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Oscillations vs cosmology 
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Figure 8. Results of the global fit in the 3+1 scenario, shown as exclusion limits and allowed regions
for the e↵ective mixing angle sin2 2✓µe = 4|Ue4|2|Uµ4|2 and the mass squared di↵erence �m2
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. Left:
Comparison of the parameter region preferred by appearance data (LSND, MiniBooNE appearance
analysis, NOMAD, KARMEN, ICARUS, E776) to the exclusion limit from disappearance data
(atmospheric, solar, reactors, Gallium, CDHS, MINOS, MiniBooNE disappearance, KARMEN and
LSND ⌫e–12C scattering). Right: Regions preferred by experiments reporting a signal for sterile
neutrinos (LSND, MiniBooNE, SBL reactors, Gallium) versus the constraints from all other data,
shown separately for disappearance and appearance experiments, as well as their combination.

6 Combined analysis of global data

We now address the question whether the hints for sterile neutrino oscillations discussed
above can be reconciled with each other as well as with all existing bounds within a com-
mon sterile oscillation framework. In section 6.1 we discuss the 3+1 scenario, whereas in
section 6.2 we investigate the 3+2 and 1+3+1 schemes.

6.1 3+1 global analysis

In the 3+1 scheme, SBL oscillations are described by e↵ective 2-flavor oscillation prob-
abilities, involving e↵ective mixing angles for each oscillation channel. The expressions
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appearance probabilities are given in Eqs. (3.2), (4.2), (5.2), respectively.
From those definitions it is obvious that the three relevant oscillation amplitudes are not
independent, since they depend only on two independent fundamental parameters, namely
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e4

| and |U
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|. Neglecting terms of order |U
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|4 (↵ = e, µ) one finds
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. (6.1)

Hence, the appearance amplitude relevant for the LSND/MiniBooNE signals is quadrati-
cally suppressed by the disappearance amplitudes, which both are constrained to be small.
This leads to the well-known tension between appearance signals and disappearance data
in the 3+1 scheme, see e.g. [29, 30] for early references.
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Planck Collaboration: Cosmological parameters

Note the significantly tighter constraint with the inclusion of
Planck high-` polarization, with �Ne↵ < 1 at over 4� from
Planck alone. This constraint is not very stable between like-
lihoods, with the CamSpec likelihood giving a roughly 0.8�
lower value of Ne↵ . However, the strong limit from polarization
is also consistent with the joint Planck TT+lowP+BAO result,
so Eq. (60b) leads to the robust conclusion that �Ne↵ < 1 at over
3�. The addition of Planck lensing has very little e↵ect on this
constraint.

For Ne↵ > 3, the Planck data favour higher values of the
Hubble parameter than the Planck base ⇤CDM value, which as
discussed in Sect. 5.4 may be in better agreement with some
direct measurements of H0 . This is because Planck accurately
measures the acoustic scale r⇤/DA; increasing Ne↵ means (via
the Friedmann equation) that the early Universe expands faster,
so the sound horizon at recombination, r⇤, is smaller and hence
recombination has to be closer (larger H0 and hence smaller
DA) for it to subtend the same angular size observed by Planck.
However, models with Ne↵ > 3 and a higher Hubble constant
also have higher values of the fluctuation amplitude�8, as shown
by the coloured samples in Fig. 31. Thus, these models increase
the tensions between the CMB measurements and astrophysical
measurements of �8 discussed in Sect. 5.6. It therefore seems
unlikely that additional radiation alone can help to resolve ten-
sions with large-scale structure data.

The energy density in the early Universe can also be probed
by the predictions of big bang nucleosynthesis (BBN). In partic-
ular �Ne↵ > 0 increases the primordial expansion rate, leading
to earlier freeze-out with a higher neutron density, and hence a
greater abundance of helium and deuterium after BBN has com-
pleted. A detailed discussion of the implications of Planck for
BBN is given in Sect. 6.5. Observations of both the primordial
helium and deuterium abundance are compatible with the predic-
tions of standard BBN with the Planck base ⇤CDM value of the
baryon density. The Planck+BBN constraints on Ne↵ (Eqs. 75
and 76) are compatible, and slightly tighter than Eq. (60b).

