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (3)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (4)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (5)

m2
π± = −(mu + md)

⟨q̄q⟩
f2
π

, (6)
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Yf =
K f

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎟⎠ , (2)

M R = mR

⎡

⎢⎣
K R

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (3)

�ž�è�z ζ = ! ϵ 
[�z

U 
DC YqUDC

"=
1
6

⎛

⎜⎝
0 ! 2

#
3ϵq ! 2

#
6ϵq

! 2
#

3ϵq 4δq ! 2
#

2δq
! 2

#
6ϵq ! 2

#
2δq 6K f + 2δq

⎞

⎟⎠ , (4)

S3L S3R

lLi 1L + 2L 1R

νRi 1L + 2L 1R

eRi 1L 1R + 2R
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3
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0 0 δq
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K f
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#
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1 1 1
1 1 1
1 1 1

%

&
' + cν

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

"f 0 0
0 #f 0
0 0 $f

%

&
' , (2)
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K R
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"

#
$

1 1 1
1 1 1
1 1 1

%

&
' + cR

"

#
$

1 0 0
0 1 0
0 0 1

%

&
' +

"

#
$

"R 0 0
0 #R 0
0 0 $R

%

&
'

+

,
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$
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$
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1 1 1
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1 1 1

%

&
' +

"

#
$

" #q 0 0
0 #q 0
0 0 $q

%

&
' , (5)
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as

uRi =

⎛

⎝
uR

cR

tR

⎞

⎠ , dRi =

⎛

⎝
dR

sR

bR

⎞

⎠ , eRi =

⎛

⎝
eR

µR

τR

⎞

⎠ , (3)

and the left-handed fermions are written as similar way. The representation of S(abc)
ij is

S(123)
(L,R) =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , S(213)
(L,R) =

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , S(132)
(L,R) =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ , (4)

S(321)
(L,R) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ , S(312)
(L,R) =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ , S(231)
(L,R) =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+ cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U †
DCYfUDC (10)

=

⎛

⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎠

⎡

⎣Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠

⎤

⎦

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ (11)

= Kf

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠+

⎛

⎜⎝

1
2(ζf + ϵf )

1
2
√

3
(ζf − ϵf )

1√
6
(ζf − ϵf )

1
2
√

3
(ζf − ϵf )

1
6(ζf + ϵf + 4δf )

1
3
√

2
(ζf + ϵf − 2δf )

1√
6
(ζf − ϵf )

1
3
√

2
(ζf + ϵf − 2δf )

1
3(ζf + ϵf + δf )

⎞

⎟⎠ . (12)
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4 Simplified case: ! " = ! R = cR = 0

From the Yukawa matrices Eq. (1) and the mass matrix Eq. (7), the small neutrino mass
is obtained by the seesaw mechanism [25]

m! =
v2

2
Y T

! M ! 1
R Y! , (22)

where v/
!

2 = "H # is the vacuum expectation value of the Higgs boson. As the simple
and important example, let us consider a simpliÞed parameter set,! ! = ! R = cR = 0.
In this case, the resulting small neutrino mass is also democratic type with the diagonal
breaking term:

m(0)
! =

v2

2
1

mR

!

" K 2
!

3K R

#

$
1 1 1
1 1 1
1 1 1

%

& +

#

$
0 0 0
0 #2

! / #R 0
0 0 $2

! / $R

%

&

'

( . (23)

Note that this is the exact results and no approximation is used.
In order to obtain observed large mixing angles ofUPMNS , the diagonalization ofm!

should have only small mixing angles. Otherwise, the diagonalization ofm! cancel outs
that of the charged lepton mass, orYe, which is almost diagonalized byUDC (9). Then,
the following hierarchical relation is required phenomenologically:

K 2
!

3K R
$

#2
!

#R
$

$2
!

$R
. (24)

Accordingly, the normal hierarchy (NH) m1 $ m2 $ m3 is forced for these parameter
sets,and both inverted hierarchical and degenerated masses are excluded.

If we treat m1 as a small perturbation, the mass matrix (23) is diagonalized at the
leading order as

m(0)
! =

#

)
$

m(0)
1 m(0)

1 m(0)
1

m(0)
1 m(0)

2 m(0)
1

m(0)
1 m(0)

1 m(0)
3

%

*
& % V! mdiag

! V  
! , (25)

&

#

)
)
)
)
$

1 m(0)
1

m(0)
2

m(0)
1

m(0)
3

' m(0)
1

m(0)
2

1 m(0)
1

m(0)
3

' m(0)
1

m(0)
3

' m(0)
1

m(0)
3

1

%

*
*
*
*
&

#

)
$

m(0)
1 0 0
0 m(0)

2 0
0 0 m(0)

3

%

*
&

#

)
)
)
)
$

1 ' m(0)
1

m(0)
2

' m(0)
1

m(0)
3

m(0)
1

m(0)
2

1 ' m(0)
1

m(0)
3

m(0)
1

m(0)
3

m(0)
1

m(0)
3

1

%

*
*
*
*
&

, (26)

where

m(0)
1 =

v2

2mR

K 2
!

3K R
, m(0)

2 =
v2

2mR

+
#2

!

#R
+

K 2
!

3K R

,
, m(0)

3 =
v2

2mR

+
$2

!

$R
+

K 2
!

3K R

,
. (27)
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where the last numbers in the parentheses denote the best fit values. Here, we have taken

the large mixing MSW (LMA) solution to the solar neutrino problem, which is the most

preferable in the present experiments [8].

Recently, a positive indication for neutrinoless double beta decay has been reported,

with νe-νe component of the neutrino mass matrix |mνeνe
| ≃ 0.05–0.84eV [17]. Therefore,

it might be interesting to consider the degenerate neutrinos of mass of order O(0.1eV).

Hereafter, we take mν
i ≃ Mν ≃ 0.1eV as a representation. In this case the breaking

parameters in the neutrino mass matrix are obtained as εν = ∆m2
solar/(2M2

ν) ≃ 0.001–

0.025 and δν = ∆m2
atm/(2M2

ν) ≃ 0.05–0.3. We see that their orders of magnitudes are

just around those of the breaking parameters in charged lepton mass matrix, εl = 0.00665

and δl = 0.095, in Eq. (8).

One may worry about that the predicted value of the mixing angle for the solar

neutrino θ12 in Eq. (13) is too large to fit the experimental value. Even if we include the

effect of nonzero sin θl ≃ 0.066, the mixing angle of the solar neutrino oscillation is only

slightly reduced to sin2 2θ12 ≃ 0.99. However, a deviation from the nearly maximal mixing

for solar neutrino oscillation can be easily implemented by introducing small off-diagonal

elements κν in the neutrino mass matrix Eq (11):

Mν = Mν

⎡

⎢⎣
1 κν κν

κν 1 + εν κν

κν κν 1 + δν

⎤

⎥⎦ . (15)

Notice that the matrix of the off-diagonal elements has the form of the second matrix in

Eq. (10), which is also invariant under the S3(L) as noted before. The mixing matrix of

neutrino-oscillations is then given by U = (Vl)†Vν . Here, Vν is defined as

V †
ν MνVν = diag(mν

1, mν
2 , mν

3) , (16)

where mν
1 ≃ Mν , mν

2 ≃ Mν(1 + εν), mν
3 ≃ Mν(1 + δν). Here and hereafter, we require

κν < εν in order to ensure the nearly bi-large mixing for neutrino oscillations.

The neutrino mass matrix given in Eq. (15) has another interesting prediction on the

size of the Ue3. When the neutrino mass matrix is diagonal as in Eq. (11), the neutrino

mixing matrix U is entirely determined by Vl given in Eqs. (6) and (7). In this case, we

can immediately obtain the Ue3 element as

Ue3 = −
2√
6

sin θl +
λl√
3

sin 3θl ≃ −0.05 . (17)
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∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！
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Yν =
Kν

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζν 0 0
0 ϵν 0
0 0 δν

⎞

⎟⎠ , (2)

Ye =
Ke

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
ζe 0 0
0 ϵe 0
0 0 δe

⎞

⎟⎠ , (3)

MR = mR

⎡

⎢⎣
KR

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (4)

アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (5)

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (6)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (7)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (8)
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表 1: The charge assignments of the leptons under the discrete symme-
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where H denotes the Higgs doublet. There are two independent mass matrices that are

invariants under S3(L) symmetry [3]:

⎡

⎢⎣
1 0 0
0 1 0
0 0 1

⎤

⎥⎦ ,

⎡

⎢⎣
0 1 1
1 0 1
1 1 0

⎤

⎥⎦ . (10)

Here we take the first form for the time being, since it automatically leads to the large

mixing angles for both of the solar and the atmospheric neutrinos. (We will add the

second mass matrix later.) Then, the neutrinos are degenerate in mass. With symmetry

breaking terms in diagonal elements, the neutrino mass matrix is given by

Mν =
f⟨H⟩2

M
= Mν

⎡

⎢⎣
1

1 + εν

1 + δν

⎤

⎥⎦ . (11)

The neutrino-mixing matrix in the basis where the mass matrix for the charged leptons

is diagonal is given by U = (Vl)† as 2

U = (ABl)
† ≃ A† =

⎡

⎢⎣
1/
√

2 −1/
√

2 0
1/
√

6 1/
√

6 −2/
√

6
1/
√

3 1/
√

3 1/
√

3

⎤

⎥⎦ . (12)

As denoted, this indicates nearly bi-maximal neutrino oscillations, i.e.,

sin2 2θ12 ≃ 1 , sin2 2θ23 ≃
8

9
, (13)

where θ12 and θ23 are the solar and the atmospheric neutrino mixing angles, respectively.

