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Motivation
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• Accurate determination of hadronic form factors is relevant for CKM, CPV, NP

• Hadronic form factors appear also (and are very important) in other

 hot topics: (g-2)μ, proton radius puzzle, P →ll, ... (where NP are potential)

• effort on param. + synergy between experiment and theory (data driven)

• Can all this knowledge be transported to Non-leptonic B decays?

• Yes, with pleasure!

 

• Very personal: two requests: 

• first sorry if I misquote

• I’m open to suggestions: numbers here have no relevance, but the method

(very personal)



Motivation II
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• Accurate determination of hadronic form factors is relevant for 
CKM, CP, NP

• We are at the level (specially with lattice) where systematic 
errors on the parameterizations are important 

• The environment of FF in B decays is theoretically a challenge
   (see for example the talks this morning: Edward, Mannel, 

van Dyk, Khodjamirian)

(a bit more technical)
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Semi-leptonic B decays
warm up

Non-leptonic B decays, Bad Honnef, 11th Feb



B→π FF
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d�(B ! ⇡`⌫`)

dq2
=

G2
F |Vub|2

192⇡3m3
B

�3/2|F+(q
2)|2

Overview of FF parameterizations

F (q2) =
ResF (q2 = sp)

q2 � sp
+

1

⇡

Z 1

sth

ds0
ImF (s0)

s0 � q2 � i"

A dispersion relation for FF:

sth = (mB +m⇡)
2

0 < q2 < (mB �m⇡)
2

ResF+(q
2 = m2

B⇤) / mB⇤fB⇤gB⇤B⇡F+(q
2) =

F+(0)

1� q2/m2
B⇤

B ! ⇡`⌫` with

The spectrum in    is given by:q2

The relevant form factor for the decay               is defined (         ):B ! ⇡`⌫` m` ! 0

h⇡(p⇡)|V µ|B(pB)i = F+(q
2)

✓
pµB + pµ⇡ � m2

B �m2
⇡

q2
qµ

◆

( as a Ref. Minireview from PDG)
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d�(B ! ⇡`⌫`)

dq2
=

G2
F |Vub|2

192⇡3m3
B

�3/2|F+(q
2)|2

Overview of FF parameterizations

F+(q
2) =

r1
1� q2/m2

B⇤
+

r2
1� q2/m2

B⇤0

F+(q
2) =

F+(0)

1� q2/m2
B⇤

VMD (1 parameter):

Becirevic, Kaidalov ’99 (2 param):

or

Ball, Zwicky ’04 (2 param):

F+(q
2) = F+(0)

✓
1

1� q2/m2
B⇤

+
rq2/m2

B⇤

(1� q2/m2
B⇤)(1� ↵q2/m2

B⇤)

◆

F+(q
2) =

F+(0)

(1� q2/m2
B⇤)(1� ↵q2/m2

B⇤)
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d�(B ! ⇡`⌫`)

dq2
=

G2
F |Vub|2

192⇡3m3
B

�3/2|F+(q
2)|2

Overview of FF parameterizations

F+(q
2) =

1

P (q2)�(q2, q20)

1X

n=0

ak(q
2
0)[z(q

2, q20)]
k z(q2, q20) =

p
t+ � q2 �

p
t+ � q20p

t+ � q2 +
p

t+ � q2

t+ = (mB +m⇡)
2

P (q2) = z(q2,m2
B⇤)

F+(q
2) =

1

1� q2/m2
B⇤

KX

n=0

bk(t0)[z(q
2, q20)]

k

Boyd, Grinstein, Lebed ’95,’97 (z-parameterization, many param):

Bourrely, Caprini, Lellouch ’09 (alternative z-parameterization, many param):
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d�(B ! ⇡`⌫`)

dq2
=

G2
F |Vub|2

192⇡3m3
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�3/2|F+(q
2)|2

Overview of FF parameterizations

F+(q
2) =

1

P (q2)�(q2, q20)

1X

n=0

ak(q
2
0)[z(q

2, q20)]
k

F+(q
2) =

1

1� q2/m2
B⇤

KX

n=0

bk(t0)[z(q
2, q20)]

k

F+(q
2) =

F+(0)

(1� q2/m2
B⇤)(1� ↵q2/m2

B⇤)

F+(q
2) = F+(0)

✓
1

1� q2/m2
B⇤

+
rq2/m2

B⇤

(1� q2/m2
B⇤)(1� ↵q2/m2

B⇤)

◆

1)

II)

III)

IV)

All of them have 
something in common
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B⇤)

F+(q
2) = F+(0)

✓
1

1� q2/m2
B⇤
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◆

1)

II)
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IV)

All of them are 
Padé approximants

Partial Padé

Partial Padé

Padé Type

Padé Type

[Baker,’95]
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1)