Although there is a large continuous range of plausible Ne↵
values, it is worth mentioning briefly a few of the discrete values
from fully thermalized models. This serves as an indication of
how strongly Planck prefers base ⇤CDM, and also how the in-
ferred values of other cosmological parameters might be a↵ected
by this particular extension to base ⇤CDM. As discussed above,
one fully thermalized neutrino (�Ne↵ ⇡ 1) is ruled out at over
3�, and is disfavoured by ��2 ⇡ 8 compared to base ⇤CDM
by Planck TT+lowP, and much more strongly in combination
with Planck high-` polarization or BAO. The thermalized boson
models that give �Ne↵ = 0.39 or �Ne↵ = 0.57 are disfavoured
by ��2 ⇡ 1.5 and ��2 ⇡ 3, respectively, and are therefore not
strongly excluded. We focus on the former since it is also consis-
tent with the Planck TT+lowP+BAO constraint at 2�. As shown
in Fig. 31, larger Ne↵ corresponds to a region of parameter space
with significantly higher Hubble parameter,

H0 = 70.6±1.0 (68%,Planck TT+lowP; �Ne↵ = 0.39). (61)
This can be compared to the direct measurements of H0 dis-
cussed in Sect. 5.4. Evidently, Eq. (61) is consistent with the
H0 prior adopted in this paper (Eq. 30), but this example shows
that an accurate direct measurement of H0 can potentially pro-
vide evidence for new physics beyond that probed by Planck. As
shown in Fig. 31, the �Ne↵ = 0.39 cosmology also has a signif-
icantly higher small-scale fluctuation amplitude and the spectral
index ns is also bluer, with
�8 = 0.850 ± 0.015
ns = 0.983 ± 0.006

)
Planck TT+lowP; �Ne↵ = 0.39. (62)
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Fig. 32. Samples from Planck TT+lowP in the Ne↵–me↵
⌫, sterile

plane, colour-coded by �8, in models with one massive sterile
neutrino family, with e↵ective mass me↵

⌫, sterile, and the three ac-
tive neutrinos as in the base ⇤CDM model. The physical mass
of the sterile neutrino in the thermal scenario, mthermal

sterile , is con-
stant along the grey dashed lines, with the indicated mass in
eV; the grey region shows the region excluded by our prior
mthermal

sterile < 10 eV, which excludes most of the area where the
neutrinos behave nearly like dark matter. The physical mass in
the Dodelson-Widrow scenario, mDW

sterile, is constant along the dot-
ted lines (with the value indicated on the adjacent dashed lines).

The �8 range in this model is higher than preferred by the
Planck lensing likelihood in base ⇤CDM. However, the fit to
the Planck lensing likelihood is model dependent and the lens-
ing degeneracy direction also associates high H0 and low ⌦m
values with higher �8. The joint Planck TT+lowP+lensing con-
straint does pull �8 down slightly to �8 = 0.84 ± 0.01 and pro-
vides an acceptable fit to the Planck data. Note that for Planck
TT+lowP+lensing, the di↵erence in �2 between the best fit base
⇤CDM model and the extension with �Ne↵ = 0.39 is only
��2

CMB ⇡ 2. The higher spectral index with �Ne↵ = 0.39 gives a
decrease in large-scale power, fitting the low ` < 30 Planck TT
spectrum better by ��2 ⇡ 1, but the high-` data prefer �Ne↵ ⇡ 0.
Correlations with other cosmological parameters can be seen
in Fig. 20. Clearly, a very e↵ective way of testing these mod-
els would be to obtain reliable, accurate, astrophysical measure-
ments of H0 and �8.