Furthermore, the Ue3 element automatically vanishes, Ue3 ≃ 0. The mass squared dif-

ferences for solar and atmospheric neutrino oscillations are given by ∆m2
solar ≃ 2M2

νεν and

∆m2
atm ≃ 2M2

νδν , and hence the breaking parameters should satisfy εν/δν ≃ ∆m2
solar/∆m2

atm.

The experimentally observed values for these quantities are given by [7, 16]

∆m2
atm = {(1.0 − 6.0), 3.2}× 10−3eV2

∆m2
solar = {(2 − 50), 4.9}× 10−5eV2

sin22θ23 = {(0.83 − 1), 1}

tan2θ12 = {(0.2 − 0.8), 0.37} , (14)
2 Here, we have neglected the small mixing angle ! l of charged leptons.
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as

uRi =

⎛

⎝
uR

cR

tR

⎞

⎠ , dRi =

⎛

⎝
dR

sR

bR

⎞

⎠ , eRi =

⎛

⎝
eR

µR

τR

⎞

⎠ , (3)

and the left-handed fermions are written as similar way. The representation of S(abc)
ij is

S(123)
(L,R) =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , S(213)
(L,R) =

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , S(132)
(L,R) =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ , (4)

S(321)
(L,R) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ , S(312)
(L,R) =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ , S(231)
(L,R) =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+ cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U †
DCYfUDC (10)

=

⎛

⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎠

⎡

⎣Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠

⎤

⎦

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ (11)

= Kf

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠+

⎛

⎜⎝

1
2(ζf + ϵf )

1
2
√

3
(ζf − ϵf )

1√
6
(ζf − ϵf )

1
2
√

3
(ζf − ϵf )

1
6(ζf + ϵf + 4δf )

1
3
√

2
(ζf + ϵf − 2δf )

1√
6
(ζf − ϵf )

1
3
√

2
(ζf + ϵf − 2δf )

1
3(ζf + ϵf + δf )

⎞

⎟⎠ . (12)
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4 Simplified case: ! " = ! R = cR = 0

From the Yukawa matrices Eq. (1) and the mass matrix Eq. (7), the small neutrino mass
is obtained by the seesaw mechanism [25]

m! =
v2

2
Y T

! M ! 1
R Y! , (22)

where v/
!

2 = "H # is the vacuum expectation value of the Higgs boson. As the simple
and important example, let us consider a simpliÞed parameter set,! ! = ! R = cR = 0.
In this case, the resulting small neutrino mass is also democratic type with the diagonal
breaking term:

m(0)
! =

v2

2
1

mR

!

" K 2
!

3K R

#

$
1 1 1
1 1 1
1 1 1

%

& +

#

$
0 0 0
0 #2

! / #R 0
0 0 $2

! / $R

%

&

'

( . (23)

Note that this is the exact results and no approximation is used.
In order to obtain observed large mixing angles ofUPMNS , the diagonalization ofm!

should have only small mixing angles. Otherwise, the diagonalization ofm! cancel outs
that of the charged lepton mass, orYe, which is almost diagonalized byUDC (9). Then,
the following hierarchical relation is required phenomenologically:

K 2
!

3K R
$

#2
!

#R
$

$2
!

$R
. (24)

Accordingly, the normal hierarchy (NH) m1 $ m2 $ m3 is forced for these parameter
sets,and both inverted hierarchical and degenerated masses are excluded.

If we treat m1 as a small perturbation, the mass matrix (23) is diagonalized at the
leading order as

m(0)
! =

#

)
$

m(0)
1 m(0)

1 m(0)
1

m(0)
1 m(0)

2 m(0)
1

m(0)
1 m(0)

1 m(0)
3

%

*
& % V! mdiag

! V  
! , (25)

&

#

)
)
)
)
$

1 m(0)
1

m(0)
2

m(0)
1

m(0)
3

' m(0)
1

m(0)
2

1 m(0)
1

m(0)
3

' m(0)
1

m(0)
3

' m(0)
1

m(0)
3

1

%

*
*
*
*
&

#

)
$

m(0)
1 0 0
0 m(0)

2 0
0 0 m(0)

3

%

*
&

#

)
)
)
)
$

1 ' m(0)
1

m(0)
2

' m(0)
1

m(0)
3

m(0)
1

m(0)
2

1 ' m(0)
1

m(0)
3

m(0)
1

m(0)
3

m(0)
1

m(0)
3

1

%

*
*
*
*
&

, (26)

where

m(0)
1 =

v2

2mR

K 2
!

3K R
, m(0)

2 =
v2

2mR

+
#2

!

#R
+

K 2
!

3K R

,
, m(0)

3 =
v2

2mR

+
$2

!

$R
+

K 2
!

3K R

,
. (27)
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where the last numbers in the parentheses denote the best fit values. Here, we have taken

the large mixing MSW (LMA) solution to the solar neutrino problem, which is the most

preferable in the present experiments [8].

Recently, a positive indication for neutrinoless double beta decay has been reported,

with νe-νe component of the neutrino mass matrix |mνeνe
| ≃ 0.05–0.84eV [17]. Therefore,

it might be interesting to consider the degenerate neutrinos of mass of order O(0.1eV).

Hereafter, we take mν
i ≃ Mν ≃ 0.1eV as a representation. In this case the breaking

parameters in the neutrino mass matrix are obtained as εν = ∆m2
solar/(2M2

ν) ≃ 0.001–

0.025 and δν = ∆m2
atm/(2M2

ν) ≃ 0.05–0.3. We see that their orders of magnitudes are

just around those of the breaking parameters in charged lepton mass matrix, εl = 0.00665

and δl = 0.095, in Eq. (8).

One may worry about that the predicted value of the mixing angle for the solar

neutrino θ12 in Eq. (13) is too large to fit the experimental value. Even if we include the

effect of nonzero sin θl ≃ 0.066, the mixing angle of the solar neutrino oscillation is only

slightly reduced to sin2 2θ12 ≃ 0.99. However, a deviation from the nearly maximal mixing

for solar neutrino oscillation can be easily implemented by introducing small off-diagonal

elements κν in the neutrino mass matrix Eq (11):

Mν = Mν

⎡

⎢⎣
1 κν κν

κν 1 + εν κν

κν κν 1 + δν

⎤

⎥⎦ . (15)

Notice that the matrix of the off-diagonal elements has the form of the second matrix in

Eq. (10), which is also invariant under the S3(L) as noted before. The mixing matrix of

neutrino-oscillations is then given by U = (Vl)†Vν . Here, Vν is defined as

V †
ν MνVν = diag(mν

1, mν
2 , mν

3) , (16)

where mν
1 ≃ Mν , mν

2 ≃ Mν(1 + εν), mν
3 ≃ Mν(1 + δν). Here and hereafter, we require

κν < εν in order to ensure the nearly bi-large mixing for neutrino oscillations.

The neutrino mass matrix given in Eq. (15) has another interesting prediction on the

size of the Ue3. When the neutrino mass matrix is diagonal as in Eq. (11), the neutrino

mixing matrix U is entirely determined by Vl given in Eqs. (6) and (7). In this case, we

can immediately obtain the Ue3 element as

Ue3 = −
2√
6

sin θl +
λl√
3

sin 3θl ≃ −0.05 . (17)

4

where H denotes the Higgs doublet. There are two independent mass matrices that are
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⎡

⎢⎣
0 1 1
1 0 1
1 1 0

⎤

⎥⎦ . (10)

Here we take the first form for the time being, since it automatically leads to the large

mixing angles for both of the solar and the atmospheric neutrinos. (We will add the

second mass matrix later.) Then, the neutrinos are degenerate in mass. With symmetry

breaking terms in diagonal elements, the neutrino mass matrix is given by

Mν =
f⟨H⟩2

M
= Mν

⎡

⎢⎣
1

1 + εν

1 + δν

⎤

⎥⎦ . (11)

The neutrino-mixing matrix in the basis where the mass matrix for the charged leptons

is diagonal is given by U = (Vl)† as 2

U = (ABl)
† ≃ A† =

⎡

⎢⎣
1/
√

2 −1/
√

2 0
1/
√

6 1/
√

6 −2/
√

6
1/
√

3 1/
√

3 1/
√

3

⎤

⎥⎦ . (12)

As denoted, this indicates nearly bi-maximal neutrino oscillations, i.e.,

sin2 2θ12 ≃ 1 , sin2 2θ23 ≃
8

9
, (13)

where θ12 and θ23 are the solar and the atmospheric neutrino mixing angles, respectively.

Furthermore, the Ue3 element automatically vanishes, Ue3 ≃ 0. The mass squared dif-

ferences for solar and atmospheric neutrino oscillations are given by ∆m2
solar ≃ 2M2

νεν and

∆m2
atm ≃ 2M2

νδν , and hence the breaking parameters should satisfy εν/δν ≃ ∆m2
solar/∆m2

atm.