II)

III)

IV)

All of them are 
Padé approximants

Partial Padé

Partial Padé

Padé Type

Padé Type

[Baker,’95]

Non of them use
Padé Theory
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Padé Approximants

are polynomials

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:

R(z), Q(z)

f(z) =
X

k=0

akz
k PN

M (z) =

PN
n=0 rnz

n

PM
m=0 qnz

n

PN
M (z) = r0 + (r1 � r0q1)z + (r2 � r1q1 + r0q

2
1 � r0q2)z

2 +O(z3)

P 0
1 (z) =

a0
1� a1

a0
z

f(z) = a0 + a1z + a2z
2 +O(z3)

then its PA

Let f(z)

and the PA has a contact with f(z) or order N+M+1

{
Examples: P 1

1 (z) =
a0 +

a2
1�a0a2

a1
z

1� a2
a1
z

Non-leptonic B decays, Bad Honnef, 11th Feb
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are polynomials

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z)

lim
N!1

PN
N+1(z)  f(z)  lim

N!1
PN
N (z)

Stieltjes theorem:

(others: Montessus, Pommerenke, Nutall, Baker, Chisholm...)

Example: f(z) =
1

z
log(1� z)

f(z) = �
X

k=0

zk

k + 1
= �1� z

2
� z2

3
� z3

4
� z4

5
+O(z6)

Non-leptonic B decays, Bad Honnef, 11th Feb

Padé Approximants
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Example: f(z) =
1

z
log(1� z)

-1.0 -0.5 0.0 0.5 1.0
-0.10

-0.05

0.00

0.05

0.10

R
el

at
iv

e 
er

ro
r

z

ÊÊÊ ÊÊ ÊÊ Ê ÊÊ Ê Ê Ê·· ·· ·· · ·

0 1 2 3 4
-1.0

-0.5

0.0

0.5

1.0

Im
(z

)

Re(z)
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poles
zeros

are polynomials

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z)

Non-leptonic B decays, Bad Honnef, 11th Feb

Padé Approximants
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Im
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PN
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1
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Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z) are polynomials

Non-leptonic B decays, Bad Honnef, 11th Feb

Padé Approximants
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lim
N!1

PN
N+1(z)  f(z)  lim

N!1
PN
N (z)

N

Ê

Ê
Ê Ê Ê

Ê

Ê
Ê Ê Ê
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R
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r x
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00 z=-10

Example: f(z) =
1

z
log(1� z)

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z) are polynomials

Message: convergence pattern gives systematic error

Non-leptonic B decays, Bad Honnef, 11th Feb

Padé Approximants
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Example: vacuum polarization function

are polynomials

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z)

⇧(q2) = ⇧(0)(q2) +
⇣↵s

⇡

⌘
⇧(1)(q2) +O(↵2

s)

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

G(z) = 2

u log(u)

u2 � 1

where u !
p
1� z�1 � 1p
1� z�1

+ 1

z =
q2

4m2let me define

Non-leptonic B decays, Bad Honnef, 11th Feb

Padé Approximants
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Example: vacuum polarization function

are polynomials

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z)

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

z =
q2

4m2

-2 -1 0 1 2

-0.02

0.00

0.02

0.04

0.06

z

Im
Re

Non-leptonic B decays, Bad Honnef, 11th Feb

Padé Approximants
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Example: vacuum polarization function

are polynomials

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z)

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

z =
q2

4m2

z

ÊÊÊÊ ÊÊ Ê ÊÊ Ê Ê··· ·· · ·· · ·· · · ·
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for N=1,2,3,4,5PN
N (z)

poles
zeros

Non-leptonic B decays, Bad Honnef, 11th Feb

Padé Approximants
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Example: vacuum polarization function

are polynomials

Q(z)f(z) +R(z) = O �
zq+r+1

�Padé approx:
R(z), Q(z)

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆
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Fit to Space-like data: CELLO’91, CLEO’98, BABAR’09 and Belle’12

PN
1 (Q2)

PN
N (Q2)

up to N=5

up to N=3

Pere Masjuan

P01 P11 P21 P31 P41 P51 PDG
0.020

0.025

0.030

0.035

0.040

a Π

[P.M, ’12]
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Accurate description of the low-energy region making full use of available experimental data
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Figure 1. ⇡0 (left upper panel), ⌘ (right upper panel), and ⌘0 (lower panel) TFFs. Green-dot-dashed lines show
our best PL

1 (Q2) fit, and black-solid lines show our best PN
N(Q2) fit. Black-dashed lines display the extrapolation of

the PN
N(Q2) at Q2 = 0 and Q2 ! 1. Experimental data are from CELLO (red circles), CLEO (purple triangles),

and BABAR (orange squares) Colls. [8]. The ⇡0 figure contains also data from BELLE (blue diamonds) [9]; and
the ⌘0 figure data from L3 (blue diamonds) [10].