In summary, models with �Ne↵ = 1 are disfavoured by
Planck combined with BAO data at about the 3� level. Models
with fractional changes of �Ne↵ ⇡ 0.39 are mildly disfavoured
by Planck, but require higher H0 and �8 compared to base
⇤CDM.

6.4.3. Simultaneous constraints on Ne↵ and neutrino mass

As discussed in the previous sections, neither a higher neu-
trino mass nor additional radiation density alone can resolve
all of the tensions between Planck and other astrophysi-
cal data. However, the presence of additional massive parti-
cles, such as massive sterile neutrinos, could potentially im-
prove the situation by introducing enough freedom to allow
higher values of the Hubble constant and lower values of
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Global fit 3+1 

Kopp, Machado, Maltoni, Schwetz (2013) 

           Planck Collaboration 
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Neff < 3.7

meff
sterile < 0.52 eV

(95% c.l., Planck2015 + lensing + BAO) 



Pseudoscalar model 

The sterile neutrino is coupled to a new light pseudoscalar (mφ << 1eV) 
 
 
Limits: 
  

L ~ gsφν sγ5ν s

No fifth force limits 

SN bounds: 
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−7
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gs ≤ ge / sin
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−5

Farzan  (2003) 

Model dependent 
 
 
    Kopp et al. (2013) 
    Giunti et al. (2013) 

sin2 2θ s= 0.05
Bernatowicz et al.  (1992) 

0νββ decay 
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Thermal history 

u T > TeV φ particles are thermally produced 

u T ~ GeV (gs~10-5) νs and φ in thermal equilibrium 

                                                         in the relativistic limit 

       one single tightly-coupled fluid 

u T > 200MeV the dark sector decouples 

 

 

u T ~ 10MeV neutrino oscillations become important 
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Early Universe: Flavour evolution 
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Solving the tension on Neff at BBN 
3
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constant, M
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d3p/(2⇡)3 is the number density of sterile neutrinos.
For the repopulation of the active neutrinos, we use the
expression
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µ
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).
We compute the sterile neutrino contribution to the

potential in Eq. (3) from the actual numerical distribu-
tion. The contribution from the �-background is com-
puted analytically assuming that the �-particles were
produced thermally above a TeV. They will then follow
a Bose-Einstein distribution with a reduced temperature
of
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where the approximation is valid in the temperature
range of interest. We are ignoring momentum transfer
between the sterile neutrinos and the pseudoscalars for
simplicity, but we suspect that including it would have
a negligible e↵ect on our results. When sterile neutrinos
are produced, they will create non-thermal distortions in
the sterile neutrino distribution, and the sterile neutrino
spectrum might end up being somewhat non-thermal. In
Fig. 1 we show the final contribution to the energy den-
sity N
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FIG. 1: The contribution of the sterile neutrino to the rela-
tivistic energy density �Ne↵ = Ne↵ � 3 as a function of the
coupling parameter gs.

from a sterile neutrino with mixing parameter sin2 2✓
s

=
0.05 and m

⌫s = 1 eV, close to the best fit value from
neutrino oscillation data [1, 2]. The transition from full
thermalisation to zero thermalisation happens in the re-
gion 10�6 < g

s

< 10�5, confirming the simple estimate
in Eq. (6) 1.

Late time phenomenology. — In a recent paper by Mi-
rizzi et al. [30] it was pointed out that even if strong self-
interactions prevent thermalisation of the sterile neutrino
before active neutrino decoupling it will eventually be al-
most equilibrated by oscillations at late times. This leads
to a scenario in which active and sterile neutrino distri-
butions have similar temperatures and both contribute
to the combined N

e↵

. Even if early thermalisation is
prevented this still leads to a sterile neutrino population
with a temperature only slightly below that of standard
model active neutrinos and therefore the usual cosmolog-
ical neutrino mass bound still applies to this model.

