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Type Ia Supernovae

SN 1572 (Tycho)
NASA/CXC/Rutgers/Warren & Hughes

~500 years
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Betoule et al., 1401.4064SALT 2 parameters

What are Type Ia supernovae?

Type Ia Supernovae - Standardizable Candles

• We take as input to our analysis SN Ia standardises using the SALT2 LC fitting 
procedure [Guy et al, 2007, 2010]



Distance moduli as probes of cosmologyCosmology

Brief overview of conventional wisdom

Astier et al., 2006

Adjusted to get chi-squared of 1 per d.o.f. for the fit to ΛCDM !



Supernova Cosmology: the conventional wisdom

“SN data alone require 
cosmic acceleration at 
>99.999% confidence, 
including systematic 
effects”
Conley et al, 2011

Betoule et al, 2014

Astier et al, 2006

Brief overview of conventional wisdom



A critical appraisal of the standard constrained 𝜒2

The Astronomical Journal, 144:110 (7pp), 2012 October Melia

here we have a situation in which ΛCDM cannot explain the
near uniformity of the CMB across the sky without inflation,
yet with inflation it cannot account for the anisotropy of the
CMB on large scales.

This distinction alone already demonstrates the superiority of
the Rh = ct universe over ΛCDM, insofar as the interpretation
of the CMB observations is concerned. But this is only one of
several crucial tests affirming the conclusion that ΛCDM is only
an approximation to the more precise Rh = ct universe. Here
are several other reasons.

1. The Rh = ct universe explains why it makes sense to
infer a Planck mass scale in the early universe by equating
the Schwarzschild radius to the Compton wavelength. In
ΛCDM there is no justifiable reason why a delimiting
gravitational horizon should be invoked in an otherwise
infinite universe (see Melia 2012a for a more pedagogical
explanation).

2. The Rh = ct universe explains why Rh(t0) = ct0 today
(because they are always equal). In ΛCDM, this equality
is just one of many coincidences. As we shall see in
subsequent sections of this paper, this awkwardness will
become apparent in how the free parameters in ΛCDM
must be manipulated in order to fit the Type Ia SN data
(see, e.g., Figure 4).

3. The Rh = ct universe explains how opposite sides of
the CMB could have been in equilibrium at the time
(te ∼ 104–105 years) of recombination, without the need
to introduce an ad hoc period of inflation. Inflation may
be useful for other reasons, but it does not appear to
be necessary in order to solve a non-existent “horizon
problem” (Melia 2012b).

4. The Rh = ct universe explains why there is no apparent
length scale below the BAO wavelength (∼100 Mpc) in the
observed matter correlation function. In their exhaustive
study, Watson et al. (2011) concluded that the observed
power-law galaxy correlation function below the BAO is
simply not consistent with the predictions of ΛCDM, which
requires different clustering profiles of matter on different
spatial scales. These authors suggested, therefore, that the
galaxy correlation function must be a “cosmic coincidence.”
But this is not the case in the Rh = ct universe because
this cosmology does not possess a Jeans length (Melia &
Shevchuk 2012). Since p = −ρ/3, the active gravitational
mass (ρ + 3p) in the Rh = ct universe is zero, so
fluctuations grow as a result of (negative) pressure only,
without any delimiting spatial scale.

5. The fact that ρ is partitioned into ≈27% matter and ≈73%
dark energy is a mystery in ΛCDM. But in the Rh = ct
universe, it is clear why Ωm must be ≈27%, because when
one forces ρ to have the specific constituents ρr , ρm, and ρΛ,
only the value Ωm ≈ 0.27 will permit the universe to evolve
in just the right way to satisfy the condition Rh(t0) = ct0
today. This condition is always satisfied in the Rh = ct
universe, but not in ΛCDM. Yet the observations today
must be consistent with this constraint imposed by the
cosmological principle and the Weyl postulate, so all the
other evolutionary aspects of the ΛCDM cosmology must
comply with this requirement.

6. The observed near alignment of the CMB quadrupole and
octopole moments is a statistically significant anomaly
for ΛCDM, but merely lies within statistically reasonable
expectations in the Rh = ct universe (Melia 2012b). This

again has to do with the finite fluctuation size, limited by
the gravitational horizon Rh(te) at the time of last scattering.