Table 1. ⇡0, ⌘, and ⌘0 slope bP, curvature cP, asymptotic limit, and contribution to HLBL.

bP cP limQ2!1 Q2FP�⇤�(Q2) aHLBL;P
µ

⇡0 0.0324(22) 1.06(27) · 10�3 2 f⇡ 6.49(56) · 10�10

⌘ 0.60(7) 0.37(12) 0.160(24)GeV 1.25(15) · 10�10

⌘0 1.30(17) 1.72(58) 0.255(4)GeV 1.27(19) · 10�10

and obtain, in such a way, the derivatives of the FP�⇤�(Q2) at the origin of energies in a simple,
systematic and model-independent way [5, 6].

Since the analytic properties of TFFs are not known, the kind of PA sequence to be used is not
determine in advance. We consider two di↵erent sequences and the comparison among them should
reassess our results. The first one is a PL

1 (Q2) sequence inspired by the success of the simple vector
meson dominance ansatz [5], and the second one is a PN

N(Q2) sequence which satisfy the pQCD
constrains Q2FP��⇤ (Q2) ⇠ constant. After combining both sequence’s results, slope and curvature
results are shown in Table 1, where limQ2!1 Q2FP�⇤�(Q2) from the PN

N(Q2) is also shown.
The low-energy parameters obtain with this method can be used to constrain hadronic models with

resonances used to account for the hadronic light-by-light scattering contribution part (HLBL) of the

Realistic examples: context of (g-2)μ
[P.M.’12;  P.M., M. Vanderhaeghen’12; R. Escribano, P.M., P. Sanchez-Puertas, ’13, ’15]

CELLO

CLEO

BABAR

BELLE

π0-TFF

Non-leptonic B decays, Bad Honnef, 11th Feb

(imposing high-energy QCD)



η-TFF   &    η’-TFF
�⌘!��Fit to Space-like data: CELLO’91, CLEO’98, BABAR’11+

PN
1 (Q2)

PN
N (Q2)

up to N=4

up to N=2

Pere Masjuan 11

[R.Escribano, P.M., P. Sanchez-Puertas, ’13]

fitted poles range ffiffiffiffiffisp
p ¼ ð0.71–0.77Þ GeV and ffiffiffiffiffisp

p ¼
ð0.83–0.86Þ GeV, as can be seen in Fig. 4. For comparison,
we also show as orange and blue bands what would
correspond to the effective VMD meson resonance
meff [39], using mρ ¼ 0.775 GeV, Γρ ¼ 0.148 GeV,
mω ¼ 0.783 GeV, Γω ¼ 0.008 GeV, mϕ ¼ 1.019 GeV,
and Γϕ ¼ 0.004 GeV. The bands represent the range of
such mass values due to the half-width rule [40–42], i.e.,
meff $ Γeff=2. We obtain meff ¼ 0.732ð71Þ GeV for the η
case and meff ¼ 0.822ð58Þ GeV for the η0, with errors due
to the half-width rule. Notice that raising the poles lowers
the LEPs (slope and curvature) and vice versa. As shown,
fitting spacelike data does not produce an accurate deter-
mination of the resonance poles as already indicated in

Refs. [25,26,43,44]. Thus, we do not recommend to apply
this method for such determinations. That includes the use
of VMD fits to determine the resonance parameters. An
alternative model-independent procedure of extracting
these parameters using PAs can be found in Ref. [45].
To reproduce the asymptotic behavior of the TFFs, we

have also considered the PN
NðQ2Þ sequence (second row in

Tables I and II). The results obtained are in nice agreement
with our previous determinations. The best fits are shown
as black solid lines in Fig. 1. We reach N ¼ 2 for the η case
and N ¼ 1 for the η0. Since these approximants contain
the correct high-energy behavior built in, they can be
extrapolated up to infinity (black dashed lines in Fig. 1) and
then predict the leading 1=Q2 coefficient:
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FIG. 1 (color online). η (left panel) and η0 (right panel) TFF best fits. Blue dashed lines show our best PL
1 ðQ2Þ when the measured two-

photon partial decay widths are not included in the fits, green dot-dashed lines show our best PL
1 ðQ2Þ when the two-photon widths are

included, and black solid lines show our best PN
NðQ2Þ in the latter case. Black dashed lines display the extrapolation of the PN

NðQ2Þ at
Q2 ¼ 0 and Q2 → ∞. Experimental data points are from CELLO (red circles) [32], CLEO (purple triangles) [33], L3 (blue diamonds)
[34], and BABAR (orange squares) [35] Collaborations.