However, unlike the previously studied Fermi-like in-
teraction, sterile neutrinos and pseudoscalars interact via
a variety of 2 $ 2 processes which in general have
a scattering rate of order � ⇠ g4

s

T because there is
no mass scale involved. This is true for example for
the pair annihilation process ⌫

s

⌫̄
s

! �� where we al-
ready found the thermally averaged cross section to

1
Note that in the absence of a pre-existing population of � and ⌫s,
sterile neutrino production would still be suppressed for the same

values of gs as soon as a small amount of ⌫s has been produced

through oscillations. The assumption is thus not crucial to the

scenario.

MA, Hannestad, Hansen, Tram (2014) 

BBN bounds: 
ΔNeff ≤ 1 (95% c.l.) sin2 2θ s= 0.05

m s=1 eV

When sterile neutrinos are produced, 
they will create non-thermal distortions 
in the sterile neutrino distribution, and 
the sterile neutrino spectrum end up 
being somewhat non-thermal. 

The transition between  
full thermalization and no thermalization 
occurs for coupling 10-6 < gs < 10-5 
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Late time phenomenology: 
νs – φ interactions 
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Low energy / late time process 
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Neutrino perturbations 

Expansion in Legendre polynomials of the 
collisionless Boltzmann equation in Fourier space 
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τ = (n σ v )−1

Neutrino perturbations 

Expansion in Legendre polynomials of the 
collisionless Boltzmann equation in Fourier space 
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τ = (n σ v )−1

Neutrino perturbations 

Expansion in Legendre polynomials of the 
collisionless Boltzmann equation in Fourier space 
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No free streaming 
No anisotropic 

stress 



SM neutrino free streaming 
 
Active neutrinos must be free streaming after z~5000 
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Figure 4. case A Ratio between the CMB temperature power spectra accounting for the Fermi like
4-point interactions at di↵erent redshift (as described in Fig. 3) and the ⇤MDM spectrum.
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pseudoscalar vector boson 

Photon monopole 
enhancement 

MA, Hannestad (2013) 
see also Cyr-Racine,  
Sigurdson (2013) and 
Forstieri, Lattanzi, Natoli 
(2015) 
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The interaction is confined to the the sterile sector 
The pseudoscalar coupling is diagonal in mass basis 



Solving the tension on Neff at CMB 4

be h�|v|i = g4
s

/(8⇡T 2) in the relativistic limit, imply-
ing a reaction rate � = h�|v|in

⌫s ⇡ 3.6 ⇥ 10�3g4
s

T .
This should be compared to the Hubble expansion rate
H ⇠ 10T 2/m

Pl

. As long as g
s

>⇠ 10�6 the ⌫
s

� � plasma
becomes strongly self-interacting before the sterile neutri-
nos become non-relativistic around recombination. The
strong self-interactions of the combined fluid leads to a
complete absence of free-streaming and in turn an ab-
sence of anisotropic stress in this component.

The scenario where all neutrinos are strongly inter-
acting is strongly disfavoured by current data (see e.g.
[15, 31–38] for discussions of self-interacting neutrinos
and cosmic structure formation). However, this is not
necessarily true for models in which standard model neu-
trinos are free-streaming, and the interaction is confined
to the sterile sector. We note here that since the pseu-
doscalar coupling is diagonal in mass basis it does not
induce self-interactions in the three active mass states.

