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Relativity, objectivity and material frame indi�erence

1 Philosophy? In physics tradition galore. Various interpretations. E.g.

general relativity or theory of gravitation.

2 Principle of relativity (special). Galilean transformations: form

invariance of basic principles (second derivative). For continua it is not

trivial : Landau-Lifsic.

3 Principle of objectivity. Inertial reference frames are not enough. Rigid

observers and reference frames should be considered, too. Normal

tensors and objective tensors.
4 Principle of material frame indi�erence. Material properties are �xed

to the material : use objectivity and local rest frames.

What is moving? Inertial contributions. Symmetry.
What is a material? Flow-frame.
Confusion: heat conduction (Müller, 1972; Müller-Weiss, 2012), kinetic
theory.
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Objectivity and relativity

Transformation rules

Galilei invariance

Rigid body motion

Transformation rule of Noll (1958):

x ′a =

(
t ′

x ′i

)
=

(
t

hi (t) + Q ij(t)x j

)
,

where Q−1 = QT is an orthogonal tensor, a ∈ {0,1,2,3}.
Jakobian:

J ′ab =
∂x ′a

∂xb
=

(
1 0j

ḣi + Q̇ ijx j Q ij

)

Transformation rule:

C ′a = J ′abCb
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The need of four dimensions

V i := ḣi

Objectivity of spatial vectors(
1 0

V i + Q̇ ijx j Q ij

)(
0

C j

)
=

(
0

Q ijC j

)
→ C ′i = Q ijC j .

Galilean transformations (Q ij = δij) and four-vectors?(
ρ̂

ĵ i

)
=

(
1 0

V i δik

)(
ρ
jk

)
=

(
ρ

j i + ρV i

)
→ ρ′ = ρ

j ′i = j i + ρV i

Velocity v i := ẋ i (t). By de�nition: v ′i = d
dt x
′i = V i + Q̇ ijx j + Q ijv j

This is not a transformation of three-vectors.

Velocity as four-vector: ẋa = (1, v i)(
1′

v ′i

)
=

(
1 0

V i + Q̇ ijx j Q ij

)(
1

v j

)
=

(
1

V i + Q̇ ijx j + Q ijv j

)
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Rational Extended Thermodynamics I

Moment series expansion of kinetic theory.

Monatomic gases:

∂tF + ∂iFi = 0,

∂tFi + ∂jFij = 0,

∂tFij + ∂kFijk = gij ,

∂tFkki + ∂jFkkji = gkki .

F = ρ, Fi = ρvi , Fij = Pij , Fkki = qi , ...

Pkk = e : ideal gas equation of state. Dense gases?? Solution: doubled

hierarchy? (Ruggeri et. al. 2011)
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Galilean transformations in RET I

∂αF
α = 0, α = {0,1,2,3}

Objectivity: invariant balance system. Comoving derivatives, convective and

conductive �uxes are distinguished. Transformation rules follow.

ρ′ = ρ,

e ′ = e + ρ
v2

2
,

P ′ij = P ij + ρv iv j

q′i = qi + ev i + P ijvj + ρv i
v2

2
.

Usual, but internal and kinetic. No dissipation.
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The four dimensions of Galilean relativistic space-time

8 / 29



Mathematical structure of Galilean relativistic space-time

1 The space-time M is an oriented four dimensional vector space of the

xa ∈M world points or events. There are no Euclidean or

pseudoeuclidean structures on M : the length of a space-time vector

does not exist.

2 The time I is a one dimensional oriented vector space of t ∈ I instants.

3 τa : M→ I is the timing or time evaluation, a linear surjection.

4 δāb̄ : E× E→ R⊗ R Euclidean structure is a symmetric bilinear

mapping, where E := Ker(τ) ⊂M is the three dimensional vector

space of space vectors.

Simpli�cation: space-time and time are a�ne spaces

Simpli�cation: measure lines.