3. THE UNION2.1 SUPERNOVA SAMPLE

Let us now briefly review the contents of the Union2.1 sample,
and summarize the key steps taken during its assembly. As the
samples have grown and become better calibrated, evidence
has emerged for a correlation between host galaxy properties
and SN luminosities, after corrections are made for lightcurve
width and SN color (Hicken et al. 2009). For example, Type
Ia SNe in early-type galaxies appear to be brighter (by about
0.14 mag) than their counterparts in galaxies of later type. A
similar relationship appears to exist between Hubble residuals
and host galaxy mass (Kelly et al. 2010; Sullivan et al. 2010;
Lampeitl et al. 2010). Uncorrected, such relationships can
lead to significant systematic error in determining the best-fit
cosmology.

Additional sources of uncertainty arise for astrophysical rea-
sons, including the color correction that must be applied to SN
luminosities. The so-called redder–fainter relation apparently
arises from at least two mechanisms: extinction from interstel-
lar dust, and probably some intrinsic relation between color
and luminosity produced by the explosion itself or by the sur-
rounding medium. It is difficult to justify the argument that this
redder–fainter relationship should behave in the same way at
all redshifts, but there is little else one can do because the two
effects are very difficult to disentangle (see, e.g., Suzuki et al.
2012).

Combining the many available data sets into a single compila-
tion (the Union2.1 sample) has obvious advantages, treating all
SNe on an equal footing and using the same lightcurve fitting,
but this process brings its own set of possible errors, including
the fact that the systematics may be different among the various
data sets. As we shall see shortly, this multitude of uncertainties
makes it impossible to determine the SN luminosities with-
out some prior assumption about the underlying cosmological
model.

The procedure for determining each individual Type Ia SN
luminosity requires a fit to the lightcurve using three parameters
(aside from those arising in the cosmological model itself).
These are (1) an overall normalization, x0, to the time-dependent
spectral energy distribution of the SN; (2) the deviation, x1, from
the average lightcurve shape; and (3) the deviation, c, from the
mean Type Ia SN B − V color. These three parameters, along
with the assumed host mass, are then combined to form the
distance modulus

µB = mmax
B + α · x1 − β · c + δ · P (mtrue

∗ < mthreshold
∗ ) − MB,

(1)

where mmax
B is the integrated B-band flux at maximum light, MB

is the absolute B-band magnitude of a Type Ia SN with x1 = 0,
c = 0, and P (mtrue

∗ < mthreshold
∗ ) = 0. Also, mthreshold

∗ = 1010 M⊙
is the threshold host galaxy mass used for the mass-dependent
correction, and P is a probability function assigning a probability
that the true mass, mtrue

∗ , is less than the threshold value, when
an actual mass measurement mobs

∗ is made.
It is quite evident that the task of accurately determining µB

for each individual SN is arduous indeed. The Supernova Cos-
mology Project calls the parameters α, β, δ, and MB “nuisance”
parameters because they cannot be evaluated independently of
the assumed cosmology. They must be fitted simultaneously

3

whereMB is the absolute B-band magnitude of a SN Ia with
x1 = 0, c = 0 and P (mtrue

⋆ < mthreshold
⋆ ) = 0. The param-

eters α, β, δ and MB are nuisance parameters that are fitted
simultaneously with the cosmological parameters. The SN Ia
photometry data and SALT2 light curve fits are shown in Fig-

4.4. Fitting the Cosmology
Following Amanullah et al. (2010), the best-fit cosmology

is determined by minimizing

χ2
stat =

!