TABLE I. Low-energy parameters for the η and η0 TFFs obtained from the PA fits to experimental data without including the measured
two-photon partial decay widths. The first column indicates the type of sequence used for the fit and N is the highest order reached with
that sequence. The last row shows the weighted average result for each LEP. We also present the quality of the fits in terms of χ2=DOF
(degrees of freedom). Errors are only statistical and symmetrized.

η TFF η0 TFF
N bη cη Fηγγð0Þ GeV−1 χ2=DOF N bη0 cη0 Fη0γγð0Þ GeV−1 χ2=DOF

PN
1 ðQ2Þ 2 0.45(13) 0.20(12) 0.235(53) 0.79 5 1.25(16) 1.57(42) 0.339(17) 0.70

PN
NðQ2Þ 1 0.36(6) 0.13(4) 0.201(28) 0.78 1 1.19(6) 1.42(15) 0.332(15) 0.68

Final 0.45(13) 0.20(12) 0.235(53) 1.25(16) 1.57(42) 0.339(17)

TABLE II. Low-energy parameters for the η and η0 TFFs obtained from the PA fits to experimental data including the measured two-
photon partial decay widths. The first column indicates the type of sequence used for the fit and N is the highest order reached with that
sequence. The last row shows the weighted average result for each LEP. We also present the quality of the fits in terms of χ2=DOF. Errors
are only statistical and symmetrized.

η TFF η0 TFF
N bη cη χ2=DOF N bη0 cη0 χ2=DOF

PN
1 ðQ2Þ 5 0.58(6) 0.34(8) 0.80 6 1.30(15) 1.72(47) 0.70

PN
NðQ2Þ 2 0.66(10) 0.47(15) 0.77 1 1.23(3) 1.52(7) 0.67

Final 0.60(6) 0.37(10) 1.30(15) 1.72(47)
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fitted poles range ffiffiffiffiffisp

p ¼ ð0.71–0.77Þ GeV and ffiffiffiffiffisp
p ¼

ð0.83–0.86Þ GeV, as can be seen in Fig. 4. For comparison,
we also show as orange and blue bands what would
correspond to the effective VMD meson resonance
meff [39], using mρ ¼ 0.775 GeV, Γρ ¼ 0.148 GeV,
mω ¼ 0.783 GeV, Γω ¼ 0.008 GeV, mϕ ¼ 1.019 GeV,
and Γϕ ¼ 0.004 GeV. The bands represent the range of
such mass values due to the half-width rule [40–42], i.e.,
meff $ Γeff=2. We obtain meff ¼ 0.732ð71Þ GeV for the η
case and meff ¼ 0.822ð58Þ GeV for the η0, with errors due
to the half-width rule. Notice that raising the poles lowers
the LEPs (slope and curvature) and vice versa. As shown,
fitting spacelike data does not produce an accurate deter-
mination of the resonance poles as already indicated in

Refs. [25,26,43,44]. Thus, we do not recommend to apply
this method for such determinations. That includes the use
of VMD fits to determine the resonance parameters. An
alternative model-independent procedure of extracting
these parameters using PAs can be found in Ref. [45].
To reproduce the asymptotic behavior of the TFFs, we

have also considered the PN
NðQ2Þ sequence (second row in

Tables I and II). The results obtained are in nice agreement
with our previous determinations. The best fits are shown
as black solid lines in Fig. 1. We reach N ¼ 2 for the η case
and N ¼ 1 for the η0. Since these approximants contain
the correct high-energy behavior built in, they can be
extrapolated up to infinity (black dashed lines in Fig. 1) and
then predict the leading 1=Q2 coefficient:

P2
2 Q 2

P1
5 Q 2

P1
2 Q 2

0 10 20 30 40
0.00

0.05

0.10

0.15

0.20

0.25

0.30

Q2 GeV2

Q
2 F

Q
2

G
eV

P1
1 Q 2

P1
5 Q 2

P1
6 Q 2

0 10 20 30 40
0.00

0.05

0.10

0.15

0.20

0.25

0.30

Q2 GeV2

Q
2 F

'
Q

2
G

eV

FIG. 1 (color online). η (left panel) and η0 (right panel) TFF best fits. Blue dashed lines show our best PL
1 ðQ2Þ when the measured two-

photon partial decay widths are not included in the fits, green dot-dashed lines show our best PL
1 ðQ2Þ when the two-photon widths are

included, and black solid lines show our best PN
NðQ2Þ in the latter case. Black dashed lines display the extrapolation of the PN