Abstract indexes: a, b, c, ... for M, ā, b̄, c̄ , ... for S
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Vectors an covectors are di�erent

A′αB ′β = AαBβ = AB + AiBi

(
t ′

x ′i

)
=

(
t

x i + v i t

)
Vector transformations (extensives):(

A′

A′i

)
=

(
A

Ai + v iA

)
Covector transformations (derivatives):(

B ′ B ′i
)

=
(
B − Bkv

k Bi

)
Balances: absolute, local and substantial

∂aA
a = 0 −→

(a,b,c∈{0,1,2,3})

ua : DuA + ∂iA
i = dtA + ∂iA

i = 0,

u′a : Du′A + ∂iA
′i = ∂tA + ∂iA

′i = 0.

Transformed: (dt − v i∂i )A + ∂i (A
i + Av i ) = dtA + A∂iv

i + ∂iA
i = 0
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Mass, energy and momentum

What kind of quantity is the energy?

Square of the relative velocity: 2nd order tensor

Kinetic theory: trace of a contravariant second order tensor.

Energy density and �ux: additional order

Basic �eld:

Z abc = zbcua + zabc : mass-energy-momentum density-�ux tensor

a, b, c ∈ {0,1,2,3}, a, b, c ∈ {1,2,3}

zbc →

(
ρ pb

pc ebc

)
, z ābc →

(
j ā Pab

Pac qāb̄c̄

)
, e =

eb
b

2

11 / 29



Galilean transformation

Z ′αβγ = Gα
µG

β
ν G

γ
κZ

µνκ

Zαβγ =

((
ρ pi

pj e ji

) (
jk Pki

Pkj qkij

))
, Gα

ν =

(
1 0i

v j δji

)
, e =

e i i
2

Transformation rules follow:

ρ′ = ρ,

p′i = pi + ρv i ,

e ′ = e + pivi + ρ
v2

2
,

j ′i = j i + ρv i ,

P ′ij = P ij + ρv iv j + j iv j + pjv i ,

q′i = qi + ev i + P ijvj + pjvjv
i + (j i + ρv i )

v2

2
.
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Galiean transformation of energy

Transitivity:

e2 = e1 + p1v12 + ρ
v212
2

e3 = e2 + p2v23 + ρ
v223
2

→ e3 = e1 + p1v13 + ρ
v2
13

2

p2 = p1 + ρv12, v13 = v12 + v23
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Balance transformations

Absolute

∂aZ
abc = żbc + zbc∂au

a + ∂az
abc = 0

Rest frame

ρ̇+ ∂i j
i = 0,

ṗi + ∂kP
ik = 0i ,

ė + ∂iq
i = 0.

Inertial reference frame

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ṗi + pi∂kv
k + ∂kP

ik + ρv̇ i + jk∂kv
i = 0i ,

ė + e∂iv
i + ∂iq

i + pi v̇i + P ij∂ivj = 0.
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Conclusions

Fluid mechanics, thermodynamics and entropy production are
absolute: independent of reference and �ow-frames.

Four-tensors are useful. Transformation rules can be calculated
easily. For inertial frames those are the same as in RET.

Thermodynamics: four-cotensor of intensive quantities.
Thermovelocity equation of state (pi = ρw i). (Self)di�usion
cannot be eliminated. Galilean invariant thermodynamic �uxes
and forces.

Linear asymptotic stability of homogeneous equilibrium.

Kinetic theory? (Ruggeri-Sugiyama)

Special relativistic hydro? Fluxes and forces?

Hyperbolicity, symmetry? (Godunov, Lax, Boillat, Ruggeri, ...)

Material frame indi�erence. Rigid reference frames.
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Thank you for the attention!

More details are in:
http://arxiv.org/pdf/1508.00121v2
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Balances of simple �uids

Local

∂tρ+ ∂k(ρvk) = 0,

∂t(ρv
i ) + ∂k(P ik + ρv ivk) = 0i ,

∂tetot + ∂k(qktot + etotv
k) = 0.