SNe

[µB(α,β, δ,MB)− µ(z;Ωm,Ωw, w)]
2

σ2
lc + σ2

ext + σ2
sample

. (4)

A detailed discussion of the terms in this equation can be
found in Amanullah et al. (2010). We only comment on the
final term in the denominator, σ2

sample, which is computed by
setting the reduced χ2 of each sample to unity. This term
was referred to as “σ2

systematic” in Kowalski et al. (2008);
Amanullah et al. (2010). We note that σ2

sample includes intrin-
sic dispersion as well as sample-dependent effects. This term
effectively further deweights samples with poorer-quality data
that has sources of error which have not been accounted for.
As noted in Amanullah et al. (2010), this may occasionally
deweight an otherwise well-measured supernova.
Following Conley et al. (2006), Kowalski et al. (2008) and

4.5. Systematic errors
In this paper, we follow the systematics analysis we pre-

sented in Amanullah et al. (2010). Systematic errors that di-
rectly affect supernova distance measurements (calibration,
and galactic extinction, for example) are treated as nuisance
parameters to be fit simultaneously with the cosmology. Min-
imizing over these nuisance parameters gives additional terms
to add to the distance modulus covariance matrix

Uij =
!

ϵ

dµi(α,β)

dϵ

dµj(α,β)

dϵ
σ2
ϵ , (5)

where the sum is over each of these distance systematic errors
in the analysis. (Although the distance modulus depends on
δ as well as α and β, the derivatives with respect to the zero-
points do not.) In this analysis, α and β have little interaction
with cosmological parameters. When computing cosmologi-
cal constraints, we therefore freeze the covariance matrix in

Union2.1 - arXiv:1105.3470
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C. EMPIRICAL ADJUSTMENT OF UNCERTAINTIES

The propagated uncertainties are underestimates, as they do not account for the pixel-pixel covariance introduced
by warping, sub-sampling, stacking, and convolution of the images. In order to empirically determine by how much
the uncertainties are underestimated, we measure the flux fr and its uncertainty �r at random positions in a given
di↵erence image in exactly the same way we measure the SN flux. We calculate the weighted mean f̄r of these flux
measurements. In order to guard against reduction and image artifacts, we apply a 3� cut to the normalized flux
distribution (fr � f̄r)/�r, rather than cutting on the underestimated errors, �r, for the following reason: let’s assume
that all uncertainties are underestimated by the same factor sr. If we nominally apply a N-sigma cut using these
underestimated uncertainties, we e↵ectively apply an N/sr-cut, e.g. for a nominal 3-sigma cut and sr = 1.5, the real
cut-o↵ is at 2-sigma. In order to avoid this, we determine the normalized flux distribution (fr � f̄r)/�r, which has a
standard deviation of sr. The true 3-sigma outliers can then be identified and removed by doing an 3-sigma cut on
the normalized flux distribution. Note that the standard deviation sr is equivalent to the square-root of the chi-square
distribution

sr =
p

�2
r =

1

N � 2

NX✓
fr
�

f̄r�r

◆2

(C1)

We multiply all uncertainties by the factor sr in order to empirically correct the uncertainties. We find that it is
imperative to employ this robust way of determining sr for the method to work correctly. The fact that the reduced
chi-square of the baseline flux of the SN light curves peaks at 1.0 validates our method (see §5.3.3).
In addition, for a given di↵erence image, f̄r is an estimate of the bias in the flux measurements. The values of f̄r

are in general very small, much smaller than the typical uncertainties. Nevertheless, we adjust all fluxes by this value.

Pan-STARRS1 - arXiv:1310.3828
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Maximum Likelihood Estimator analysis 

It all starts with a likelihood

L = “probability density”(data|model)

Disclaimer  
(for my statistics-savvy friends)  

I apologise for the abuse of language of defining the 
likelihood function as a probability density, since 

technically it is not normalised … life (and talks) are 
often too short to discuss all the details
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FIG. 1. Distribution of the stretch and colour correction pa-
rameters in the JLA sample11, with gaussians superimposed.

which shows explicitly where the experimental uncertain-
ties enter (first factor) and where the variances of the
intrinsic distributions enter (second factor).