NðQ2Þ at
Q2 ¼ 0 and Q2 → ∞. Experimental data points are from CELLO (red circles) [32], CLEO (purple triangles) [33], L3 (blue diamonds)
[34], and BABAR (orange squares) [35] Collaborations.
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two-photon partial decay widths. The first column indicates the type of sequence used for the fit and N is the highest order reached with
that sequence. The last row shows the weighted average result for each LEP. We also present the quality of the fits in terms of χ2=DOF
(degrees of freedom). Errors are only statistical and symmetrized.
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TABLE II. Low-energy parameters for the η and η0 TFFs obtained from the PA fits to experimental data including the measured two-
photon partial decay widths. The first column indicates the type of sequence used for the fit and N is the highest order reached with that
sequence. The last row shows the weighted average result for each LEP. We also present the quality of the fits in terms of χ2=DOF. Errors
are only statistical and symmetrized.
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PN
1 ðQ2Þ 5 0.58(6) 0.34(8) 0.80 6 1.30(15) 1.72(47) 0.70
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TABLE I. Results of this experiment for the η TFF, |Fη|2, as a function of the invariant mass m(e+e−).

m(e+e−) (MeV/c2) 45 ± 5 55 ± 5 65 ± 5 75 ± 5 85 ± 5 95 ± 5
|Fη|2 0.999 ± 0.031 0.988 ± 0.029 1.005 ± 0.030 0.999 ± 0.031 1.051 ± 0.034 1.014 ± 0.036
m(e+e−) (MeV/c2) 110 ± 10 130 ± 10 150 ± 10 170 ± 10 190 ± 10 210 ± 10
|Fη|2 1.014 ± 0.028 1.019 ± 0.037 1.071 ± 0.041 1.153 ± 0.044 1.083 ± 0.046 1.161 ± 0.056
m(e+e−) (MeV/c2) 230 ± 10 250 ± 10 270 ± 10 290 ± 10 310 ± 10 330 ± 10
|Fη|2 1.312 ± 0.068 1.214 ± 0.076 1.342 ± 0.094 1.393 ± 0.113 1.487 ± 0.144 1.406 ± 0.170
m(e+e−) (MeV/c2) 350 ± 10 370 ± 10 390 ± 10 410 ± 10 430 ± 10 450 ± 10
|Fη|2 1.851 ± 0.235 2.086 ± 0.306 1.918 ± 0.433 2.05 ± 0.61 2.56 ± 0.87 2.83 ± 1.58

measurement is

"−2 = (1.95 ± 0.15stat ± 0.10syst) GeV−2, (3)

which is in very good agreement within the errors with all
recent results reported in Refs. [7–9]. As seen in Fig. 10, the
|Fη(mll)|2 results of this work are in similar good agreement
within the error bars with the data points from Refs. [7,8].

The uncertainty reached for the "−2 value in the present
work is smaller than those of all previous measurements based
on the η → e+e−γ decay, is of a similar magnitude as the
NA60 value from peripheral In–In data [8], and still yields to
the latest, preliminary result of the NA60 from p-A collisions
[9].

In Fig. 10, the results of this work for |Fη(mll)|2 are also
compared to three different theoretical predictions. Because
all models assume that |Fη(mll = 0)|2 = 1, for a better
comparison, the fit to the data points from Fig. 9(b) is rescaled
by setting its normalization parameter to p0 = 1 and leaving
its second parameter p1, reflecting the slope parameter "−2,
unchanged. The calculation by Terschlüsen and Leupold (TL)
combines the vector-meson Lagrangian proposed in Ref. [26]
and recently extended in Ref. [27], with the Wess-Zumino-
Witten contact interaction [23] (see also Ref. [28] for the
corresponding case of the π0 TFF). Their calculation agrees
very well with the standard VMD form factor. As seen, the TL
calculation [shown in Fig. 10(a) by a dash-dotted line] goes
slightly lower than the pole-approximation [Eq. (2)] fit to the

present data, whereas it fully describes the data points within
the error bars.

The second calculation is based on a model-independent
method using Padé approximants that was developed for
the π0 TFF in Ref. [29]. Using spacelike data (CELLO
[30], CLEO [31], BABAR [32]), this method provides a
parametrization that is also suited to describe data in the
mll range from zero to

√
0.4 GeV/c2, and thus provides a

model-independent prediction for the timelike TFF [24]. Over
the full mll range, this calculation [shown in Fig. 10(a) by a
red dashed line with an error band] practically overlaps with
the pole-approximation fit to the present data points.

In another recent calculation [25] by the Jülich group,
the connection between the radiative decay η → π+π−γ and
the isovector contributions of the η → γ γ ∗ TFF is exploited
in a model-independent way, using dispersion theory (DT).
This calculation [shown in Fig. 10(b) by a dotted line with
an error band] goes slightly above the fit to the present
data.

