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Spectroscopy motivation

¢ Vanilla spectroscopy - QCD stable states [non-composite states]

¢ Physical or lighter quark masses [down to m~120 MeV] J
¢ Non-degenerate light-quark masses: Ni=1+1+1+1 J
¢ Dynamical QED
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Spectroscopy motivation

¢ Vanilla spectroscopy - QCD stable states [non-composite states]

¢ the frontier of spectroscopy - hadronic resonances [composite states]
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Spectroscopy motivation

¢ Vanilla spectroscopy - QCD stable states [non-composite states]

¢ the frontier of spectroscopy - hadronic resonances [composite states]
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Spectroscopy motivation

¢ Vanilla spectroscopy - QCD stable states [non-composite states]

¢ the frontier of spectroscopy - hadronic resonances [composite states]
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not all thresholds shown
not all threshold are expected to matter




Need for lattice QCD




Need for lattice QCD

¢ QCD-stable states are generated exactly



Need for lattice QCD

¢ QCD-stable states are generated exactly

¢ Resonances are generated and decay in accordance to QCD



Need for lattice QCD

¢ QCD-stable states are generated exactly
¢ Resonances are generated and decay in accordance to QCD

¢ QED /weak sector can be treated perturbatively or non-perturbatively



A pseudo-quantitative definition

(bump in cross sections/amplitude - e.g., Tt scattering in go-channel)
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A pseudo-quantitative definition

(bump in cross sections/amplitude - e.g., Tt scattering in go-channel)
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A counter example

(Isoscalar, scalar mtmt scattering)
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A counter example

(Isoscalar, scalar mtmt scattering)
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Infinite-volume spectroscopy 101

Im[s]

s = B2

cm

Infinite volume

first Riemann sheet

bound state

[

branch cut - where

threshold ,
scattering takes place




Infinite-volume spectroscopy 101

Im[s] Infinite volume

second Riemann sheet

O

narrow resondarice

broad resonance \
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Lattice spacing:

Finite volume:

Lattice QCD

1}a ~0.03—0.1 fm

hys.
¢ Quark masses: Mg —> My~
Have we ‘mangled’ QCD too much?



Finite vs. infinite volume spectrum

lﬁnite volume

*
|
*

no continuum of states:
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Finite vs. infinite volume spectrum

Ilnﬁnite volume lﬁnite volume

both pictures are QCD

the connection is perhaps not obvious since we have historically
been “confined” to thinking about infinite volume physics
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Physics in a 1D-box

Periodicity: L p,, = 2mn



Physics in a 1D-box

Two identical particles:J

infinite volume
scattering phase shift

Y(x) ~ cos(p|x| + d(p))

Asymptotic
wavefunction

Periodicity: L p,, + 20 (pn) —= 2 TLJ
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Physics in a 1D-box
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Physics in a 1D-box
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Physics in a 1D-box
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Physics in a 1D-box
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Physics in a 1D-box
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Liischer formalism

spectrum satisfy: det [ F1 (E L s L)

>
@

finite volume spectrum

E;, = finite volume spectrum
L = finite volume

F' = known function

M:

M(EL)] =0

------------ 14 -’I
R an exact mapping @

*
®" ©

scattering amplitude

M = scattering amplitude

STE om 1
p  cotd —1




Liischer formalism

spectrum satisfy: det[F’_l(E'L7 L) M(EL)] — ()

¢ Liischer (1986, 1991) [elastic scalar bosons]

¢ Rummukainen & Gottlieb (1995) [moving elastic scalar bosons]

¢ Kim, Sachrajda, & Sharpe/Christ, Kim & Yamazaki (2005) [QFT derivation]

¢ Bernard, Lage, Meifiner & Rusetsky (2008) [Nt systems]
¢ Gockeler, Horsley, Lage, Meifsner, Rakow, Rusetsky, Schierholz, & Zanotti (2012) [Nt systems]

¢ RB, Davoudi, Luu & Savage (2013) [generic spinning systems]
¢ Feng, Li, & Liu (2004) [inelastic scalar bosons]

¢ Hansen & Sharpe / RB & Davoudi (2012) [moving inelastic scalar bosons]

¢ RB (2014) / RB & Hansen (2015) [moving inelastic spinning particles]




Extracting the spectrum

Two-point correlation functions:

2™ (1, P) = (0|0,(t, P)OL(0,P)[0) = 3 Zy n Z1 e '