Having a theoretically well-motivated distribution for
the light curve parameters would be helpful, however this
is not available. For simplicity we adopt global, indepen-
dent gaussian distributions for all parameters, M,x1 and
c (see Fig. 1), i.e. model their probability density as:

p[(M,x1, c)|✓] = p(M |✓)p(x1|✓)p(c|✓), where:

p(M |✓) = (2⇡�2
M

0

)�1/2 exp
n

� [(M �M0) /�M

0

]2 /2
o

,

p(x1|✓) = (2⇡�2
x

1,0
)�1/2 exp

n

�
⇥

(x1 � x1,0) /�x

1,0

⇤2
/2

o

,

p(c|✓) = (2⇡�2
c

0

)�1/2 exp
n

� [(c� c0) /�c

0

]2 /2
o

. (4)

All 6 free parameters {M0,�M

0

, x1,0,�x

1,0 , c0,�c

0

} are
fitted along with the cosmological parameters and we
include them in ✓. Introducing the vectors Y =
{M1, x11, c1, . . .MN

, x1N , c
N

}, the zero-points Y0, and
the matrix ⌃

l

= diag(�2
M

0

,�2
x

1,0
,�2

c

0

, . . . ), the probability
density of the true parameters writes:

p(Y |✓) = |2⇡⌃
l

|�1/2 exp
⇥

�(Y � Y0)⌃
�1
l

(Y � Y0)
T/2

⇤

,
(5)

where | . . . | denotes the determinant of a matrix. What
remains is to specify the model of uncertainties on
the data. Introducing another set of vectors X =
{m⇤

B1, x11, c1, . . . }, the observed X̂, and the estimated
experimental covariance matrix ⌃d (including both sta-
tistical and systematic errors), the probability density of
the data given some set of true parameters is:

p(X̂|X, ✓) = |2⇡⌃d|�1/2 exp
h

�(X̂ �X)⌃�1
d (X̂ �X)T/2

i

.

(6)
To combine the exponentials we introduce the vector Ẑ =
{m̂⇤

B1 � µ1, x̂11, ĉ1, . . . } and the block diagonal matrix

A =

0

B

B

B

@

1 0 0
�↵ 1 0 0
� 0 1

0
. . .

1

C

C

C

A

. (7)

With these, we have X̂ � X = (ẐA�1 � Y )A and so
p(X̂|X, ✓) = p(Ẑ|Y, ✓). The likelihood is then

L=
Z

p(Ẑ|Y, ✓) p(Y |✓)dY (8)

= |2⇡⌃d|�1/2|2⇡⌃
l

|�1/2
Z

dY

⇥ exp
�

�(Y � Y0)⌃
�1
l

(Y � Y0)
T/2

�

⇥ exp
⇣

�(Y � ẐA�1)A⌃�1
d

AT(Y � ẐA�1)T/2
⌘

,

which can be integrated analytically to obtain:

L= |2⇡(⌃d +AT⌃
l

A)|�1/2
(9)

⇥ exp
h

�(Ẑ � Y0A)(⌃d +AT⌃
l

A)�1(Ẑ � Y0A)T/2
i

.

This is the likelihood (equation (3)) for the simple model
of equation (4), and the quantity which we maximise
in order to derive confidence limits. The 10 parameters
we fit are {⌦m,⌦⇤,↵, x1,0,�x

1,0 ,�, c0,�c

0

,M0,�M

0

}. We
stress that it is necessary to consider all of these together
and ⌦m and ⌦⇤ have no special status in this regard. The
advantage of our method is that we get a goodness-of-fit
statistic in the likelihood which can be used to compare
models or judge whether a particular model is a good
fit. Note that the model is not just the cosmology, but
includes modelling the distributions of x1 and c.

With this MLE, we can construct a confidence region
in the 10-dimensional parameter space by defining its
boundary as one of constant L. So long as we do not
cross a boundary in parameter space, this volume will
asymptotically have the coverage probability

pcov =

Z �2 logL/L
max

0

f
�

2(x; ⌫)dx, (10)

where f
�

2(x; ⌫) is the pdf of a chi-squared random vari-
able with ⌫ degrees of freedom, and Lmax is the max-
imum likelihood. With 10 parameters in the present
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Marginal evidence for cosmic acceleration from Type Ia supernovae

J. T. Nielsen1, A. Gu↵anti2, and S. Sarkar1,3
1Niels Bohr International Academy, Blegdamsvej 17, Copenhagen 2100, Denmark
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The ‘standard’ model of cosmology is founded on the basis that the expansion rate of the universe is
accelerating at present — as was inferred originally from the Hubble diagram of Type Ia supernovae.
There exists now a much bigger database of supernovae so we can perform rigorous statistical tests
to check whether these ‘standardisable candles’ indeed indicate cosmic acceleration. Taking account
of the empirical procedure by which corrections are made to their absolute magnitudes to allow for
the varying shape of the light curve and extinction by dust, we find, rather surprisingly, that the
data are still quite consistent with a constant rate of expansion.