The experimentally observed values for these quantities are given by [7, 16]

∆m2
atm = {(1.0 − 6.0), 3.2}× 10−3eV2

∆m2
solar = {(2 − 50), 4.9}× 10−5eV2

sin22θ23 = {(0.83 − 1), 1}

tan2θ12 = {(0.2 − 0.8), 0.37} , (14)
2 Here, we have neglected the small mixing angle ! l of charged leptons.
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表 1: The charge assignments of the leptons under the discrete symme-
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3
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⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as

uRi =

⎛

⎝
uR

cR

tR

⎞

⎠ , dRi =

⎛

⎝
dR

sR

bR

⎞

⎠ , eRi =

⎛

⎝
eR

µR

τR

⎞

⎠ , (3)

and the left-handed fermions are written as similar way. The representation of S(abc)
ij is

S(123)
(L,R) =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , S(213)
(L,R) =

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , S(132)
(L,R) =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ , (4)

S(321)
(L,R) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ , S(312)
(L,R) =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ , S(231)
(L,R) =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3
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⎝
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⎠+ cR
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⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
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− 1√
2
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6
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3

⎞

⎟⎠ . (9)
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠ , (1)

where f is the SM fermions f = u, d, e. The first term (often called “democratic” mass
matrix [17, 18] is realized by assigning fermions fL,R as 1L,R + 2L,R under the S3L × S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed fields are explicitly written as

uRi =

⎛

⎝
uR

cR

tR

⎞

⎠ , dRi =

⎛

⎝
dR

sR

bR

⎞

⎠ , eRi =

⎛

⎝
eR

µR

τR

⎞

⎠ , (3)

and the left-handed fermions are written as similar way. The representation of S(abc)
ij is

S(123)
(L,R) =

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , S(213)
(L,R) =

⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , S(132)
(L,R) =

⎛

⎝
1 0 0
0 0 1
0 1 0

⎞

⎠ , (4)

S(321)
(L,R) =

⎛

⎝
0 0 1
0 1 0
1 0 0

⎞

⎠ , S(312)
(L,R) =

⎛

⎝
0 0 1
1 0 0
0 1 0

⎞

⎠ , S(231)
(L,R) =

⎛

⎝
0 1 0
0 0 1
1 0 0

⎞

⎠ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf ≫ δf ≫ ϵf ≫ ζf , (6)

is assumed. For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν ∼ cν diag(1, 1, 1). This degenerated Yν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos νRi transform
as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3
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⎝
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1 1 1
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⎞

⎠+ cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ≫ cR, KR ≫ δR ≫ ϵR ≫ ζR, (8)

is also assumed.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =
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1√
2

1√
6

1√
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− 1√
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6
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3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,
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パイオン質量
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Model is dead  

where the last numbers in the parentheses denote the best fit values. Here, we have taken

the large mixing MSW (LMA) solution to the solar neutrino problem, which is the most

preferable in the present experiments [8].

Recently, a positive indication for neutrinoless double beta decay has been reported,

with νe-νe component of the neutrino mass matrix |mνeνe
| ≃ 0.05–0.84eV [17]. Therefore,

it might be interesting to consider the degenerate neutrinos of mass of order O(0.1eV).

Hereafter, we take mν
i ≃ Mν ≃ 0.1eV as a representation. In this case the breaking

parameters in the neutrino mass matrix are obtained as εν = ∆m2
solar/(2M2

ν) ≃ 0.001–

0.025 and δν = ∆m2
atm/(2M2

ν) ≃ 0.05–0.3. We see that their orders of magnitudes are

just around those of the breaking parameters in charged lepton mass matrix, εl = 0.00665

and δl = 0.095, in Eq. (8).

One may worry about that the predicted value of the mixing angle for the solar

neutrino θ12 in Eq. (13) is too large to fit the experimental value. Even if we include the

effect of nonzero sin θl ≃ 0.066, the mixing angle of the solar neutrino oscillation is only

slightly reduced to sin2 2θ12 ≃ 0.99. However, a deviation from the nearly maximal mixing

for solar neutrino oscillation can be easily implemented by introducing small off-diagonal

elements κν in the neutrino mass matrix Eq (11):

Mν = Mν

⎡

⎢⎣
1 κν κν

κν 1 + εν κν

κν κν 1 + δν

⎤

⎥⎦ . (15)

Notice that the matrix of the off-diagonal elements has the form of the second matrix in

Eq. (10), which is also invariant under the S3(L) as noted before. The mixing matrix of

neutrino-oscillations is then given by U = (Vl)†Vν . Here, Vν is defined as

V †
ν MνVν = diag(mν

1, mν
2 , mν

3) , (16)

where mν
1 ≃ Mν , mν

2 ≃ Mν(1 + εν), mν
3 ≃ Mν(1 + δν). Here and hereafter, we require

κν < εν in order to ensure the nearly bi-large mixing for neutrino oscillations.

The neutrino mass matrix given in Eq. (15) has another interesting prediction on the

size of the Ue3. When the neutrino mass matrix is diagonal as in Eq. (11), the neutrino

mixing matrix U is entirely determined by Vl given in Eqs. (6) and (7). In this case, we

can immediately obtain the Ue3 element as

Ue3 = −
2√
6

sin θl +
λl√
3

sin 3θl ≃ −0.05 . (17)

4

where H denotes the Higgs doublet. There are two independent mass matrices that are

invariants under S3(L) symmetry [3]:

⎡

⎢⎣
1 0 0
0 1 0
0 0 1

⎤

⎥⎦ ,

⎡

⎢⎣
0 1 1
1 0 1
1 1 0

⎤

⎥⎦ . (10)

Here we take the first form for the time being, since it automatically leads to the large

mixing angles for both of the solar and the atmospheric neutrinos. (We will add the

second mass matrix later.) Then, the neutrinos are degenerate in mass. With symmetry

breaking terms in diagonal elements, the neutrino mass matrix is given by

Mν =
f⟨H⟩2

M
= Mν

⎡

⎢⎣
1

1 + εν

1 + δν

⎤

⎥⎦ . (11)

The neutrino-mixing matrix in the basis where the mass matrix for the charged leptons

is diagonal is given by U = (Vl)† as 2

U = (ABl)
† ≃ A† =

⎡

⎢⎣
1/
√

2 −1/
√

2 0
1/
√

6 1/
√

6 −2/
√

6
1/
√

3 1/
√

3 1/
√

3

⎤

⎥⎦ . (12)

As denoted, this indicates nearly bi-maximal neutrino oscillations, i.e.,

sin2 2θ12 ≃ 1 , sin2 2θ23 ≃
8

9
, (13)

where θ12 and θ23 are the solar and the atmospheric neutrino mixing angles, respectively.

Furthermore, the Ue3 element automatically vanishes, Ue3 ≃ 0. The mass squared dif-

ferences for solar and atmospheric neutrino oscillations are given by ∆m2
solar ≃ 2M2

νεν and

∆m2
atm ≃ 2M2

νδν , and hence the breaking parameters should satisfy εν/δν ≃ ∆m2
solar/∆m2

atm.

The experimentally observed values for these quantities are given by [7, 16]

∆m2
atm = {(1.0 − 6.0), 3.2}× 10−3eV2

∆m2
solar = {(2 − 50), 4.9}× 10−5eV2

sin22θ23 = {(0.83 − 1), 1}

tan2θ12 = {(0.2 − 0.8), 0.37} , (14)
2 Here, we have neglected the small mixing angle ! l of charged leptons.
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振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
アレ、ζ = −ϵ版、

U †
DCYqUDC
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2δq 6Kf + 2δq

⎞

⎟⎠ , (2)

S3L S3R

lLi 1L + 2L 1R

νRi 1L + 2L 1R

eRi 1L 1R + 2R

表 1: The charge assignments of the leptons under the discrete symme-
tries.
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1

where the last numbers in the parentheses denote the best fit values. Here, we have taken

the large mixing MSW (LMA) solution to the solar neutrino problem, which is the most

preferable in the present experiments [8].

Recently, a positive indication for neutrinoless double beta decay has been reported,

with νe-νe component of the neutrino mass matrix |mνeνe
| ≃ 0.05–0.84eV [17]. Therefore,

it might be interesting to consider the degenerate neutrinos of mass of order O(0.1eV).

Hereafter, we take mν
i ≃ Mν ≃ 0.1eV as a representation. In this case the breaking

parameters in the neutrino mass matrix are obtained as εν = ∆m2
solar/(2M2

ν) ≃ 0.001–

0.025 and δν = ∆m2
atm/(2M2

ν) ≃ 0.05–0.3. We see that their orders of magnitudes are

just around those of the breaking parameters in charged lepton mass matrix, εl = 0.00665

and δl = 0.095, in Eq. (8).

One may worry about that the predicted value of the mixing angle for the solar

neutrino θ12 in Eq. (13) is too large to fit the experimental value. Even if we include the

effect of nonzero sin θl ≃ 0.066, the mixing angle of the solar neutrino oscillation is only

slightly reduced to sin2 2θ12 ≃ 0.99. However, a deviation from the nearly maximal mixing

for solar neutrino oscillation can be easily implemented by introducing small off-diagonal

elements κν in the neutrino mass matrix Eq (11):

Mν = Mν

⎡

⎢⎣
1 κν κν

κν 1 + εν κν

κν κν 1 + δν

⎤

⎥⎦ . (15)

Notice that the matrix of the off-diagonal elements has the form of the second matrix in

Eq. (10), which is also invariant under the S3(L) as noted before. The mixing matrix of

neutrino-oscillations is then given by U = (Vl)†Vν . Here, Vν is defined as

V †
ν MνVν = diag(mν

1, mν
2 , mν

3) , (16)

where mν
1 ≃ Mν , mν

2 ≃ Mν(1 + εν), mν
3 ≃ Mν(1 + δν). Here and hereafter, we require

κν < εν in order to ensure the nearly bi-large mixing for neutrino oscillations.