We also note that the rest mass constraint does not
apply to this model, if we require g
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sterile neutrinos become non-relativistic they annihilate
into �. This annihilation has two immediate e↵ects. It
leads to an overall increase in the energy density of the
⌫
s
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We have performed a study of how this model is con-
strained by current CMB data through an MCMC sam-
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with CosmoMC [39] and using CMB data from the Planck
mission as well as CMB polarisation data from the
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as “Planck+WP”). We describe the neutrino sector by
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and
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the same data, but with the direct measurement of H
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from [41] included. The data shows a clear preference for
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also of interest to compare the di↵erence in �2 between
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. This e↵ect was seen
already in [34] but with a much more dramatic increase
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FIG. 2: 1D marginalised posteriors for Ne↵ (Top panel) and
H0 (Bottom panel) obtained by assuming the pseudoscalar
scenario and using only CMB data (black/solid line) and
CMB data plus the H0 prior (red/dotted line). (Top panel)
The green dash-dot line refers to the ⇤CDM model (Ne↵ =
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interacting. In the bottom panel of Fig. 2 we show the 1D
marginalised posterior for H

0

for this model as well as for
⇤CDM. The increase inH

0

alleviates the tension between
the locally measured value of H
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and the much lower
value inferred from Planck data when the standard model
is assumed. We see this e↵ect very directly when compar-
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while if we assume N
e↵

' 4 ��2 = �3.248. We thus find
that in this case the model with a strongly interacting
⌫
s

� � sector is a better fit to current data than ⇤CDM
(and of course a vastly better fit than ⇤CDM with an
additional 1 eV sterile neutrino).

Dark matter. —We will now investigate the possibility
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As soon as sterile neutrinos go non-relativistic, they start annihilating into 
pseudoscalars 
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νs – φ annihilations 
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Solving the tension on ms 
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Galactic dynamics 
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Bounds on dark matter coupling 

7

same features as the previously studied models based on
Fermi-like interactions mediated by heavy vector bosons
in the sense that it provides a background potential which
can block the production of sterile neutrinos and resolve
the apparent inconsistency between cosmology and short
baseline neutrino oscillation data.

However, the model has very di↵erent late-time phe-
nomenology. The very low mass of the pseudoscalar
makes the sterile neutrino strongly self-interacting at late
times, an e↵ect which is perfectly consistent with current
cosmological data, but might be used to uniquely iden-
tify the model once more precise measurements become
available. In order to accommodate the mass bound from
cosmological large scale structure [30], we need g

s

>⇠ 10�6

to allow the sterile neutrinos to annihilate when they be-
come non-relativistic. Our analysis of the CMB suggests
N

e↵

⇡ 4, and this suggestion is amplified if we also con-
sider the direct measurements of H

0

. At 95% confidence
we can rule out N

e↵

= 3.046 when we include the H0
measurement, and this formally corresponds to an upper
limit on g

s

of g
s

<⇠ 10�5 according to Fig. 1. However,
this bound is very dependent on the set of data we have
used, and might both be strengthened and weakened by
including more data. We finally arrive at a combined
bound on g

s

of

10�6 <⇠ g
s

<⇠ 10�5(CMB+H0). (22)

A more robust determination of N
e↵

would allow the pos-
sible values for g

s

to be further confined, and a precise
value of N

e↵

> 3.046 would allow us to pinpoint a cor-
responding coupling strength. We also note that since
the fundamental coupling strength is very low and re-
stricted to the sterile sector in this model it is unlikely
to produce observable e↵ects on neutrino physics in gen-
eral (see e.g. [18] for laboratory constraints). Consid-
ering non-standard energy loss from the proto-neutron
star in SN1987a also leads to an upper bound on g

s

in
the ⇠ few ⇥ 10�5 range (see e.g. [47] for a discussion).

In addition to the coupling to sterile neutrinos we hy-
pothesise that the pseudoscalar also couples to the dark
matter particle. Provided that the dark matter parti-
cle is su�ciently light this can lead to significant e↵ects
on dark matter clustering in galaxies and clusters and
possibly resolve some of the apparent discrepancies be-
tween the standard ⇤CDM model and observations [48].
These discrepancies include the “Too big to fail” prob-
lem [49] and the “cusp vs. core” problem (see [50] and
references herein), but not the “missing satellites” prob-
lem [51] which would require a stronger coupling between
neutrinos and DM.