I. INTRODUCTION

In the late 1990’s, studies of Type Ia supernovae (SN
Ia) showed that the expansion rate of the universe ap-
pears to be accelerating as if dominated by a cosmolog-
ical constant1–3. Since then supernova cosmology has
developed rapidly as an important probe of ‘dark en-
ergy’. Empirical corrections are made to reduce the scat-
ter in the observed magnitudes by exploiting the observed
(anti)correlation between the peak luminosity and the
light curve width4,5. Other such correlations have since
been found e.g. with the host galaxy mass6 and metallic-
ity7. Cosmological parameters are then fitted, along with
the parameters determining the light curves, by simple
�2 minimisation1,8–11. This method has a number of pit-
falls as has been emphasised earlier12,13.

With ever increasing precision and size of SN Ia
datasets, it is important to also improve the statistical
analysis of the data. To accomodate model comparison,
previous work14–16 has introduced likelihood maximisa-
tion. In this work we present an improved maximum
likelihood analysis, finding rather di↵erent results.

II. SUPERNOVA COSMOLOGY

There are several approaches to making SN Ia ‘stan-
dardiseable candles’. The di↵erent philosophies lead to
mildly di↵erent results but the overall picture seems
consistent17. In this paper we adopt the transparent
approach of ‘Spectral Adaptive Lightcurve Template 2’
(SALT2)18,19 wherein the SN Ia are standardised by fit-
ting their light curve to an empirical template, and the
parameters of this fit are used in the cosmological analy-
sis. Every SN Ia is assigned three parameters, one being
m⇤

B

, the apparent magnitude at maximum (in the rest
frame ‘B-band’), while the other two describe the light
curve shape and colour corrections: x1 and c. The dis-
tance modulus is then taken to be:

µSN = m⇤
B

�M + ↵x1 � �c, (1)

where M is the absolute magnitude, and ↵ and � are
assumed to be constants for all SN Ia. These global

constants are fitted along with the cosmological param-
eters. The physical mechanism(s) which give rise to the
correlations that underlie these corrections remain uncer-
tain20,21. The SN Ia distance modulus is then compared
to the expectation in the standard ⇤CDM cosmological
model:

µ ⌘ 25 + 5 log10(dL/Mpc), where:

dL = (1 + z)
dHp
⌦

k

sinh

✓

p

⌦
k

Z

z

0

H0dz0

H(z0)

◆

,

dH = c/H0, H0 ⌘ 100h km s�1Mpc�1,

H = H0

p

⌦m(1 + z)3 + ⌦
k

(1 + z)2 + ⌦⇤, (2)

where dL, dH, H are the luminosity distance, Hub-
ble distance and Hubble parameter respectively, and
⌦m,⌦⇤,⌦k

are the matter, cosmological constant and
curvature density in units of the critical density3. There
is a degeneracy between H0 and M0 so we fix the value
of the Hubble parameter today to h = 0.7 which is con-
sistent with independent measurements.

III. MAXIMUM LIKELIHOOD ESTIMATORS

To find the maximum likelihood estimator (MLE) from
the data, we must define the appropriate likelihood:

L = probability density(data|model),

i.e. we have to first specify our model of the data. For
a given SN Ia, the true data (m⇤

B

, x1, c) are drawn from
some global distribution. These values are contaminated
by various sources of noise, yielding the observed values
(m̂⇤

B

, x̂1, ĉ). Assuming the SALT2 model is correct, only
the true values obey equation (1). However when the
experimental uncertainty is of the same order as the in-
trinsic variance as in the present case, the observed value
is not a good estimate of the true value. Parameterising
the cosmological model by ✓, the likelihood function can
be written as:

L= p[(m̂⇤
B

, x̂1, ĉ)|✓] (3)

=

Z

p[(m̂⇤
B

, x̂1, ĉ)|(M,x1, c), ✓] p[(M,x1, c)|✓]dMdx1dc,
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FIG. 1. Distribution of the stretch and colour correction pa-
rameters in the JLA sample11, with gaussians superimposed.

which shows explicitly where the experimental uncertain-
ties enter (first factor) and where the variances of the
intrinsic distributions enter (second factor).