The neutrino mass matrix given in Eq. (15) has another interesting prediction on the

size of the Ue3. When the neutrino mass matrix is diagonal as in Eq. (11), the neutrino

mixing matrix U is entirely determined by Vl given in Eqs. (6) and (7). In this case, we

can immediately obtain the Ue3 element as

Ue3 = −
2√
6

sin θl +
λl√
3

sin 3θl ≃ −0.05 . (17)

4

where H denotes the Higgs doublet. There are two independent mass matrices that are

invariants under S3(L) symmetry [3]:

⎡

⎢⎣
1 0 0
0 1 0
0 0 1

⎤

⎥⎦ ,

⎡

⎢⎣
0 1 1
1 0 1
1 1 0

⎤

⎥⎦ . (10)

Here we take the first form for the time being, since it automatically leads to the large

mixing angles for both of the solar and the atmospheric neutrinos. (We will add the

second mass matrix later.) Then, the neutrinos are degenerate in mass. With symmetry

breaking terms in diagonal elements, the neutrino mass matrix is given by

Mν =
f⟨H⟩2

M
= Mν

⎡

⎢⎣
1

1 + εν

1 + δν

⎤

⎥⎦ . (11)

The neutrino-mixing matrix in the basis where the mass matrix for the charged leptons

is diagonal is given by U = (Vl)† as 2

U = (ABl)
† ≃ A† =

⎡

⎢⎣
1/
√

2 −1/
√

2 0
1/
√

6 1/
√

6 −2/
√

6
1/
√

3 1/
√

3 1/
√

3

⎤

⎥⎦ . (12)

As denoted, this indicates nearly bi-maximal neutrino oscillations, i.e.,

sin2 2θ12 ≃ 1 , sin2 2θ23 ≃
8

9
, (13)

where θ12 and θ23 are the solar and the atmospheric neutrino mixing angles, respectively.

Furthermore, the Ue3 element automatically vanishes, Ue3 ≃ 0. The mass squared dif-

ferences for solar and atmospheric neutrino oscillations are given by ∆m2
solar ≃ 2M2

νεν and

∆m2
atm ≃ 2M2

νδν , and hence the breaking parameters should satisfy εν/δν ≃ ∆m2
solar/∆m2

atm.

The experimentally observed values for these quantities are given by [7, 16]

∆m2
atm = {(1.0 − 6.0), 3.2}× 10−3eV2

∆m2
solar = {(2 − 50), 4.9}× 10−5eV2

sin22θ23 = {(0.83 − 1), 1}

tan2θ12 = {(0.2 − 0.8), 0.37} , (14)
2 Here, we have neglected the small mixing angle ! l of charged leptons.
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3 Yukawa matrices with democratic texture

In the democratic mass matrix approach [14, 15, 16, 17, 18, 19, 20, 21, 22, 23], the Yukawa
matrices are assumed to be the following texture:

Yf =
Kf

3

!

"
1 1 1
1 1 1
1 1 1

#

$ +

!

"
! f 0 0
0 "f 0
0 0 #f

#

$ , (1)

wheref is the SM fermionsf = u, d, e. The Þrst term (often called ÒdemocraticÓ mass
matrix [17,18] is realized by assigning fermionsfL,R as 1L ,R + 2L ,R under the S3L ! S3R

symmetry;

f ′
(L,R)i = S(abc)

(L,R)ijf(L,R)j, (2)

For example, right-handed Þelds are explicitly written as

uRi =

!

"
uR

cR

tR

#

$ , dRi =

!

"
dR

sR

bR

#

$ , eRi =

!

"
eR

µR

$R

#

$ , (3)

and the left-handed fermions are written as similar way. The representation ofS(abc)
ij is

S(123)
(L,R) =

!

"
1 0 0
0 1 0
0 0 1

#

$ , S(213)
(L,R) =

!

"
0 1 0
1 0 0
0 0 1

#

$ , S(132)
(L,R) =

!

"
1 0 0
0 0 1
0 1 0

#

$ , (4)

S(321)
(L,R) =

!

"
0 0 1
0 1 0
1 0 0

#

$ , S(312)
(L,R) =

!

"
0 0 1
1 0 0
0 1 0

#

$ , S(231)
(L,R) =

!

"
0 1 0
0 0 1
1 0 0

#

$ . (5)

The second term in Eq. (1) breaks the permutation symmetry slightly [15,16]. Here, the
hierarchical relation

Kf " #f " "f " ! f , (6)

is assumed.For the sake of simplicity of the discussion, we assume all breaking
parameters are real. The discussion on the CP violation is given later.

The previous study by Fujii, Hamaguchi, and Yanagida [24] has derived the large
mixing angles of light neutrinos by the seesaw mechanism, assuming almost degenerated
neutrino Yukawa matrix Yν # cν diag(1, 1, 1). This degeneratedYν is aesthetically unsat-
isfactory, because it is realized by assuming that the right-handed neutrinos%Ri transform
as Òleft-handed ÞeldsÓ2L + 1L under the S3L ! S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand uniÞed theory (GUT).

Then, in this paper, %Ri are assumed to transform as Òright-handed ÞeldsÓ
2R + 1R under the S3L ! S3R symmetry. The charge assignment of the leptons
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as “left-handed fields” 2L + 1L under the S3L × S3R symmetry. Furthermore, the degen-
erated Yν is undesirable in viewpoints of grand unified theory (GUT).

Then, in this paper, νRi are assumed to transform as “right-handed fields”
2R + 1R under the S3L × S3R symmetry. The charge assignment of the leptons

4

By	
  the	
  Seesaw	
  mechanism,	


4 Simplified case: ! " = ! R = cR = 0

From the Yukawa matrices Eq. (1) and the mass matrix Eq. (7), the small neutrino mass
is obtained by the seesaw mechanism [25]

m! =
v2

2
Y T

! M ! 1
R Y! , (22)

where v/
!

2 = "H # is the vacuum expectation value of the Higgs boson. As the simple
and important example, let us consider a simpliÞed parameter set,! ! = ! R = cR = 0.
In this case, the resulting small neutrino mass is also democratic type with the diagonal
breaking term:

m(0)
! =

v2

2
1

mR

!

" K 2
!

3K R

#

$
1 1 1
1 1 1
1 1 1

%

& +

#

$
0 0 0
0 #2

! / #R 0
0 0 $2

! / $R

%

&

'

( . (23)

Note that this is the exact results and no approximation is used.
In order to obtain observed large mixing angles ofUPMNS , the diagonalization ofm!

should have only small mixing angles. Otherwise, the diagonalization ofm! cancel outs
that of the charged lepton mass, orYe, which is almost diagonalized byUDC (9). Then,
the following hierarchical relation is required phenomenologically:

K 2
!

3K R
$

#2
!

#R
$

$2
!

$R
. (24)

Accordingly, the normal hierarchy (NH) m1 $ m2 $ m3 is forced for these parameter
sets,and both inverted hierarchical and degenerated masses are excluded.

If we treat m1 as a small perturbation, the mass matrix (23) is diagonalized at the
leading order as

m(0)
! =

#

)
$

m(0)
1 m(0)

1 m(0)
1

m(0)
1 m(0)

2 m(0)
1

m(0)
1 m(0)

1 m(0)
3

%

*
& % V! mdiag

! V  
! , (25)

&

#

)
)
)
)
$

1 m(0)
1

m(0)
2

m(0)
1

m(0)
3

' m(0)
1

m(0)
2

1 m(0)
1

m(0)
3

' m(0)
1

m(0)
3

' m(0)
1

m(0)
3

1

%

*
*
*
*
&

#

)
$

m(0)
1 0 0
0 m(0)

2 0
0 0 m(0)

3

%

*
&

#

)
)
)
)
$

1 ' m(0)
1

m(0)
2

' m(0)
1

m(0)
3

m(0)
1

m(0)
2

1 ' m(0)
1

m(0)
3

m(0)
1

m(0)
3

m(0)
1

m(0)
3

1

%

*
*
*
*
&

, (26)

where

m(0)
1 =

v2

2mR

K 2
!

3K R
, m(0)

2 =
v2

2mR

+
#2

!

#R
+

K 2
!

3K R

,
, m(0)

3 =
v2

2mR

+
$2

!

$R
+

K 2
!

3K R

,
. (27)
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S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+ cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠+

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

KR ! cR, KR ! δR ! ϵR ! ζR, (8)

is also required.

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1!
2

1!
6

1!
3

" 1!
2

1!
6

1!
3

0 "
!

2!
3

1!
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U  
DCYfUDC (10)

=

⎛

⎜⎝

1!
2

" 1!
2

0
1!
6

1!
6

"
!

2!
3

1!
3

1!
3

1!
3

⎞

⎟⎠

⎡

⎣Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠

⎤

⎦

⎛

⎜⎝

1!
2

1!
6

1!
3

" 1!
2

1!
6

1!
3

0 "
!

2!
3

1!
3

⎞

⎟⎠ (11)

= Kf

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠+

⎛

⎜⎝

1
2(ζf + ϵf )

1
2
!

