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Interacting Renormalisation Group fixed point  
(-> quantum scale invariance) 

with finite number of UV-attractive (relevant) directions 
(-> predictive)



Predictivity 
- predictive theory has finite number of parameters
- theory space has infinitely many directions
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If a fixed point has a finite-dimensional  
UV- critical surface, the corresponding theory 

has a finite number of free parameters
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✓I = 0 marginally (ir)relevant 
-> beyond linear approx. 
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Example: non- Abelian gauge theories

gi = ḡik
�dgi
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= dgi + 0->

gn
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F a
µ⌫F

aµ⌫
�n -> gn n � 2for

generated towards IR, 
but determined in terms of g1

-> higher-order interactions irrelevant

gi = ḡik
�dgi

dimensionless

dimensionfull

dimensionality of ḡi

-> know (most) critical exponents without explicit 
calculation!
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At a non-Gaussian fixed point

• residual interactions give contribution to critical exponents

-> knowing canonical dimensionality is not enough, 
but can give hints 
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At a non-Gaussian fixed point

• residual interactions give contribution to critical exponents

• stability matrix is (generically) off-diagonal

-> knowing canonical dimensionality is not enough, 
but can give hints 

�gi = �dgi gi +
X

j

�j,igi gj + ...
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X
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�@�gi

@gm
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gn=gn ⇤

= ��m,igi ⇤ + ...

-> (ir)relevant operators are superpositions
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-> UV attractive in   , UV repulsive ing1 g2

Non- Gaussian fixed point:

! ✓1,2 = 2.33± i0.30

-> UV attractive in two directions, RG flow spirals
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Non-Abelian gauge fields 
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Gauge theories in d = 4

with NF fermions in fund. rep’n SU(Nc) gauge theory

use NF > 11/2 Nc 
 -> induce fixed point 
through Yukawa coupling of 
NF2 uncharged scalars
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-> works for gravity at low energies 

•local quantum field theory framework works 
up to arbitrarily small scales 

 -> works for all other interactions 

⌫e

e

u

d

c
s

t

b

µ

⌫µ ⌫⌧

⌧
g�

W± Z

H



Asymptotic safety in gravity
phenomenologically motivated assumptions 

•degrees of freedom of quantum gravity 
carried by the metric (or vielbein or sim.) 
-> works for gravity at low energies 

•local quantum field theory framework works 
up to arbitrarily small scales 

 -> works for all other interactions 

-> (arguably) most conservative approach to quantum gravity
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d = 2 + ✏

[GN ] = 2� d

expansion in
[Weinberg ’79; Christensen, Duff ’78; Gastmans, Kallosh and Truffin ’78;  

Kawai, Kitazawa, Ninomiya ’93, ’96]

g =
GN

k2�ddimensionless Newton coupling:
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-> beyond perturbative regime for d->3,4

interacting fixed point at positive g
-> balancing of dimensional  

and fluctuation terms
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Asymptotic safety in gravity  
- tools in d=4

lattice:

- Regge calculus
- Causal/ Euclidean Dynamical Triangulations

1) discretise spacetime 2) curvature -> deficit angle
pathintegral -> all possible  

discrete configurations 
discrete analogue of  

Einstein action 

[Hamber, Williams] 

[Ambjorn, Jurkiewicz, Loll] 

Z
Dg

µ⌫

e�SEH !
X

configurations

e�Sdiscrete
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Functional Renormalisation Group
For details see:

Main idea: Do path-integral 
momentum-shell wise
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contains effect 
of qm fluc’s 

at p > k

[Wetterich ‘93]
[Berges, Tetradis, Wetterich ’02; Pawlowski ’07; 
Delamotte ’07; Gies ’12; Rosten ’12; Braun ‘12]
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Functional Renormalisation Group
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In quantum gravity:
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[LIGO collaboration ‘16]

Einstein-Hilbert action:

microscopic dynamics: 
no experimental hints!

prediction of 
asymptotic safety



Functional Renormalisation Group

�k =
X

i

ḡi(k)Oi

�gi = k@kgi(k) can be extracted from k@k�k|Oi

advantage of Functional Renormalisation Group: 
(Exact) one-loop equation for k@k�k

-> can search for asymptotic safety in QFTs!
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Functional Renormalisation Group
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regularised  
(nonperturbative) 
field-dependent 
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Structurally: One-loop

summation over eigenvalues 
of propagator,  
(flat space:             ) 

internal and spacetime 
indices and trace in 
field space

Z
dp pd�1
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Encodes non-perturbative effects
=> searches for asymptotic 

safety possible!
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Functional Renormalisation Group
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@t�k = k@k�k =
1

2
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⇣
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k +Rk

⌘�1
@tRk

Z
dp pd�1 IR-finite UV-finite

@t�kk

-> path integral momentum-shell wise
-> alternative definition of QFT 

(need no reference to path integral)
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Strategies for fixed-point searches

1. select a truncation (should contain relevant op’s)

2. evaluate beta functions

3. find Fps and evaluate universal quantities 
(critical exponents)

4. enlarge truncation and repeat

5. convergence of results?
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