Currently, the VMD models that are used to calculate
the contribution of the hadronic light-by-light scattering
to (g − 2)µ include only ρ, ω, and φ resonances. These
contributions are calculated with " = (774 ± 29) MeV close
to the ρ-meson mass. This value of " was determined from a
fit to spacelike data measured by the CLEO collaboration [31]
down to the momentum transfer q2 = −1.5 GeV2, which is far
away from q2 = 0 GeV2. The " value from CLEO disagrees
with the VMD value, " = 745 MeV. It also disagrees with
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FIG. 10. (Color online) Results of this work (solid squares) for the η TFF, |Fη(mll)|2, compared to other recent measurements and theoretical
predictions: former data of the A2 Collaboration [7] [open circles in (a)] and the NA60 in peripheral In-In data [8] [open squares in (b)],
calculations of Ref. [23] [dash-dotted line in (a)], Ref. [24] [red dashed line with an error band in (a)], and Ref. [25] [dotted line with an error
band in (b)]. The solid line is the fit from Fig. 9(b) rescaled so that p0 = 1.
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•  Study Dalitz decays 
η(‘)→γ*γ→e+e-γ

• Prediction of the time-like
  from space-like data
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time-like TFF
Predictive method!
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η-TFF
�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+

+ Time-like data [NA60’09, A2’11,  A2’13]
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PN
N (Q2)

up to N=7

up to N=2
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η’-TFF

PN
1 (Q2) up to N=7

Pere Masjuan

[R.Escribano, S. Gonzalez-Solis, 
P.M., P. Sanchez-Puertas, ’15]
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Crucial to extract the most precise η-η’ mixing

�⌘!��Fit to Space-like data [CELLO’91, CLEO’98, BABAR’11]+
+ Time-like data [BESIII]

’

[R.Escribano, S. Gonzalez-Solis, P.M., P. Sanchez-Puertas, ’15]
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A word on systematics

•Consider a model for FF
•Generate a pseudodata set emulating the physical situation
•Build up your PA sequence
•Fit and compare
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Figure 2: Results as obtained from section 3.1

3.2 Combined analysis of Belle, BaBar and lattice data

constrained by f+(0)

We would also like to analyze the impact of including information from the form
factor at zero momentum as an additional restriction in the ‰

2 function of Eq. (15).

9

PN
1 (q2)

PN
2 (q2)

PN
3 (q2)

B ! ⇡`⌫` FF from lattice+experiment
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A realistic (preliminary) example
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Figure 3: Results as obtained from sections 3.1 and 3.2

4 B æ ÷(Õ)¸‹· prediction and ÷ ≠ ÷Õ
mixing de-

termination

With the form factors parameterizations we have obtained in section 3.1 we predict,
in figure 5, the di�erential branching ratio distribution of B æ ÷

(Õ)
¸‹· and compare

with the experimental data points obtained by the BaBar collaboration. The physical
÷ and ÷

Õ mesons in the quark-flavor basis, with |÷qÍ = 1Ô
2

|uū + dd̄Í and |÷sÍ = |ss̄Í,
and neglecting gluonic admixtures reads

A
÷

÷

Õ

B

=
A

cos „ ≠ sin „

sin „ cos „

B A
÷q

÷s

B

, (18)

where „ is the mixing angle in the single mixing scheme. The di�erential decay width
expression for B

+ æ ÷

(Õ)
¸

+

‹¸ decay is the same than Eq. (2) by replacing the final
state pion by ÷

(Õ) and reads

d�(B+ æ ÷

(Õ)
¸

+

‹¸)
dq

2

= G

2

F |Vub|2
24fi

3

|p÷(Õ) |3|F Bæ÷
+

(q2)|2 , (19)
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Figure 4: Results as obtained from sections 3.1 and 3.2

where F

Bæ÷(Õ)
+

(q2) represents the hadronic B æ ÷

(Õ) form factor transition. Assuming
isospin symmetry between the u and d quarks, F

Bæ÷(Õ)
+

is related to F

Bæfi
+

form factor

11

PDG

Improvements:
Update of inputs (new lattice)
Correlations
Include Padé-Type approach
Provide derivatives at q2 = 0

( as a Ref. Minireview from PDG)

[Bharucha ’12]

|Vub| = 3.37(11)(2)⇥10�3

F+(0) = 0.264(16)(7)
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Non-leptonic B decays
using

Quadratic Approximants

Non-leptonic B decays, Bad Honnef, 11th Feb

Role of FF in Non-leptonic B decays: 
Edward, Mannel, van Dyk, Khodjamirian, Roig, Magalhães...
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Quadratic Approximants

Q(z)f(z) +R(z) = O �
zq+r+1

�

Q(z)f2(z) + 2R(z)f(z) + S(z) = O �
zq+r+s+2

�

Padé approx:

Quadratic approx:
R(z), S(z), Q(z) are polynomials

=
�S(z)

R(z)±
p

[R(z)]2 �Q(z)S(z)

Qr,s
q (z) =

�R(z)±
p
[R(z)]2 �Q(z)S(z)

Q(z)

Qr,s
q (s) ! P r

q (z)• When S(z)=0,  

• Lowest order ~ Breit-Wigner param.