3
(ζf " ϵf )

1!
6
(ζf " ϵf )

1
2
!

3
(ζf " ϵf )

1
6(ζf + ϵf + 4δf )

1
3
!

2
(ζf + ϵf " 2δf )

1!
6
(ζf " ϵf )

1
3
!

2
(ζf + ϵf " 2δf )

1
3(ζf + ϵf + δf )

⎞

⎟⎠ . (12)
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⇒masses	
  and	
  mixings	


S3L S3R

lLi 1L + 2L 1R

! Ri , eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν . The texture of
Yukawa matrices are determined as Eq. ( 1) for all SM leptons f = ! , e.

Due to the charge assignment, the majorana mass term of! Ri invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣K R

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠ + cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ +

⎛

⎝
"R 0 0
0 #R 0
0 0 $R

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term toMR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then,

K R ≫ cR, K R ≫ $R ≫ #R ≫ "R, (8)

is also required.

When we analyze the matrices (1), at Þrst the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U†
DC Yf UDC (10)

=

⎛

⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎠

⎡

⎣K f

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠ +

⎛

⎝
"f 0 0
0 #f 0
0 0 $f

⎞

⎠

⎤

⎦

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ (11)

= K f

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠ +

⎛

⎜⎝

1
2("f + #f ) 1

2
√

3
("f − #f ) 1√

6
("f − #f )

1
2
√

3
("f − #f ) 1

6("f + #f + 4$f ) 1
3
√

2
("f + #f − 2$f )

1√
6
("f − #f ) 1

3
√

2
("f + #f − 2$f ) 1

3("f + #f + $f )

⎞

⎟⎠ . (12)
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S3L S3R

lLi 1L + 2L 1R

νRi, eRi 1L 1R + 2R

Table 1: The charge assignments of the leptons under the discrete symmetries.

are shown in the Table 1. The symmetry breaking terms are assumed to be
diagonal and hierarchical, is basically same as the previous studies. These
assumptions realize hierarchical Yν and forbid degenerated Yν. The texture of
Yukawa matrices are determined as Eq. (1) for all SM leptons f = ν, e.

Due to the charge assignment, the majorana mass term of νRi invariant under the S3R

symmetry is found to be

MR = mR

⎡

⎣KR

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠ + cR

⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ +

⎛

⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎠

⎤

⎦ . (7)

Here, we assume the symmetry breaking term to MR is also the diagonal. The term
proportional to cR is forbidden for the Yν by the assignment. In order to cancel
out the hierarchy of Yν in the seesaw mechanism, the mass matrix (7) should be strongly
hierarchical. Then, KR ≫ cR is required. Since the term cR diag (1, 1, 1) is symmetric
under S3L × S3R, the parameter cR need not necessarily be small parameter.
Then, we assume

KR ≫ cR ≫ δR ≫ ϵR ≫ ζR. (8)

When we analyze the matrices (1), at first the democratic matrix is diagonalized by
the following unitary matrix:

UDC =

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ . (9)

It is explicitly written as,

U †
DCYfUDC (10)

=

⎛

⎜⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√

2√
3

1√
3

1√
3

1√
3

⎞

⎟⎠

⎡

⎣Kf

3

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠ +

⎛

⎝
ζf 0 0
0 ϵf 0
0 0 δf

⎞

⎠

⎤

⎦

⎛

⎜⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√

2√
3

1√
3

⎞

⎟⎠ (11)

= Kf

⎛

⎝
0 0 0
0 0 0
0 0 1

⎞

⎠ +

⎛

⎜⎝

1
2(ζf + ϵf )

1
2
√

3
(ζf − ϵf )

1√
6
(ζf − ϵf )

1
2
√

3
(ζf − ϵf )

1
6(ζf + ϵf + 4δf )

1
3
√

2
(ζf + ϵf − 2δf )

1√
6
(ζf − ϵf )

1
3
√

2
(ζf + ϵf − 2δf )

1
3(ζf + ϵf + δf )

⎞

⎟⎠ . (12)
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where

tan 2! f ! "
#

3
"f " #f

2$f " "f " #f
, %f =

&f

3
#

2K f
. (21)

Note that this system can be interpreted as a toy model of the mixing between neutral
mesons' 0, ( 0, ( !0. Indeed, in Eq. (1), the Þrst democratic term corresponds the gluonic
anomaly that provide( !0 mass and the second term does the small quark massesmu,d,s [29].
The mixing angle! f (21) is the same form to the' 0 - ( 0 mixing in the chiral perturbation
theory [30].

The similarity between the Yukawa interactions and the neutral meson mixing is in-
dicated since long years ago [31,32], and it suggests that fermion mass matrices might be
ruled by some mass gap phenomena or unknown underlying principle.

3 Simplified case: #) = #R = cR = 0

From the Yukawa matrices Eq. (1) and the mass matrix Eq. (7), thesmall neutrino mass
is obtained by the seesaw mechanism [25]

mν =
v2

2
Y T
ν M " 1

R Yν , (22)

where v/
#

2 = $H %is the vacuum expectation value of the Higgs boson. As the simple
and important example, let us consider a simpliÞed parameter set,#ν = #R = cR = 0.
In this case, the resulting small neutrino mass is also democratic type with the diagonal
breaking term:

m(0)
ν =

v2

2
1

mR

⎡

⎣

K 2
ν

3K R

⎛

⎝

1 1 1
1 1 1
1 1 1

⎞

⎠ +

⎛

⎝

0 0 0
0 "2

ν / "R 0
0 0 $2

ν / $R

⎞

⎠

⎤

⎦ . (23)

Note that this is the exact results and no approximation is used.
In order to obtain observed large mixing angles ofUPMNS , the diagonalization ofmν

should have only small mixing angles. Otherwise, the diagonalization ofmν cancel outs
that of the charged lepton mass, orYe, which is almost diagonalized byUDC (9). Then,
the following hierarchical relation is required phenomenologically:

K 2
ν

3K R
&

"2
ν

"R
&

$2
ν

$R
. (24)

Accordingly, the normal hierarchy (NH) m1 & m2 & m3 is forced for these parameter
sets, and both inverted hierarchical and degenerated masses are excluded.

5

The	
  neutrino	
  mass	
  matrix	
  	


5.1 Case 1: ζν ̸= ζR ̸= 0, cR = 0

For the finite (but small) ζν , ζR and cR = 0, the mass matrix mν calculated from the seesaw
formula (22) will be perturbed expression from the mass matrix for ζν = ζR = cR = 0
(23). When we expand the mass matrix in the first order of ζν , ζR, the perturbation is
found to be

m(1)
ν = m(0)

ν + δmν , (35)

where

δmν =
v2

2 mR

⎛

⎝
0 −rϵ −rδ

−rϵ 0 0
−rδ 0 0

⎞

⎠ ζν +
v2

2 mR

⎛

⎝
0 0 0
0 −r2

ϵ −rϵrδ

0 −rϵrδ −r2
δ

⎞

⎠ ζR. (36)

Here, we used the relation (??) rδ, rϵ ≫ rK . At first the mass matrix is diagonalized by

V (0)
ν = Vν in Eq. (26), and further diagonalized by the proper perturbation V (1)

ν :

m(1)
ν = V (1)†

ν V (0)†
ν (m(0)

ν + δmν)V
(0)
ν V (1)

ν , (37)

As a result, the mixing matrix is modified from Eq. (30)

U (1)
PMNS = U †

eV
(0)
ν V (1)

ν = U (0)
PMNSV

(1)
ν . (38)

Although the explicit form of V (1)
ν is troublesome, Ue3 found to be

Ue3 ≃
ϵνζR√
2δνϵR

− ζν√
2δν

. (39)

It suggest rather large parameters ζn, ζR ≃ 0.2δν , and contradict to the hierarchical
assumption Eqs. ( 6), ( 8). If we consider the unification between quarks and leptons
such as SO(10) GUT, this possibility is undesirable because Yν = Yu and the resulting θ13

is too suppressed by ζν/δν ! mu/mc, ϵν/δν ≃ mu/mc. However, with the assumption
ζn, ζR ≃ 0.2δν , we found some parameter regions where all elements are in 3 σ range of
Eq. (33).

5.2 Case 2: ζν = ζR = 0, cR ̸= 0

Since the term cR diag (1, 1, 1) is symmetric under S3L×S3R symmetry, we assume
cR ≫ δR ≫ ϵR, as in Eq. ( 8). In this case, parameters δR, ϵR does not appear at
the leading order.