Substantial

ρ̇+ ρ∂kv
k = 0,

(ρv i )̇ + ρv i∂kv
k + ∂kP

ik = 0i ,

ėtot + etot∂kv
k + ∂kq

k
tot = 0.

Notation:

∂t = ∂
∂t
, ∂i = ∇, v i = v, indices are not coordinates.

i , j , k ∈ {1,2,3}
etot is the total energy density.

Transformations

v i relative velocity,
∂t + v i∂i = d

dt , comoving derivative,

q̂i = qi + etotv
i , conductive and convective
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Fluid thermodynamics

total - kinetic = internal , e = etot − ρv 2/2
d

dt

(
ρ
v2

2

)
+ ρ

v2

2
∂iv

i + ∂i (P
ikvk)− P ik∂ivk = 0.

ė + e∂kv
k + ∂k(qktot − P ikvi︸ ︷︷ ︸

qk

) + P ik∂ivk = 0.

Thermodynamics:

s(e, ρ), de = Tds + µdρ; e + p = Ts + µρ, s i = qi

T

ṡ + s∂iv
i + ∂i s

i =
1

T
ė − µ

T
ρ̇+ s∂iv

i + ∂i
qi

T
=

− 1

T

(
e∂iv

i + ∂iq
i + P ij∂ivj

)
+
µ

T

(
ρ∂iv

i
)

+ s∂iv
i +

µ

T
∂iq

i + qi∂i
1

T
=

qi∂i
1

T
− 1

T
(P ij − pδij)∂ivj ≥ 0.

Basic �elds: ρ, e, v i ; Constitutive functions: qi , P ij
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Absolute and relative �elds

Z abc = zbcua + zabc : mass-energy-momentum density-�ux tensor

u-form:

Z abc =
(
ρubuc + pb̄uc + ubpc̄ + e b̄c̄

)
ua +(

j āubuc + P āb̄uc + P āc̄ub + qāb̄c̄
)

ρ = τbτcz
bc = τaτbτcZ

abc , density

pb̄ = πb̄dτcz
dc = τaπ

b̄
dτcZ

adc , momentum density

e b̄c̄ = πb̄dπ
c̄
ez

de = τaπ
b̄
dπ

c̄
eZ

ade , energy density tensor

j ā = πādτbτcZ
dbc , (self)di�usion �ux

P āb̄ = πādπ
b̄
eτcZ

dec , pressure

qāb̄c̄ = πādπ
b̄
eπ

c̄
f Z

def . heat �ux tensor

e = 1

2
e āā energy density qā = 1

2
qāb̄

b̄
heat �ux
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Galilean transformation

Z abc = zbcua + zabc

zbc
u
≺

(
ρ pb

pc ebc

)
, z ābc

u
≺

(
j ā P āb̄

P āc̄ qāb̄c̄

)
, e =

eb
b

2

Transformation rules (with relative indexes):

τaτbτcZ
abc = ρ̂ = ρ,

... = p′i = pi + ρv i ,

... = e ′ = e + pivi + ρ
v2

2
,

... = j ′i = j i + ρv i ,

... = P ′ij = P ij + ρv iv j + j iv j + pjv i ,

... = q′i = qi + ev i + P ijvj + pjvjv
i + (j i + ρv i )

v2

2
.
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Kinetic energy and Galiean transformation?

Total energy, kinetic energy and internal energy:

etot = e + ρv
2

2
, therefore e2 = e1 + ρv

2

12

2

Transitivity?

e2 = e1 + ρ
v212
2
, e3 = e2 + ρ

v223
2

→ e1 = e3 + ρ
v231
2
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Thermodynamics. Gibbs relation I.

ds =Ybcdz
bc Ybc chemical potential-thermovelocity-temperature cotensor

Physical de�nitions

Ybc
u
≺
(
y yb
yc ycb

)
=
β

2

(
−2µ −wb
−wc δbc

)
,

Transformation rules

β′ = β,

w ′i = wi + vi , like a vector!