In order for the model to be viable, the dark mat-
ter coupling must be su�ciently low that the pair an-
nihilations do not transfer excess entropy to the plasma
of sterile neutrinos and pseudoscalars. Conversely, the
dark matter coupling must be strong enough to produce
an observable e↵ect on galactic dynamics. In Fig. 4 we

FIG. 4: Constraints in m� � gd space. The green region is
ruled out from Eq. (10) due to overproduction of �-particles
from �-annihilations, while the purple region will have no
e↵ect on galactic dynamics, cf. Eq. (15).

show these two constraints simultaneously and note that
they single out RSH Note: The region spans sev-
eral orders of magnitude. We can add a lower
limit by considering WDM bounds, see e.g. [52].
a preferred region in parameter space with a dark mat-
ter mass in the MeV range and a coupling in the 10�5

range. Such a dark matter particle is very di↵erent from
the normal WIMP cold dark matter. However, it is en-
tirely possible that dark matter consists of an additional
sterile neutrino species with extremely suppressed mix-
ing to the active sector. If this is the case it cannot be
produced via the usual scattering and oscillation mecha-
nism. However, unlike an MeV sterile neutrino produced
via the normal oscillation and scattering mechanism it
also remains stable on cosmological timescales. The ac-
tual production mechanism for the dark matter particle
might be via direct inflaton decay at reheating or from
the thermal background at very high temperature.

In summary, sterile neutrino and dark matter inter-
actions via a light pseudoscalar seems an extremely in-
teresting possibility for explaining a variety of di↵er-
ent problems in cosmology and certainly merits further
study.
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Solving the small scale problems of CDM 

ü  “too big to fail”        
ü  “cusp vs core” 
    “missing satellites”  
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DM – DM: 
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parameters remains open. Nonetheless, the absence of
dramatic departures from CDM predictions has allowed
important constraints to be placed [24, 25].

In this Letter, we examine the possible existence of a
dark force from a di↵erent perspective. Rather than limit
its allowed range of parameters based on observations,
we show that it can ameliorate tensions in astrophysi-
cal data. In particular, we find that a Yukawa force in
dark matter scattering would naturally produce cores in
dwarf galaxies while avoiding the myriad constraints on
SIDM which arise in systems with a much larger veloc-
ity dispersion, such as clusters of galaxies. The specific
velocity dependence of the interaction cross-section, as
well as the possible exothermic nature of the interaction,
alleviate earlier concerns about the SIDM model. To dis-
tinguish from previous approaches with a constant cross
section or a simple power law velocity dependence, we
label this scenario as Yukawa-Potential Interacting Dark
Matter (YIDM).

Dark Forces. The mediator of the force � could be
either a scalar or a vector, as magnetic-type interactions
are negligible. The force could couple to standard model
fields through kinetic mixing with the photon, or through
mass mixing with the Higgs boson. Constraints on the
presence of such a force come from a wide range of pro-
cesses [26, 27], but ample parameter space remains for

a small mixing angle, ✏
<⇠ 10�3. New searches are un-

derway to find precisely such a force carrier at ⇠ GeV
energy experiments [28].

Scattering through a massive mediator is equivalent to
having a Yukawa potential. The elastic scattering prob-
lem is then analogous to the screened Coulomb scatter-
ing in a plasma [29], which is well fit by a cross-section
[24, 30],

h�i ⇡

8
>>><

>>>:

4⇡
m2

�
�2 ln(1 + ��1), �

<⇠ 0.1,

8⇡
m2

�
�2/(1 + 1.5�1.65), 0.1

<⇠ �
<⇠ 103,

⇡
m2

�

�
ln� + 1� 1

2

ln�1 �
�
2

, �
>⇠ 103,

(1)
where � = ⇡v2�/v

2 = 2↵dm�/(m�v
2), and v is the rela-

tive velocity of the particles. We use angular brackets to
denote that this is the momentum-transfer weighted cross
section. Here, v� is the velocity at which the momentum-
weighted scattering rate h�vi peaks at a cross section
value of �

max

= 22.7/m2

�. The above expression can be
approximately generalized to the inelastic case by sub-
stituting m� !