The procedure is rather similar to the simplified case. The mass matrix is found to be

mν ≃ v2

2

1

mR

⎡

⎣ K2
ν

3KR

⎛

⎝
1 1 1
1 1 1
1 1 1

⎞

⎠ +
1

3cR

⎛

⎝
0 0 0
0 2 ϵ2

ν −δνϵν

0 −δνϵν 2 δ2
ν

⎞

⎠

⎤

⎦ . (40)
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It is not exact result, because we used hierarchical relation (8).
Eq. (40) is diagonalized at the leading order as

mν =

⎛

⎝
m1 m1 m1

m1 m2 m23

m1 m23 m3

⎞

⎠ ≡ Vνm
diag
ν V †

ν , (41)

Vν ≃

⎛

⎜⎝
1 m1

m2−m1

m1
m3−m1

− m1
m2−m1

1 m23
m3−m2

− m1
m3−m1

− m23
m3−m2

1

⎞

⎟⎠ . (42)

Here,

m1 =
v2

2 mR

K2
ν

3KR
, (43)

m2 =
v2

2 mR

(
2ϵ2

ν

3cR
+

K2
ν

3KR

)
≡ m1 + δm21, (44)

m3 =
v2

2 mR

(
2δ2

ν

3cR
+

K2
ν

3KR

)
≡ m1 + δm31. (45)

and

m23 =
v2

2 mR

(
K2

ν

3KR
− δνϵν

3cR

)
. (46)

Indeed, this parameter m23 is not independent from the mass m1 and the mass
differences δmi1 ≡ mi − m1(i = 2, 3):

m23 = m1 −
1

2

√
δm21 δm31 , (47)

Then, the mass matrix (40) has only three parameters and can be determined
by the neutrino masses mi.

In this case, the neutrino mixing matrix UPMNS is approximately given by product of
Eq. (30) and a mixing matrix

UPMNS = B†
eU

†
DCVν ≃ U (0)

PMNS

⎛

⎝
1 0 0
0 1 −m23

m3−m2

0 m23
m3−m2

1

⎞

⎠ . (48)

Accordingly, Ue3 is found to be

Ue3 ≃
1√
2

m23

m3 − m2

(
1 − m1

m2

)
. (49)
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At leading order, Only 3 parameters！ 

振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！
濱口さん版
cn,R ≫ Kν,R

Yν =
Kν

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζν 0 0
0 ϵν 0
0 0 δν

⎞

⎟⎠ , (2)

Ye =
Ke

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
ζe 0 0
0 ϵe 0
0 0 δe

⎞

⎟⎠ , (3)

MR = mR

⎡

⎢⎣
KR

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (4)

アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (5)

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (6)

パイオン質量

m2
π0 = (mu + md)B0 −

B0

2
(mu − md)2

2ms − mu − md
. (7)

m2
π0 =

−⟨q̄q⟩
f2
π

[
(mu + md) −

1
2

(mu − md)2

2ms − mu − md

]
, (8)

m2
π± = −(mu + md)

⟨q̄q⟩
f2
π

, (9)

1

	ü�“� �w�O��

H�„�x n �Í�i�Ñ�”�æ�¤�Þ�”�Å

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

1 16/07/Pascos

≡ VeY
diag
e V  

e .

2 16/01/ 京大セミナー！
	s�8�w�Ê�”�Ä ai 
ü�r�‘�“�z�7	s�T�’ elemental �›�z dy �t	{�V�õ�Q�•

�h�i�z�0� �x
Ç�M�o�M�”�z Higgs potential �w�ˆ�t�¶�è�U�K�”�z�T�m�z A ∧A
�x�‰�a�s�w�p�z

�§�M�x d5A5 �T�’�R�”�z
¥ elemental �w�q�V�€

d5A5 = d5! nmdym = [Mnm! ml − ! nlMlm]dym ∧ dyl, (2)

1

	ü�“� �w�O��

H�„�x n �Í�i�Ñ�”�æ�¤�Þ�”�Å

f (x) =
!

dnk
(2! )n f (k) eikx (1)

k = 0 �›
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1 16/07/Pascos

UPMNS = V  
e V! (2)

! VeY diag
e V  

e .

2 16/01/ �˜�G�·�Û�Æ�”�‚

	s�8�w�Ê�”�Ä ai 
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Ç�M�o�M�”�z Higgs potential �w�ˆ�t�¶�è�U�K�”�z�T�m�z A " A
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�§�M�x d5A5 �T�’�R�”�z
¥ elemental�w�q�V�€

d5A5 = d5! nm dym = [ M nm ! ml # ! nl M lm ]dym " dyl , (3)
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It is not exact result, because we used hierarchical relation (8).
Eq. (40) is diagonalized at the leading order as

m! =

!

"
m1 m1 m1

m1 m2 m23

m1 m23 m3

#

$ ! V! mdiag
! V  

! , (41)

V! "

!

%
"

1 m1
m2! m1

m1
m3! m1

# m1
m2! m1

1 m23
m3! m2

# m1
m3! m1

# m23
m3! m2

1

#

&
$ . (42)

Here,

m1 =
v2

2mR

K 2
!

3K R
, (43)

m2 =
v2

2mR

'
2! 2

!

3cR
+

K 2
!

3K R

(
! m1 + "m21, (44)

m3 =
v2

2mR

'
2" 2

!

3cR
+

K 2
!

3K R

(
! m1 + "m31. (45)

and

m23 =
v2

2mR

'
K 2

!

3K R
#

"! ! !

3cR

(
. (46)

Indeed, this parameter m23 is not independent from the mass m1 and the mass
di! erences "mi 1 ! mi # m1(i = 2, 3):

m23 = m1 #
1
2

)
"m21 "m31 , (47)

Then, the mass matrix (40) has only three parameters and can be determined
by the neutrino masses mi .

In this case, the neutrino mixing matrix UPMNS is approximately given by product of
Eq. (30) and a mixing matrix

UPMNS = B  
eU 

DC V! " U(0)
PMNS

!

"
1 0 0
0 1 ! m23

m3! m2

0 m23
m3! m2

1

#

$ . (48)

Accordingly, Ue3 is found to be

Ue3 "
1

$
2

m23

m3 # m2

'
1 #

m1

m2

(
. (49)
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It is not exact result, because we used hierarchical relation ( 8).
Eq. (40) is diagonalized at the leading order as

mν =

⎛

⎝
m1 m1 m1

m1 m2 m23

m1 m23 m3

⎞

⎠ ≡ Vνm
diag
ν V †

ν , (41)

Vν ≃

⎛

⎜⎝
1 m1

m2−m1

m1
m3−m1

− m1
m2−m1

1 m23
m3−m2

− m1
m3−m1

− m23
m3−m2

1

⎞

⎟⎠ . (42)

Here,

m1 =
v2

2mR

K2
ν

3KR
, (43)

m2 =
v2

2mR

(
2ϵ2

ν

3cR
+

K2
ν

3KR

)
≡ m1 + δm21, (44)

m3 =
v2

2mR

(
2δ2

ν

3cR
+

K2
ν

3KR

)
≡ m1 + δm31. (45)

and

m23 =
v2

2mR

(
K2

ν

3KR
− δνϵν

3cR

)
. (46)

Indeed, this parameter m23 is not independent from the mass m1 and the mass
differences δmi1 ≡ mi − m1(i = 2 , 3):

m23 = m1 −
1
2

√
δm21 δm31 , (47)

Then, the mass matrix ( 40) has only three parameters and can be determined
by the neutrino masses mi.

In this case, the neutrino mixing matrix UPMNS is approximately given by product of
Eq. (30) and a mixing matrix

UPMNS = B†
eU

†
DCVν ≃ U (0)

PMNS

⎛

⎝
1 0 0
0 1 −m23

m3−m2

0 m23
m3−m2

1

⎞

⎠ . (48)

Accordingly, Ue3 is found to be

Ue3 ≃
1√
2

m23

m3 − m2

(
1− m1

m2

)
. (49)
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Mixing	
  matrix	
  	


We	
  found	
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diag
! V †

! , (41)
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1 m1
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m1
m3−m1

− m1
m2−m1

1 m23
m3−m2

− m1
m3−m1

− m23
m3−m2

1

⎞

⎟⎠ . (42)
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!
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+
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!

3KR
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v2
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(
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!
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+

K2
!

3KR
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≡ m1 + δm31. (45)
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!
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. (46)
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Rewri&ng	
  UPMNS	
  considering	
  Ue3	
  as	
  an	
  input	
  parameter;	


Then, if we treat Ue3 as a perturbative input parameter, UPMNS is expressed by
known parameters except mi:

UPMNS ≃

⎛

⎜⎜⎜⎝

1√
2

+ m1√
2m2

− 1√
2

+ m1√
2m2

0

1√
6

+ mµ√
6mτ

− m1√
6m2

1√
6

+ mµ√
6mτ

+ m1√
6m2

−
√

2
3 + mµ√

6mτ

1√
3
− mµ

2
√

3mτ
− m1√

3m2

1√
3
− mµ

2
√

3mτ
+ m1√

3m2

1√
3

+ mµ√
3mτ

⎞

⎟⎟⎟⎠

×

⎛

⎜⎜⎜⎜⎜⎝

1 0 0

0 1 −
√

2 Ue3

(
m1
m2

− 1
)−1

0
√

2 Ue3

(
m1
m2

− 1
)−1

1

⎞

⎟⎟⎟⎟⎟⎠
. (50)

At the leading order, Uµ3 and Uτ3 are written by all known parameters:

Uµ3 ≃ − 1√
3
Ue3 −

√
2

3
+

mµ√
6mτ

= −0.701 → −0.713, (51)

Uτ3 ≃ −
√

2

3
Ue3 +

1√
3

+
mµ√
3mτ

= 0.723 → 0.740. (52)

Here, we used mµ = 105.6 MeV,mτ = 1776 MeV, and Ue3 = −0.137 → −0.158
(negative value is more preferred). These two elements are in 3σ range of
Eq. (33). However, these formula can have roughly 5 ∼ 10% error which come
from the second order perturbations of m1/m2, m2/m3, and Ue3

1. They are
inevitable predictions of this model.

If we set m1 = 0, δm21 = m2 ≃ 0.008 eV and δm31 = m3 ≃ 0.05 eV holds and Ue3 is
determined from Eq. (49),

Ue3 = −
√

m2m3

2
√

2 (m3 − m2)
≃ −0.168. (53)

This value is close to the global fit |Ue3| = 0.137 → 0.158. Then, treating m1 as a
perturbative parameter, we can predict m1 from error of Ue3:

m1 = (0.2 → 0.6) meV. (54)

On the other hand, consistency between Eq. (50) and the latest global analysis
Eq. (33), the mass ratio of lighter neutrinos is predicted as

0.138 ! m1

m2
! 0.150. (55)

1The terms like Ue3
m1
m2

are also regarded as the second order perturbations.
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At the leading order, 
Uμ3 , Uτ3 are expressed by known parameters!! 
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The	
  masses	
  	


Masses	
  are	
  determined	
  from	
  matching	
  to	
  exps.	