Having a theoretically well-motivated distribution for
the light curve parameters would be helpful, however this
is not available. For simplicity we adopt global, indepen-
dent gaussian distributions for all parameters, M,x1 and
c (see Fig. 1), i.e. model their probability density as:

p[(M,x1, c)|✓] = p(M |✓)p(x1|✓)p(c|✓), where:

p(M |✓) = (2⇡�2
M

0

)�1/2 exp
n

� [(M �M0) /�M

0

]2 /2
o

,

p(x1|✓) = (2⇡�2
x

1,0
)�1/2 exp

n

�
⇥

(x1 � x1,0) /�x

1,0

⇤2
/2

o

,

p(c|✓) = (2⇡�2
c

0

)�1/2 exp
n

� [(c� c0) /�c

0

]2 /2
o

. (4)

All 6 free parameters {M0,�M

0

, x1,0,�x

1,0 , c0,�c

0

} are
fitted along with the cosmological parameters and we
include them in ✓. Introducing the vectors Y =
{M1, x11, c1, . . .MN

, x1N , c
N

}, the zero-points Y0, and
the matrix ⌃

l

= diag(�2
M

0

,�2
x

1,0
,�2

c

0

, . . . ), the probability
density of the true parameters writes:

p(Y |✓) = |2⇡⌃
l

|�1/2 exp
⇥

�(Y � Y0)⌃
�1
l

(Y � Y0)
T/2

⇤

,
(5)

where | . . . | denotes the determinant of a matrix. What
remains is to specify the model of uncertainties on
the data. Introducing another set of vectors X =
{m⇤

B1, x11, c1, . . . }, the observed X̂, and the estimated
experimental covariance matrix ⌃d (including both sta-
tistical and systematic errors), the probability density of
the data given some set of true parameters is:

p(X̂|X, ✓) = |2⇡⌃d|�1/2 exp
h

�(X̂ �X)⌃�1
d (X̂ �X)T/2

i

.

(6)
To combine the exponentials we introduce the vector Ẑ =
{m̂⇤

B1 � µ1, x̂11, ĉ1, . . . } and the block diagonal matrix

A =

0

B

B

B

@

1 0 0
�↵ 1 0 0
� 0 1

0
. . .

1

C

C

C

A

. (7)

With these, we have X̂ � X = (ẐA�1 � Y )A and so
p(X̂|X, ✓) = p(Ẑ|Y, ✓). The likelihood is then

L=
Z

p(Ẑ|Y, ✓) p(Y |✓)dY (8)

= |2⇡⌃d|�1/2|2⇡⌃
l

|�1/2
Z

dY

⇥ exp
�

�(Y � Y0)⌃
�1
l

(Y � Y0)
T/2

�

⇥ exp
⇣

�(Y � ẐA�1)A⌃�1
d

AT(Y � ẐA�1)T/2
⌘

,

which can be integrated analytically to obtain:

L= |2⇡(⌃d +AT⌃
l

A)|�1/2
(9)

⇥ exp
h

�(Ẑ � Y0A)(⌃d +AT⌃
l

A)�1(Ẑ � Y0A)
T/2

i

.

This is the likelihood (equation (3)) for the simple model
of equation (4), and the quantity which we maximise
in order to derive confidence limits. The 10 parameters
we fit are {⌦m,⌦⇤,↵, x1,0,�x

1,0 ,�, c0,�c

0

,M0,�M

0

}. We
stress that it is necessary to consider all of these together
and ⌦m and ⌦⇤ have no special status in this regard. The
advantage of our method is that we get a goodness-of-fit
statistic in the likelihood which can be used to compare
models or judge whether a particular model is a good
fit. Note that the model is not just the cosmology, but
includes modelling the distributions of x1 and c.