• If info about poles, threshold, 
LEPs is known, easy to implement

• Satisfy Disp. Rel.

• Relation with z-param. 

Non-leptonic B decays, Bad Honnef, 11th Feb
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O �
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

[S. González-Solís, PM, P. Sanchez-Puertas, in prep]

General form for the Q[1,1,1]:

We need to solve the equation:

Non-leptonic B decays, Bad Honnef, 11th Feb

Q1,1
1 (z) =

�(R0 +R1z)±
p

[R0 +R1z]2 � (Q0 +Q1z)(S0 + S1z)

(Q0 +Q1z)

(Q0 +Q1z)[f(z)]
2 + 2(R0 +R1z)f(z) + (S0 + S1z) = O(z5)

z-param ⇔ z = Q1,1
1

with R0 = �1, S0 = Q0 = 0, R1 = S1 = Q1 = 1/2

z-param can be generalized! (correct high-energy, above-threshold poles...)
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O �
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

[S. González-Solís, PM, P. Sanchez-Puertas, in prep]

Example: f(z) =
1

z
log(1� z)

Q1,1
1 (z) =

( 78 � 5
12z)±

q
[� 7

8 + 5
12z]

2 � (1� 13
12z)(�

11
4 + 1

24z)

(1� 13
12z)

We need to solve the equation:

Two solutions:

Non-leptonic B decays, Bad Honnef, 11th Feb

(Q0 +Q1z)[f(z)]
2 + 2(R0 +R1z)f(z) + (S0 + S1z) = O(z5)
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Quadratic Approximants

Q(z)f2(z) + 2R(z)f(z) + S(z) = O �
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

[S. González-Solís, PM, P. Sanchez-Puertas, in prep]

Example: f(z) =
1

z
log(1� z)

Q1,1
1 (z) =

( 78 � 5
12z)±

q
[� 7

8 + 5
12z]

2 � (1� 13
12z)(�

11
4 + 1

24z)

(1� 13
12z)

-2 -1 0 1 2
0

1

2

3

4

5 Model

QA-

QA+

PA

Good approach even 
along the cut

Non-leptonic B decays, Bad Honnef, 11th Feb
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Quadratic Approximants

Example: vacuum polarization function

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

Q(z)f2(z) + 2R(z)f(z) + S(z) = O �
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

z

Model

QA-

PA

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4
0.00

0.05

0.10

0.15

Non-leptonic B decays, Bad Honnef, 11th Feb
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Quadratic Approximants

Example: vacuum polarization function

⇧(0)(z) =
3

16⇡2

✓
4

3z
+

20

9
� 4(1� z)(2z + 1)G(z)

3z

◆

Q(z)f2(z) + 2R(z)f(z) + S(z) = O �
zq+r+s+2

�
Quadratic approx:

R(z), S(z), Q(z) are polynomials

z
0.90 0.95 1.00 1.05 1.10

0.035

0.040

0.045

0.050

0.055

0.060

0.065 Including threshold info:

⇧(0)(z) ⇠ Const

Model

QA-

PA

QA threshold

Non-leptonic B decays, Bad Honnef, 11th Feb
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Quadratic Approximants
Examples

FV (s) =
M2

V

M2
V � s+ MV �V s

⇡M2
V

⇣
�2�(s)2 � �(s)3 ln

⇣
�(s)�1
�(s)+1

⌘⌘

Vector FF model

�V = 150 MeV

m⇡ = 135 MeV
MV = 770 MeV

Generate derivatives at 0.6 GeV2 Q1,0
1 (s) ,Q1,1

2 (s) . . .fit 

1 pole 2 poles

100 110 210 211 221 321 322 332 333

-14

-12

-10

-8

-6

-4

-2

0

Q r,s
q (z)

Lo
g[

di
st

an
ce

/M
eV

]

If the pole is OK, 
the phase is OK!
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Quadratic Approximants

Figure 3: Left panel: The Q1,0
1 argument inside the square root is discontinuous.

Right pannel: the Q1,0
1 approximant in the complex plane with ± solutions glued

at the discontinuity.

Figure 4: The Q1,1
2 approximant together with the pole. The one from FV (z) as

a full red line, while that of Q1,1
2 as a dashed-red line. Left and right panels show

the equivalents to Fig. 1.