Then, the mass eigenvalues are found to be

m1 ! (1.1 " 1.4) meV, (56)

There is tension between the predictions from Ue3 and Ue(1,2,3), Uµ(1,2,3). However,
if we adopt ζe = # ϵe same as the previous study [?], Ue3 becomes Þnite at

the zeroth order, Ue3 = #
√

2me
3mµ

! # 0.056. In this case the tension will be

reconciled. Then, we tentatively discard the prediction ( 54), and reevaluate
relation between Ue3 and mi in the next study. The neutrino masses predicted
from Eq. ( 56) are found to be

m1 ! (1.1 " 1.4)meV, m2 ! (8.5 " 9.1) meV, m3 ! (48 " 51) meV. (57)

で、この結果は、Dune とかモトヒコの実験で検証出来ますよ、
で、ココに、モトヒコの実験を引いてくる！！ $ でも、Dune とかだって！
[?] D. N. Dinh, S. T. Petcov, N. Sasao, M. Tanaka and M. Yoshimura, Phys. Lett. B

719, 154 (2013) doi:10.1016/j.physletb.2013.01.015 [arXiv:1209.4808 [hep-ph]].
Ue3だけ、計算し直して書き直す、
To show an example, when we set the parameters as follows,

m1

m2
= 0.14, Ue3 = # 0.144, (58)

the numerical value of theUPMNS will be

UPMNS =

⎛

⎝
0.822 # 0.575 # 0.144
0.380 0.692 # 0.625
0.455 0.466 0.772

⎞

⎠ . (59)

In this matrix, all elements are in 3σ range of Eq. (33). It shows that the large mixing
angles consistent with the experiments are possible from the democratic mass matrices.
However, the derivation in this paper remains only at the tree level. The radiative cor-
rections [34, 35, 36] and threshold correction [37] will modify the results. We leave it for
our future work.

5.3 CP violation and relating observables

Effective mass in double beta decay experiment%mee&

%mee&=
3∑

i =1

mi U2
ei (60)

is calculated from Eq. (??) as

%mee& ! m1

(
1

'
2

+
m1'
2m2

)2

+ m2

(
#

1
'

2
+

m1'
2m2

)2

+ m3U2
e3, (61)

!
m2 # m1

2
+ m3U2

e3 ! 4.5 meV, (62)
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The	
  effec&ve	
  mass	
  in	
  0νββ	
  experiment	


振り子の法則
世界は n次元フーリエモード

f(x) =
∫

dnk

(2π)n
f(k) eikx (1)

k = 0を選択したときのみ、世界から白黒を取り除く事が出来る！！

0.1 16/06/埼玉大セミナー！

UPMNS = U (observed)
PMNS , (2)

濱口さん版
cn,R ≫ Kν,R

Yν =
Kν

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cν

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζν 0 0
0 ϵν 0
0 0 δν

⎞

⎟⎠ , (3)

Ye =
Ke

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
ζe 0 0
0 ϵe 0
0 0 δe

⎞

⎟⎠ , (4)

MR = mR

⎡

⎢⎣
KR

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+ cR

⎛

⎜⎝
1 0 0
0 1 0
0 0 1

⎞

⎟⎠+

⎛

⎜⎝
ζR 0 0
0 ϵR 0
0 0 δR

⎞

⎟⎠

⎤

⎥⎦ . (5)

アレ、ζ = −ϵ版、

U †
DCYqUDC

∼=
1
6

⎛

⎜⎝
0 −2

√
3ϵq −2

√
6ϵq

−2
√

3ϵq 4δq −2
√

2δq
−2

√
6ϵq −2

√
2δq 6Kf + 2δq

⎞

⎟⎠ , (6)

Yq =
Kq

3

⎛

⎜⎝
1 1 1
1 1 1
1 1 1

⎞

⎟⎠+

⎛

⎜⎝
−ϵq 0 0
0 ϵq 0
0 0 δq

⎞

⎟⎠ , (7)

1

Then, the mass eigenvalues are found to be

m1 ≃ (1.1 → 1.4) meV, (56)

There is tension between the predictions from Ue3 and Ue(1,2,3), Uµ(1,2,3). However,
if we adopt ζe = −ϵe same as the previous study [?], Ue3 becomes finite at

the zeroth order, Ue3 = −
√

2me
3mµ

≃ −0.056. In this case the tension will be

reconciled. Then, we tentatively discard the prediction (54), and reevaluate
relation between Ue3 and mi in the next study. The neutrino masses predicted
from Eq. (56) are found to be

m1 ≃ (1.1 → 1.4)meV, m2 ≃ (8.5 → 9.1) meV, m3 ≃ (48 → 51) meV. (57)

で、この結果は、Duneとかモトヒコの実験で検証出来ますよ、
で、ココに、モトヒコの実験を引いてくる！！ ⇒ でも、Duneとかだって！
[?] D. N. Dinh, S. T. Petcov, N. Sasao, M. Tanaka and M. Yoshimura, Phys. Lett. B

719, 154 (2013) doi:10.1016/j.physletb.2013.01.015 [arXiv:1209.4808 [hep-ph]].
Ue3だけ、計算し直して書き直す、
To show an example, when we set the parameters as follows,

m1

m2
= 0.14, Ue3 = −0.144, (58)

the numerical value of the UPMNS will be

UPMNS =

⎛

⎝
0.822 −0.575 −0.144
0.380 0.692 −0.625
0.455 0.466 0.772

⎞

⎠ . (59)

In this matrix, all elements are in 3σ range of Eq. (33). It shows that the large mixing
angles consistent with the experiments are possible from the democratic mass matrices.
However, the derivation in this paper remains only at the tree level. The radiative cor-
rections [34, 35, 36] and threshold correction [37] will modify the results. We leave it for
our future work.

5.3 CP violation and relating observables

Effective mass in double beta decay experiment ⟨mee⟩

⟨mee⟩ =
3∑

i=1

miU
2
ei (60)

is calculated from Eq. (??) as

⟨mee⟩ ≃ m1

(
1√
2

+
m1√
2m2

)2

+ m2

(
− 1√

2
+

m1√
2m2

)2

+ m3U
2
e3, (61)

≃ m2 − m1

2
+ m3U

2
e3 ≃ 4.5 meV, (62)
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Conclusion	


AssumpAon：	
  
•  Neutrino	
  Yukawa	
  Yν	
  and	
  νR	
  majorana	
  mass	
  MR	
  
are	
  Democra&c	
  matrix	
  +	
  diagonal	
  breaking	
  term	
  

Result：	
  
•  mν	
  	
  obtained	
  (type	
  I)	
  seesaw	
  mech.	
  Is	
  consitent	
  to	
  
the	
  	
  recent	
  global	
  fit	
  and	
  predict	
  m1=1.1	
  –	
  1.4	
  
meV,	
  mee=4.5meV.	


	
  



That’s	
  all.	
  Thank	
  you!	
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Diagonaliza&on	

It is explicitly written as,

UDCYfU†
DC (9)

=

⎛

⎜

⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√
2√
3

1√
3

1√
3

1√
3

⎞

⎟

⎠

⎡

⎣

K f

3

⎛

⎝

1 1 1
1 1 1
1 1 1

⎞

⎠ +

⎛

⎝

ϵf 0 0
0 δf 0
0 0 λf

⎞

⎠

⎤

⎦

⎛

⎜

⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√
2√
3

1√
3

⎞

⎟

⎠
(10)

= K f

⎛

⎝

0 0 0
0 0 0
0 0 1

⎞

⎠ +

⎛

⎜

⎝

1
2(ϵf + δf ) 1

2
√
3
(ϵf − δf ) 1√

6
(ϵf − δf )

1
2
√
3
(ϵf − δf ) 1

6(ϵf + δf + 4λf ) 1
3
√
2
(ϵf + δf − 2λf )

1√
6
(ϵf − δf ) 1

3
√
2
(ϵf + δf − 2λf ) 1

3(ϵf + δf + λf )

⎞

⎟

⎠
. (11)

From the hierarchical relation (5), approximate form of this matrixfound to be the Òcas-
cade textureÓ [25]

UDCYfU†
DC

∼=
1
6

⎛

⎝

3δf −
√

3δf −
√

6δf
−
√

3δf 4λf −2
√

2λf

−
√

6δf −2
√

2λf 6K f

⎞

⎠ . (12)

If we assign ϵf = −δf , it leads to the zero texture (UDCYfU†
DC)11 = 0 proposed by

FritzschÐXing [19,26], that corresponds the Òhybrid textureÓ in Ref. [25].
Eq. (12) is perturbatively diagonalized as

UfYfU†
f = diag(y1f , y2f , y3f ), (13)

where

y1f = ( ϵf + δf + λf )/ 3− ξq/ 6, (14)

y2f = ( ϵf + δf + λf )/ 3 + ξq/ 6, (15)

y3f = K f + ( ϵf + δf + λf )/ 3, (16)

with

ξf =
√

(2λf − δf − ϵf )2 + 3( δf − ϵf )2]. (17)

Here, the second order perturbationsO(ϵ2f / δf , δ2f / λf ,λ2
f /K f ) are all ignored. If we use

Eq. (5), the eigenvalues (14) - (16) are approximated as the diagonal elements of Eq. (12),

y1f ≃
1
2
δf , y2f ≃

2
3
λf , y3f ≃ K f . (18)

The unitary matrices Uf = BfUDC are found to be [15,16,20]

Bf =

⎛

⎝

cosθf − sinθf −ζf sin 3θf

sinθf cosθf ζf cos 3θf

ζf sin 2θf −ζf cos 2θf 1

⎞

⎠ , (19)

3

It is explicitly written as,

UDCYf U
 
DC (9)

=

⎛

⎜

⎝

1!
2

! 1!
2

0
1!
6

1!
6

!
!