With this MLE, we can construct a confidence region
in the 10-dimensional parameter space by defining its
boundary as one of constant L. So long as we do not
cross a boundary in parameter space, this volume will
asymptotically have the coverage probability

pcov =

Z �2 logL/L
max

0

f
�

2(x; ⌫)dx, (10)

where f
�

2(x; ⌫) is the pdf of a chi-squared random vari-
able with ⌫ degrees of freedom, and Lmax is the max-
imum likelihood. With 10 parameters in the present
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MLE fit result - does it look like a good fit?

Looks like a good fit when looking  
at the Hubble diagram

… but in all honesty …  
any (half-decent) fit would …



MLE fit result - Is it a good fit?
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Comparison to JLA results

Size of “ellipses” comparable to JLA 
Systematic shift towards larger values of Ωm



More recently two extensive analyses based on Bayesian frameworks have 
appeared. 

The frameworks they develop allow for the systematic study of effects that 
have been, up to now, disregarded (or poorly treated) in SN cosmology 
studies, i.e. a modelling of the redshift dependence of the color and stretch 
corrections

Recent developments - Unity & BAHAMAS

[UNITY, Rubin et al., arXiv:1507.01602] 
[BAHAMAS, H. Shariff et al., arXiv:1510.05954]

UNITY 9

Fig. 4.— Mean simulated-data Hubble-diagram residual from
Ωm = 0.30 (in the sense of the numerator of Equation 2) for a
large number of non-outlier points, plotted against redshift. The
effect of the magnitude limits is clearly visible, and we overplot
Ωm = 0.32–the best-fit ignoring these selection effects.

2014, did not publish these SNe). Our cosmological
fits include Ωm and assume a flat universe. This fit
is qualitatively similar to the assumption of a constant
equation-of-state parameter w including a CMB or BAO
constraint, in that both fits probe the deceleration pa-
rameter q0. As fitting Ωm only requires SN data, it is a
cleaner analysis for our purposes here.
In order to identify the effect of each feature of the

analysis on the inferred results, we incrementally transi-
tion from the original Union2.1 frequentist framework to
the analysis proposed in this work. The results of each
step are shown in Figure 5. We conducted this part of
the analysis blinded, using real data only after the code
was validated on simulated data. The initial version of
UNITY required the unexplained dispersion in mB to
be fixed, which the improved selection effect model now
presented in Appendix B does not require. With the
improvements in place, after a second round of blinding-
unblinding, we found only a small change in Ωm between
the two versions, 0.009 (0.2σ).

4.1. Frequentist Union2.1 Analysis

First, we show the results of a frequentist calcula-
tion, based on the same assumptions as Suzuki et al.
(2012) and using its 580 SNe (top line in Figure 5)
with SALT2 light-curve fits.22 All systematic uncertain-
ties from the covariance matrix are included. To repro-
duce the Suzuki et al. (2012) results, we include only a
redshift-independent host-mass standardization.23 As a
cross-check, we also try a hybrid frequentist/Bayesian
model, in which the χ2 from Equation 2 is converted
into a likelihood as e−χ2/2 and then MB, α, β, and δ are
marginalized over (this is similar to the method used in
Knop et al. 2003). We obtain essentially the same results
as a purely frequentist fit.

22 Union2.1 uses the SALT2-1 version of SALT.
23 As the Suzuki et al. (2012) cosmology fits including system-

atic uncertainties fixed α and β for computational efficiency, our
new results are very slightly different: 0.001 in the Ωm confidence
interval.

Fig. 5.— Cosmological fit for each analysis. The frequentist con-
fidence intervals show the best-fit (red squares) and the ∆χ2 = 1
boundaries (red lines). The Bayesian credible intervals show the
median of the posterior (black circles) and the 15.9 and 84.1 per-
centiles (black line ranges). The left margin gives the section num-
ber in the text in which each variant is discussed.

