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● Motivation...
● Is there physics behind the parameters of FFs?
● How about the pT power of the tail?
● Can we understand an experimental parameter, T,  which 

we use to fit to low the pT spectra?

● Fragmentation Function parametrization
● Test of the polynomial FFs
● Parameters of the Tsallis-Pareto FF 

● Test of the parameterized FF?
● An application in kTpQCDv2.0

O U T L I N E 
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P. Lévai, GGB, G. Fai: JPG35, 104111 (2008)

Motivation
● Simplest and best fit to hadron spectra at low-pT & high-pT
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● Hadronization: requires a model, based on 
local parton-hadron duality (kvantum 
numbers & momenta connected to a cone 
around or to the leading particle.)

●  Parton/hadron shower evolution comes 
from statistical processes (step-by-step 
MC evolution).

●  Fragmentation function (FF) carries 
integrated (phenomenological) information 
on how parton fragment into hadron.

●  Measurement lepton-antilepton 
annihilation

Hadronization Processes & Fragmentation



Models for Fragmentation

● Independent fragmentation model (Feynman - Field) 
Simplest model for fragmentation by

Field & Feynman : q & g channels

● (Quark) string model

color strings between qq, breaking into 

quark-antiquark pair → mesons

 

● Cluster model (Lund model)

Lund model: phase-space separation,

froming clusters: qq → M, qqq → B
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Fragmentation in Parton Model 

1- z1- z 1- z'1- z' 1- z''1- z''

zz

Z'Z'

In a pQCD based parton model, fragmentation functions (FF) gives  how 
parton (a) fragment into a hadron (h), Dh/a(z,Q2). 

DGLAP scale evolution: 



Non-extensive thermodynamics: associative composition rule,  (non-additive) Non-extensive thermodynamics: associative composition rule,  (non-additive) T.S. 
Biró: EPL84, 56003,2008: : 

Then should exist a strict monotonic function, X(x) 'generalised logarithm' (an Then should exist a strict monotonic function, X(x) 'generalised logarithm' (an 
entropy-like quantity), for which:entropy-like quantity), for which:

    

Example: (i) Classical thermodynamics:Example: (i) Classical thermodynamics:

      
      (ii) Tsallis – Pareto distribution(ii) Tsallis – Pareto distribution

Connection to the non-extensive phenomena



Non-extensive Gibbs, generalised Non-extensive Gibbs, generalised 

logarithm:logarithm:

Compositin rule for sub-systems:Compositin rule for sub-systems:

Meanwhile satisfy:Meanwhile satisfy:

Assimptotically, if                   :Assimptotically, if                   :

recursive equation can be given:recursive equation can be given:

                                                          , where, where

Evolution equation can carry out:Evolution equation can carry out:

Associative composition 

y/N

y/N
y/N

y/N
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Fragmentation via associative composition 

Program:

1) Search and fit Tsallis-Pareto 
distribution to data.

2) Serach for physical meaning of 
T and q parameters.

3) Components of the sub-systems 
are e.g. 'splitting functions' P

q g
, P

g g
 

4) Test: can a DGLAP-like evolution 
equation be obtained?

D(x,Q2) ~ f(E,T,q) * f(ln(Q2))

D(x,Q2) ~ f(E,T(ln(Q2)),q(ln(Q2)))
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The 'Thermodynamics of Jets'

K. Ürmössy, G.G. Barnaföldi, T.S. Bíró: 

● Microcanonical Jet-Fragmentation in pp at LHC energies:

Phys. Lett. B701 (2011) 111 
● Generalized Tsallis distribution in e+e- collisons 

Phys. Lett. B718 (2012) 125
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Fits for jet spectra in pp  (left) and e+e- (right)

Ref: K Ürmössy, GGB, TS Biró, PLB 710 (2011) 111, PLB 718 (2012) 125. 
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pp

e+e-

Scale evolution in pp and ee data

Ref: K Ürmössy, GGB, TS Biró, PLB 710 (2011) 111, PLB 718 (2012) 125. 
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Scale Evolution of the parameter q 
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Scale Evolution of the parameter T 
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Full calculation of fitted FFs with DGLAP (Q2) 
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The Tsallis–Pareto like
Fragmentation Function 

parametriztion



 G.G. Barnaföldi: Zimányi 2015

Fragmentation Functions from e+e- annihilation

● Inclusive spectra in electron-positron annihilation
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Fragmentation Functions from e+e- annihilation

● Inclusive spectra in electron-positron annihilation

● DGLAP evolution
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Fit Program for FF Parametrizations

● Calculation of the 
identified hadron 
spectra in electron-
positron 
annihilation.

● Comparison to the 
available data

● Fine-tuning the 
parameters for all q 
and g channels.

● Test ot the FF 
parametrizaions. 
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Fragmentation Functions based on HKNS07

● Fit ansatz for the polynomial fragmentation function

● Parameters for all q and g channels:  
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Fragmentation Functions based on HKNS07

● Fit ansatz for the polynomial fragmentation function

● Pion, kaon and proton spectra:  
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Fragmentation Functions based onTsallis-Pareto

● Fit ansatz for the TP-like fragmentation function

● Parameters for all q and g channels:  
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Fragmentation Functions based on Tsallis-Pareto

● Fit ansatz for the TP fragmentation function

● Pion, kaon and proton spectra:  
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Fragmentation Functions: Polynomial vs. Tsallis-Pareto

● Fit ansatz for polinomial and Tsallis-pareto like cases

● Comparison of channels in pion and kaon production  
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Fragmentation Functions: DGLAP evolution

● DGLAP evolution for q & g channels in pion production  
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Fragmentation Functions: Comparison to SLD data

● Comparison of channels SLD Collaboration:

u,d,s → pion c → pion b → pion
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Test of the Tsallis–Pareto like
Fragmentation Function 

Parametriztion in pp Collisions
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AKK as a typical FF in a pQCD code (kTpQCDv20)
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AKK as a typical FF in a pQCD code (kTpQCDv20)

DGLAP
evolution
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Test of the FF via NLO pQCD code (kTpQCDv20)
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Test of the FF via NLO pQCD code (kTpQCDv20)
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Test of the FF via NLO pQCD code (kTpQCDv20)
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Test of the FF via NLO pQCD code (kTpQCDv20)
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● Tsalls-Pareto based Fragmentation Functions

– Test by a standard parametization (HKNS07)
– Microcanonical Tsallis-Pareto distribution works well
– Test and comarison of HKNS07 and Tsallis Pareto
– Comparision to SLD Collaboration data  

● FFs based on Tsallis-Pareto parametrization

– It seems Tsallis-Pareto based FFs are working
– First results in pp collisions looks promising

S U M M A R Y 
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