2!
3

1!
3

1!
3

1!
3

⎞

⎟

⎠

⎡

⎣

Kf

3

⎛

⎝

1 1 1
1 1 1
1 1 1

⎞

⎠ +

⎛

⎝

ϵf 0 0
0 δf 0
0 0 λf

⎞

⎠

⎤

⎦

⎛

⎜

⎝

1!
2

1!
6

1!
3

! 1!
2

1!
6

1!
3

0 !
!

2!
3

1!
3

⎞

⎟

⎠
(10)

= Kf

⎛

⎝

0 0 0
0 0 0
0 0 1

⎞

⎠ +

⎛

⎜

⎝

1
2(ϵf + δf ) 1

2
!

3
(ϵf ! δf ) 1!

6
(ϵf ! δf )

1
2
!

3
(ϵf ! δf ) 1

6(ϵf + δf + 4λf ) 1
3
!

2
(ϵf + δf ! 2λf )

1!
6
(ϵf ! δf ) 1

3
!

2
(ϵf + δf ! 2λf ) 1

3(ϵf + δf + λf )

⎞

⎟

⎠
. (11)

From the hierarchical relation (5), approximate form of this matrixfound to be the Òcas-
cade textureÓ [25]

UDCYf U
 
DC

"=
1
6

⎛

⎝

3δf !
#

3δf !
#

6δf

!
#

3δf 4λf ! 2
#

2λf

!
#

6δf ! 2
#

2λf 6Kf

⎞

⎠ . (12)

If we assign ϵf = ! δf , it leads to the zero texture (UDCYf U
 
DC )11 = 0 proposed by

FritzschÐXing [19,26], that corresponds the Òhybrid textureÓ in Ref. [25].
Eq. (12) is perturbatively diagonalized as

Uf Yf U
 
f = diag(y1f , y2f , y3f ), (13)

where

y1f = ( ϵf + δf + λf )/3 ! ξq/6, (14)

y2f = ( ϵf + δf + λf )/3 + ξq/6, (15)

y3f = Kf + ( ϵf + δf + λf )/3, (16)

with

ξf =
√

(2λf ! δf ! ϵf )2 + 3( δf ! ϵf )2]. (17)

Here, the second order perturbationsO(ϵ2
f /δf , δ2

f /λf ,λ2
f /Kf ) are all ignored. If we use

Eq. (5), the eigenvalues (14) - (16) are approximated as the diagonal elements of Eq. (12),

y1f $
1
2
δf , y2f $

2
3
λf , y3f $ Kf . (18)

The unitary matrices Uf = Bf UDC are found to be [15,16,20]

Bf =

⎛

⎝

cosθf ! sinθf ! ζf sin 3θf

sinθf cosθf ζf cos 3θf

ζf sin 2θf ! ζf cos 2θf 1

⎞

⎠ , (19)

3

where

tan 2θf ≃ −
√
3

δf − ϵf
2λf − δf − ϵf

, ζf =
ξf

3
√
2Kf

. (20)

Note that this system can be interpreted as a toy model of the mixing between neutral
mesons π0, η0, η′0. Indeed, in Eq. (1), the first democratic term corresponds the gluonic
anomaly that provide η′0 mass and the second term does the small quark massesmu,d,s [27].
The mixing angle θf (20) is the same form to the π0 - η0 mixing in the chiral perturbation
theory [28].

The similarity between the Yukawa interactions and the neutral meson mixing is in-
dicated since long years ago [29,30], and it suggests that fermion mass matrices might be
ruled by some mass gap phenomena or unknown underlying principle.

3 Simplified case: ϵν = ϵR = cR = 0

From the Yukawa matrices Eq. (1) and the mass matrix Eq. (6), the small neutrino mass
is obtained by the seesaw mechanism [24]

mν =
v2

2
Y T
ν M−1

R Yν , (21)

where v/
√
2 = ⟨H⟩ is the vacuum expectation value of the Higgs boson. As the simple

and important example, let us consider a simplified parameter set, ϵν = ϵR = cR = 0.
In this case, the resulting small neutrino mass is also democratic type with the diagonal
breaking term:

m(0)
ν =

v2

2

K2
ν

3mR

⎛

⎝

1 1 1
1 1 1
1 1 1

⎞

⎠+
v2

2

⎛

⎜

⎜

⎜

⎜

⎝

0 0 0

0
δ2ν
δR

0

0 0
λ2
ν

λR

⎞

⎟

⎟

⎟

⎟

⎠

. (22)

Note that this is the exact results and no approximation is used.
In order to obtain observed large mixing angles of UPMNS, the diagonalization of mν

should have only small mixing angles. Otherwise, the diagonalization of mν cancel outs
that of the charged lepton mass, or Ye, which is almost diagonalized by UDC (8). Then,
the following hierarchical relation is required phenomenologically:

K2
ν

3mR

≪
δ2ν
δR

≪
λ2
ν

λR

, (23)

and the normal hierarchy (NH) m1 ≪ m2 ≪ m3 is forced for these parameter sets. The
degenerated neutrino m1 ≃ m2 ≃ m3 is forbidden, unlike the previous study.
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Second	
  stage	


First	
  stage	


It is explicitly written as,

UDCYfU
†
DC (9)

=

⎛

⎜

⎝

1√
2

− 1√
2

0
1√
6

1√
6

−
√
2√
3

1√
3

1√
3

1√
3

⎞

⎟

⎠

⎡

⎣

Kf

3

⎛

⎝

1 1 1
1 1 1
1 1 1

⎞

⎠+

⎛

⎝

ϵf 0 0
0 δf 0
0 0 λf

⎞

⎠

⎤

⎦

⎛

⎜

⎝

1√
2

1√
6

1√
3

− 1√
2

1√
6

1√
3

0 −
√
2√
3

1√
3

⎞

⎟

⎠
(10)

= Kf

⎛

⎝

0 0 0
0 0 0
0 0 1

⎞

⎠ +

⎛

⎜

⎝

1
2(ϵf + δf)

1
2
√
3
(ϵf − δf)

1√
6
(ϵf − δf )

1
2
√
3
(ϵf − δf)

1
6(ϵf + δf + 4λf)

1
3
√
2
(ϵf + δf − 2λf)

1√
6
(ϵf − δf )

1
3
√
2
(ϵf + δf − 2λf)

1
3(ϵf + δf + λf)

⎞

⎟

⎠
. (11)

From the hierarchical relation (5), approximate form of this matrix found to be the “cas-
cade texture” [25]

UDCYfU
†
DC

∼=
1

6

⎛

⎝

3δf −
√
3δf −

√
6δf

−
√
3δf 4λf −2

√
2λf

−
√
6δf −2

√
2λf 6Kf

⎞

⎠ . (12)

If we assign ϵf = −δf , it leads to the zero texture (UDCYfU
†
DC)11 = 0 proposed by

Fritzsch–Xing [19, 26], that corresponds the “hybrid texture” in Ref. [25].
Eq. (12) is perturbatively diagonalized as

UfYfU
†
f = diag(y1f , y2f , y3f), (13)

where

y1f = (ϵf + δf + λf)/3− ξq/6, (14)

y2f = (ϵf + δf + λf)/3 + ξq/6, (15)

y3f = Kf + (ϵf + δf + λf)/3, (16)

with

ξf =
√

(2λf − δf − ϵf)2 + 3(δf − ϵf )2]. (17)

Here, the second order perturbations O(ϵ2f/δf , δ
2
f/λf ,λ2

f/Kf) are all ignored. If we use
Eq. (5), the eigenvalues (14) - (16) are approximated as the diagonal elements of Eq. (12),

y1f ≃
1

2
δf , y2f ≃

2

3
λf , y3f ≃ Kf . (18)

The unitary matrices Uf = BfUDC are found to be [15, 16, 20]

Bf =

⎛

⎝

cos θf − sin θf −ζf sin 3θf

sin θf cos θf ζf cos 3θf

ζf sin 2θf −ζf cos 2θf 1

⎞

⎠ , (19)

3
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