¢ Evaluate all Wick contraction - [distillation - Peardon, et al. (Hadron Spectrum, 2009)]
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Extracting the spectrum

Two-point correlation functions:

C2P% (¢, P) = (0|0 (t, P)O} (0, P)[0) = Zan Ent

¢ Evaluate all Wick contraction - [distillation - Peardon, et al (Hadron Spectrum, 2009)]
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Extracting the spectrum

Two-point correlation functions:

CP(t,P) = (0|0 (t, P)OL (0, P)[0) = Zzbn Ent

¢ Evaluate all Wick contraction - [distillation - Peardon, et al. (Hadron Spectrum, 2009)]
¢ Use a large basis of operators with the same quantum numbers

¢ ‘Diagonalize’ correlation function variationally

e.g. d =~ =10} ———————————————
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¢ Evaluate all Wick contraction -

Extracting the spectrum

Two-point correlation functions:

C2PH (1, P) =

(0|0 (t, P)O! (0, P)|0) =

—FE,t

Zzbn

[distillation - Peardon, et al. (Hadron Spectrum, 2009)]

¢ Use a large basis of operators with the same quantum numbers

¢ ‘Diagonalize’ correlation function variationally
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[soscalar Tt scattering
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[soscalar Tt scattering
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[soscalar Tt scattering
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[soscalar Tt scattering
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[soscalar Tt scattering
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Isovector tmt scattering
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mn—KK Scattermg

(S-wave, I=1 channel)
A — Increasingly
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mn—KK Scattermg

(S-wave, I=1 channel)
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Dn—Dn—D,K Scattermg

(S-wave, I=1/2 channel)

Increasmgly
complex systems

I Not just light physics!

Moir, Peardon, Ryan, Thomas, Wilson




Dn—Dn—D,K Scattermg
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Experiment

\ ' amplitude
K analysis E partial wave

'/' amplitudes

scattering data

Lattice QCD

L Liischer

A formalism partial wave
FV spectrum ¢ @ i | ,

P 4 amplitudes



partial wave

amplitudes

Experiment

these can then be compared

partial wave

amplitudes

[ Lattice QCD }




Comparing with experiment

I m. =236 MeV o ’.\

[ Lattice QCD+UxPT
§ Protopopescu et al.
[0 Estabrooks and Martin

900 1000 1100 £_,_/MeV

Bolton, RB & Wilson (2015)
UxPT - Dobado and Pelaez (1997)

First chiral extrapolation of a resonant amplitude




Experiment

K analysis E partial wave @ continuation

. oles
'/' amplitudes P
scattering data
Lattice QCD
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FV spectrum 'ﬁ, : i poles
amplitudes



The o vs mx
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The o vs mx
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m, =Re(E,)/MeV
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Advantage over experiment:
¢ heavy quarks make broad resonances bound

¢ unambiguously track poles in complex plane




The o/£y(500) vs my
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The o/£y(500) vs my
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The o/£y(500) vs my
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The o/£y(500) vs my
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Redefinition
hComposite states: those whose nature strongly
|depends on the values of the quark mass.
|
|

e.g., the 0 can be a real bound state, virtual
bound state or a resonance if you dial the
coupling of the Higgs to light quarks

e e ——————— E— R e ——— e —————

a challenge for experimentalist!




Experiment

analytic

. amplitude
analysis partial wave @ continuation
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Matrix elements

1) Access matrix elements:

O3 7 = (018 T (HON(0)) — (1]T|2) L 21 Zge= OO Pt .

2) Interpret matrix elements:

L4
.............
.............

RB, Hansen & Walker-Loud (2014)
RB & Hansen (2015)
RB & Hansen (2015)



Matrix elements

1) Access matrix elements:

O3t = (01 (61) T (H)OL0)) — (1] T[2) 21 Zge~ (t=DE1 =t 4.

2) Interpret matrix elements:

L4
.............
.............

RB, Hansen & Walker-Loud (2014)
RB & Hansen (2015)
RB & Hansen (2015)



Matrix elements

1) Access matrix elements:

O3 7 = (018 T (HON(0)) — (1]T|2) L 21 Zge= OO Pt .

| 2

2) Interpret matrix elements: | <2 | j | ]_ > L — :]':é R ﬂ

I

’
.............
.............

finite volume matrix elements one-to-two transition amplitudes



Matrix elements

1) Access matrix elements:

O3 7 = (018 T (HON(0)) — (1]T|2) L 21 Zge= OO Pt .