p
m�� for the characteristic minimum

momentum transfer when m� <
p
m�� (see discussion

in [30]). This expression is derived using classical physics,
and thus, it is important to note what quantum e↵ects
can come into play. In cases where the de Broglie wave-
length is longer than the Compton wavelength of the
force m�1

� , the quantum calculation should be consid-
ered for quantitative results. Nonetheless, the same qual-
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FIG. 1: Dependence of the self-interaction cross-section (�) on
the relative velocity (v) for dark matter interacting through a
Yukawa potential. The normalizations of � and v are set by
free parameters in the underlying Lagrangian (see Appendix),
and we show two possible curves peaking at v

�

= 10 km s�1

and = 100 km s�1 (blue, solid and purple, dashed, respec-
tively).

itative features should remain: the cross section should
saturate at low velocities near � ⇠ m�2

� , and at high
velocities, where the classical approximation is valid, it
should fall rapidly.
Figure 1 depicts the velocity dependence of the elas-

tic cross-section in Eq. (1). Interestingly, the scattering
rate is nearly constant at low velocities, peaks at a ve-
locity v�, and declines sharply at v > v�, allowing it to
introduce cores in dwarf galaxies where the velocity dis-
persion is low (v ⇠ 10 km s�1) but not in clusters of
galaxies where the characteristic velocities are larger by
two orders of magnitude (v ⇠ 103 km s�1). The nor-
malizations of the cross-section and velocity are deter-
mined by free parameters in the interaction Lagrangian
(see Appendix), with the Compton wavelength of the in-
teraction setting the relevant spatial scale. We show two
possible values of the peak velocity, one that would pro-
duce cores only in dwarf galaxies (v� = 10 km s�1), and
another that would produce cores in more massive galax-
ies (v� = 102 km s�1) as implied by data on low surface
brightness galaxies [31]. At any given halo mass, we ex-
pect scatter in the core properties of individual halos,
due to variations in their age and assembly history.
Having one collision per Hubble time at the character-

istic core density of dwarf galaxies ⇠ 0.1M� pc�3, trans-
lates to the condition (m�/10GeV)(m�/100MeV)2 ⇠ 1
(see Appendix). An order of magnitude larger cross-
sections are also allowed by the data. Figure 2 shows
the allowed parameter ranges [25] that would naturally
explain the dark matter distribution in observed astro-
physical objects. We find that even though collisions
shape the central profiles of dwarf galaxies, the standard
collisionless treatment still provides an excellent approx-
imation for the dark matter dynamics in X-ray clusters.

Loeb & Weiner (2010) 

Chu & Dasgupta (2014) 
Dasgupta & Kopp (2014) 

vMAX =
1
2π 2

gd
2

vrel

(Baryon physics) 



Conclusions 

ü  “Secret” sterile neutrino self-interactions mediated by a light pseudoscalar 
can accommodate one additional massive sterile state in cosmology without 
spoiling CMB measurements and, at the same time, evading mass 
constraints 

ü  “Secret” interactions might also solve the small scale problems of the cold 
dark matter paradigm 
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Sommerfield enhancement 

The effect of Sommerfeld enhancement can be safely neglected for all reasonable 
values of gd  
 

6

To compute the Sommerfeld factor, we follow [44] and
write the radial part of the Schrödinger equation as

�00
`

(x) =

✓
m

�

p2
V

✓
x

p

◆
+

`(`+ 1)

x2

� 1

◆
�

`

(x), (16)

=

✓
�g2

d

v

8⇡x3

m

h(Fx
m

)e�Fxm +
`(`+ 1)

x2

� 1

◆
�

`

(x).