µ′ = µ− wiv
i − v2

2
.

Calculation with classical transformation matrix.
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Thermodynamics. Gibbs relation II.

Absolute Gibbs relation: ds =Ybcdz
bc

Absolute extensivity condition: Sa = YbcZ
abc + pa

Absolute and relative

Pressure decomposition: pa = βp(ua + wa)

Sa = YbcZ
abc + pa → Ts = e + p − µρ− wip

i ,

→ Ts i = qi − µj i − P ijwj + pw i ,

ds = Ybcdz
bc → de = Tds + µdρ+ widp

i + (ρwi − pi )dv
i .

Relative Gibbs relation is Galilean invariant if the inertial reference frame

changes.
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Thermostat(odynam)ics.

Gibbs relation: de = Tds + µdρ+ widp
i + (ρwi − pi )dv

i

Maxwell relations

s(e, ρ, pi , v i )

∂s

∂pi
=

wi

T
,

∂s

∂v i
=
ρwi − pi

T

∂2s

∂v ipj
=

∂2s

∂piv j
=

∂wi

∂v j
= δij − ρ

∂wi

∂pj

Solution:

wi =
pi
ρ

+ Aij

(
v j +

pj

ρ

)
+ w i

Galilean invariant(!) part :

pi = ρwi
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Termodynamics III. Entropy balance.

∂aS
a = ∂a(sua + sa) = σ ≥ 0, condition: ∂aZ

abc = 0

Entropy production

∂aS
a = ṡ + s∂au

a + ∂as
ā

= ...

= −(ja − ρwa)∂a

(
βµ+ β

w2

2

)
+(

qa − wa(e − pbwb) + (ja − ρwa)
w2

2
− Pabwb

)
∂aβ −

β
(
Pa
b

+ wa(ρwb − pb)− jawb − pδa
b

)
∂a(ub + wb) ≥ 0
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Entropy production II.

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ṗi + pi∂kv
k + ∂kP

ik + ρv̇ i + jk∂kv
i = 0i ,

ė + e∂iv
i + ∂iq

i + pi v̇i + P ij∂ivj = 0.

Σ = −(j i − ρw i )∂i

(
βµ+ β

w2

2

)
+(

qi − w i (e − pjwj) + (j i − ρw i )
w2

2
− P ijwj

)
∂iβ −

β
(
P i
j + w i (ρwj − pj)− j iwj − pδij

)
∂i (v

j + w j) ≥ 0

Variables: ρ, pi , e

Constitutive functions: j i ,P ij , qi , v i? �ow-frame

Equation of state: µ,T ,w i
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Classical theory

Eos: w i = pi

ρ

Flow frame: Aā = 0 if ua = Aa

τaAa

Thermo-frame

w ā = 0 → pā = 0

ρ̇+ ρ∂iv
i + ∂i j

i = 0,

ρv̇ i + ∂kP
ik + jk∂kv

i = 0i ,

ė + e∂iv
i + ∂iq

i + P ij∂ivj = 0.

−j i∂i
µ

T
+ qi∂i

1

T
− 1

T
(P ij − pδij)∂ivj ≥ 0

Flow-frame: hidden Galilean invariance
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Constitutive theory

−j i∂i
µ

T
+ qi∂i

1

T
− 1

T
(P ij − pδij)∂ivj ≥ 0

Di�usion Thermal Mechanical

Force -∂i
µ
T ∂i

1

T ∂ivj
Flux j i qi - 1T

(
P ij − pδij

)
ρ̇+ ρ∂iv

i + ∂i j
i = 0,

ρv̇ i + ∂kP
ik + jk∂kv

i = 0i ,

ė + e∂iv
i + ∂iq

i + P ij∂ivj = 0.

(Self)-di�usion: not Brenner like
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