4.2. Bayesian Model with Same Data

For the next step, we keep all data the same, but tran-
sition to a Bayesian model for the data (the credible in-
tervals are shown as the second line in Figure 5). This
model includes the SN population terms (described in
Section 2.5 and necessary for a Bayesian analysis) and
the Union2.1 systematic uncertainties, but does not in-
clude our proposed treatment of selection effects, out-
liers, multi-dimensional unexplained dispersion, or the
redshift-dependent host-mass standardization. Other
than the type of inference and these differences, this fit
is identical to the first fit. The error bars shrink by 5%,
but the central value changes very little. As the data
are the same for this fit and the last one, the gain in
statistical power comes from the ability of a Bayesian
hierarchical model to make better use of heterogeneous
information.24

24 A Bayesian hierarchical model and a frequentist line fit will
give exactly the same slope and intercept if: all uncertainties are
known and Gaussian, every measurement has the same uncertain-
ties (homoscedasticity), the Bayesian hyperpriors are Gaussian, flat
priors are taken on all other parameters, and the slope and inter-
cept are evaluated in the Bayesian model at the hyperparameter
posterior maximum. These methods will give different results if
the measurement uncertainties are heteroscedastic. For example,
if there is a dataset with shape and color measurements but no
SN has both measurements, Equation 2 will have no constrain-
ing power, but a Bayesian model will. The difference between the
Bayesian and frequentist Union2.1 fits is thus a measure of how
inhomogeneous the uncertainties are within a given redshift range
for each SN sample.

UNITY
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Models that adjust for host galaxy mass

Hard Classification (M0,�res) split for low/high host galaxy mass at cMg i = 10.

Soft Classification (M0,�res) split for low/high host galaxy mass at Mg i = 10.

Covariate Adjustment Host galaxy mass included in linear regression with
coe�cient, �, see Eq. (14).

Models that allow the color adjustment to depend on redshift

z-Linear color Correction color correction given by � + �1z, see Eq. (19).

z-Jump color Correction color correction changes smoothly by �� near z = z
t

, see Eq. (20).

Table 2: Summary of extensions to the Baseline Model.

JLA SNIa only JLA SNIa + Planck 2015

z-Linear z-Jump z-Linear z-Jump

Baseline color Corr color Corr Baseline color Corr color Corr

Baseline Model parameters

⌦
m

0.340± 0.101 0.362± 0.094 0.429± 0.097 0.399± 0.027 0.420± 0.031 0.425± 0.025

⌦
⇤

0.542± 0.157 0.557± 0.145 0.632± 0.155 0.625± 0.020 0.609± 0.025 0.604± 0.019

⌦ 0.119± 0.249 0.081± 0.230 �0.061± 0.244 �0.024± 0.008 �0.028± 0.008 �0.029± 0.007

↵ 0.137± 0.006 0.136± 0.006 0.136± 0.006 0.137± 0.006 0.135± 0.007 0.136± 0.006

� 3.058± 0.085 n/a n/a 3.068± 0.097 n/a n/a

Redshift evolution of color correction parameters

�

0

n/a 3.211± 0.120 3.137± 0.092 n/a 3.219± 0.119 3.136± 0.096

�

1

n/a �0.622± 0.342 n/a n/a �0.732± 0.360 n/a

�� n/a n/a �1.120± 0.240 n/a n/a �1.145± 0.243

zt n/a n/a 0.662± 0.055 n/a n/a 0.670± 0.056

Intrinsic magnitude and residual dispersion parameters

M

0

�19.140± 0.022 �19.140± 0.020 �19.144± 0.021 �19.140± 0.018 �19.138± 0.018 �19.140± 0.016

�

res

0.104± 0.005 0.104± 0.005 0.103± 0.005 0.105± 0.005 0.105± 0.004 0.103± 0.005

Table 3: Marginalized posterior constraints on cosmological and SNIa correction parameters

for the ⇤CDM model, assuming H0 = 67.3 km/s/Mpc.

BAHAMAS



Conclusions & Outlook

Type Ia Supernovae are a crucial probe of cosmic acceleration


The precision of present and upcoming (i.e. DES …) data needs to be matched 
by a comparably sound and accurate statistical analysis


Maximum Likelihood Estimators methods provide such a framework, forcing one 
to make explicit the assumption made in the modelling of the data


When MLE techniques are applied to the data from the data in the JLA 
catalogue marginal evidence (~3 sigma) for cosmic acceleration is supported by 
SN data alone


A better modelling of SN standardisation corrections is crucial to improve the 
quality of the analysis
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