with x ⌘ pr and F ⌘ 2m�

m�v
. The continuous box

renormalisation has been implemented by simply using
x
m

⌘ max(x, x
cut

) inside the potential term. The equa-
tion determining the cuto↵ x

cut

is

1 =

✓
m

�

⇤
BSM

◆
g2
d

v3

32⇡x3

cut

h(Fx
cut

)e�Fxcut . (17)

In the limit x ! 0, the complete solution to Eq. (16)
are Ax`+1 + Bx�` for ` � 0. As usual, requiring the
solution to be regular at x = 0 forces B = 0. A can
be absorbed into the overall normalisation of the wave
function, i.e. we put A = 1. In the asymptotic limit x !
1, the solution just becomes a sine with an amplitude
and a phase shift. We have

�
`

(x) ! x`+1, x ! 0, (18)

�
`

(x) ! C sin(x� `⇡/2 + �
`

), x ! 1. (19)

To compute the Sommerfeld factor numerically, we use
Eq. (18) to set initial conditions at x

ini

, 0 < x
ini

< x
cut

.
We then evolve the wave until it has reached its asymp-
tote in Eq. (19) and we denote this point by x

asym.

. This
happens when the wave no longer feels the potential and,
for ` > 0, the centrifugal barrier. The Sommerfeld factor
is related to the asymptotic amplitude C (through the
overall normalisation) by the formula [44]

S
`

=
[(2`+ 1)!!]2

C2

=
[(2`+ 1)!!]2

�2

`

(x
asym.

) + �02
`

(x
asym.

)
. (20)

The last expression is obtained from Eq. (19) and is nu-
merically convenient. Note that the equation for the
boost factor does not depend on the masses but only
on �

`

. The mass dependence in Eq. (16) enters only
through the ratio m

�

/m
�

in the factor h(Fx)e�Fx. This
factor is ⇠ 1 when Fx <⇠ 1, and it is easy to show
that this is the case for all values of x where the po-
tential is non-negligible, provided that m�

m�
< (v/g

d

)
2
3 .

This inequality is easily satisfied for the parameter space
that we are considering. The regularisation procedure
introduces another possible mass dependence through
Eq. (17). The previous argument applies again to
the factor h(Fx)e�Fx, ruling out a dependence on the
(m

�

/m
�

)-ratio. So the only mass dependence will en-
ter through the ratio (m

�

/⇤
BSM

). We have shown the
boost factor in Fig. 3 for two extreme values of this ratio.
Evidently, the e↵ect of Sommerfeld enhancement can be
safely neglected for all reasonable values of g

d

.

FIG. 3: Sommerfeld enhancement factor for ` = 0 due the
potential in Eq. (11) for two extreme values of the ratio
(m�/⇤BSM). Top panel: (m�/⇤BSM) = 1.0. Bottom panel:
(m�/⇤BSM) = 10�5. As discussed in the text, the dependence
on the ratio (m�/m�) is negligible.

Dark acoustic oscillations? — Since our model couples
dark matter to a background of dark radiation we might
worry that the ��� system can undergo acoustic oscilla-
tions close to the epoch of recombination and thus distort
the observed CMB spectrum (see e.g. [46] for a recent
discussion). The interaction around the epoch of CMB
formation is primarily Compton scattering, �� ! ��,
and we can directly compare it to the normal Compton
scattering rate of photons and electrons. The Compton
cross section scales as � / ↵2/m2 where m is the fermion
mass. As long as g2

d

⌧ ↵ and m
�

� m
e

, the dark sec-
tor acoustic oscillations will be completely negligible and
therefore cosmologically safe. This of course also means
that late-time Compton scatterings can be safely ignored
since they have no impact on the ability of � to cluster
gravitationally. Scaling relative to the electron-photon
process we can formulate the bound as

g2
d

⌧ 1.6⇥ 10�2

⇣ m
�

MeV

⌘
. (21)

Discussion. — We have studied a model with secret
sterile neutrino interactions mediated by a massless or
very light pseudoscalar. The model has some of the
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