3.2 Qr,s
2 expansion at z0 = 0

If we would go to higher Qr,s
1 approximants, we would find that they de-

scribe the region below the pole increasingly better, but never beyond. The
reason is simple: to describe the resonance, we need a complex-pole. This
motivates the use of a Qr,s

2 sequence which, in principle, should be enough
for describing the analytical behavior of FV (z) in the whole complex plane.

As an example, we discuss here the Q1,1
2 at z0 = 0. We expect that, for

the right choice of sign, we do not have a pole on the RS1 as it happens in
our model. On turn, the opposite sign choice will describe as anticipated
the RS2 displaying the unphysical poles. This is depicted in Fig. 4. It is
notorious that such approximant, where only space-like information is used,
performs extraordinarily in reproducing the cut and poles inherent to the
RS2 as well as the asymptotic behavior. We may be tempted to think that,
Qr,s

2 will converge to FV for r, s large enough. However, one must have in
mind that this will may be valid up to some energy range as the approximant
will diverge then faster and faster. This calls for increasing r as well, which
makes very interesting the Qr<q,s<q

q sequences.

4

Figure 3: Left panel: The Q1,0
1 argument inside the square root is discontinuous.

Right pannel: the Q1,0
1 approximant in the complex plane with ± solutions glued

at the discontinuity.

Figure 4: The Q1,1
2 approximant together with the pole. The one from FV (z) as

a full red line, while that of Q1,1
2 as a dashed-red line. Left and right panels show

the equivalents to Fig. 1.

3.2 Qr,s
2 expansion at z0 = 0

If we would go to higher Qr,s
1 approximants, we would find that they de-

scribe the region below the pole increasingly better, but never beyond. The
reason is simple: to describe the resonance, we need a complex-pole. This
motivates the use of a Qr,s

2 sequence which, in principle, should be enough
for describing the analytical behavior of FV (z) in the whole complex plane.

As an example, we discuss here the Q1,1
2 at z0 = 0. We expect that, for

the right choice of sign, we do not have a pole on the RS1 as it happens in
our model. On turn, the opposite sign choice will describe as anticipated
the RS2 displaying the unphysical poles. This is depicted in Fig. 4. It is
notorious that such approximant, where only space-like information is used,
performs extraordinarily in reproducing the cut and poles inherent to the
RS2 as well as the asymptotic behavior. We may be tempted to think that,
Qr,s

2 will converge to FV for r, s large enough. However, one must have in
mind that this will may be valid up to some energy range as the approximant
will diverge then faster and faster. This calls for increasing r as well, which
makes very interesting the Qr<q,s<q

q sequences.

4

Examples
Vector FF model

�V = 150 MeV

m⇡ = 135 MeV
MV = 770 MeV

Generate Pseudodata in Space like Q1,0
1 (s) ,Q1,1

2 (s) . . .

Q1,0
1 (s) ,Q1,1

2 (s) . . .
Q1,0

1 (s) ,Q1,1
2 (s) . . .

fit 

1 pole 2 poles

Non-leptonic B decays, Bad Honnef, 11th Feb

FV (s) =
M2

V

M2
V � s+ MV �V s

⇡M2
V

⇣
�2�(s)2 � �(s)3 ln

⇣
�(s)�1
�(s)+1

⌘⌘
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Quadratic Approximants
Examples

Vector FF model
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Figure 6: Absolute value, real and imaginary parts of the QA222 as compared to Eq. (1).
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fK⇡
+ (s) =


m2

K⇤ + �s

D(mK⇤ , �K⇤)
� �s
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e

3
2Re eHK⇡(s)

D(mn, �n) = m2
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Quadratic Approximants
Examples

Vector FF model ⌧� ! KS⇡
�⌫⌧

fK⇡
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Quadratic Approximants
Examples

Vector FF model ⌧� ! KS⇡
�⌫⌧
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Quadratic Approximants
Preliminary: Real data

Vector FF model
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prediction

Improvements: 
•explore the symmetry z⇔1/z
•coupled channel (KK also)
•matching to ChPT

Non-leptonic B decays, Bad Honnef, 11th Feb

Fit to ALEPH data + Phase-shift up to KK Predict phase above KK!

Q0,0
2

Q1,0
2

Q1,1
2

Q2,2
2

•Impose disp. rel. to the coefficients
•Include a third pole
•Use newer data + include space-like data

(further details: P. Roig talk)



42Pere Masjuan

• We presented a method, a TOOLKIT

• based on analyticity and unitarity (convergence!)

• Simple method + flexible

• Approaches yes (improvable), assumptions no

• Systematic:

• easy to update with new data (or derivatives)

• error from approach

• Predictive (checkable)

• Useful for B decays! (can be easily extended to 2 vars)

Conclusions

Non-leptonic B decays, Bad Honnef, 11th Feb
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