2) Interpret matrix elements:

summarizes everything

previously done and more!
\.

Lellouch-Liischer formalism

¢Lellouch & Liischer (2000) [K-to-Ttt at rest]

¢ Christ, Kim & Yamazaki /Kim, Sachrajda & Sharpe (2005) [moving K-to-7tr]
¢ Meyer [By-to-BB] (2011)

¢ Hansen & Sharpe [moving D-to-rirt/ KK] (2012)

¢ Agadjanov, V. Bernard, Meissner & Rusetsky [Ny-to-Nmt] (2013)




Ty *-to-TUT /8

Exploratory my*-to-murt/ my*-to-o calculation: @ 8

e

¢ mn= 391 MeV

L m.= 391 MeV

900 1000 g__ / MeV

¢ Matrix element determined in 42 kinematic point: (Err, QQ)

¢ Lorentz decomposition:

H'u * E'Lwaﬁ PT(',I/ P7T7T,Oé 65(>\7T7T7 PT('T(') lAﬂ'ﬂ',ﬂ"y*

nrt/p polarization nirt/p helicity




Ty -to-mm

1. o-to-my* decay
chiral anomaly

Building block of Ny*-to-Nt

W N

Hadronic light-by-light contribution to g,-2

5a. First resonating 1-to-2 calculation
5b. First resonance form factor

5c. Testing ground for more challenging processes



ry~-to-trt amplitude
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ry~-to-trt amplitude

[ any guesses how the my*-to-nrt amplitude should look like?

elastic T amplitude

2.5 E;W/mw




ry~-to-trt amplitude

Q° =0
Q? = 0.803 GeV*?

24 2.5

elastic T amplitude

2.5 E;W/mw




Intuitive explanation

¢ the elastic mm amplitude is dynamically
enhanced by the presence of the o-meson
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¢ Similarly, the ty*-to-mtt amplitude is
enhanced by the p-meson
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Experiment

K analysis E partial wave continuation
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Form factor at o pole

¢ The residue encodes the my*-to-o form factor




Form factor at o pole

evaluated at the @-meson pole, (853(2)-1 12.4(6)/2) MeV
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Ty -to-mTt

1. o-to-my* decay \/

chiral anomaly }———-)

Building block of Ny*-to-Nt

W N

Hadronic light-by-light contribution to g,-2

5a. First resonating 1-to-2 calculation

5b. First resonance form factor

5c. Testing ground for more challenging processes

Marco Carrillo
UNAM



Experiment

K analysis E partial wave continuation
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The future of spectroscopy

¢ Coupled channels
few implementations to date by HadSpec

m—KK / ag(980)

formalism understood:

1 1 1 L o
1000 1050 1100 1150 \ 1200 1250 1300 Ecm / MeV

Hansen & Sharpe / RB & Davoudi (2012)

Orn

RB (2014) / RB & Hansen (2015)

000 oo

1000 1050 1100 1150 1200 1250 1300
o I T T T <

0.75 +
0.50

Ui

padspec Dudl, Edwand Wik (2010
. Dudek, Edwards & Wilson (2016)
Collaboration /R'B/




The future of spectroscopy

¢ Coupled channels

¢ Baryons

no implementation to date!

formalism understood:

RB (2014) / RB & Hansen (2015)




The future of spectroscopy

¢ Coupled channels

¢ Baryons

¢ Electroweak form factors [ structure - tetraquarks, molecules, etc.

formalism understood:

RB, Hansen (2016)

RB, Hansen (2015)
RB, Hansen, Walker-Loud (2015)

first implementation: Ty*-to-mtmt/ y*-to-o

Q*=0
Q? = 0.803 GeV?

RB, Dudek, Edwards, Thomas, Shultz, Wilson (2015, 2016)
RB, Dudek, Edwards, Thomas, Shultz, Wilson (2015, 2016)



The future of spectroscopy

¢ Coupled channels
¢ Baryons

¢ Electroweak form factors [ structure - tetraquarks, molecules, etc.

formalism understood:

RB, Hansen (2016)

RB, Hansen (2015)
RB, Hansen, Walker-Loud (2015)

Can study elastic form factors !



The future of spectroscopy

¢ Coupled channels
¢ Baryons
¢ Electroweak form factors [ structure - tetraquarks, molecules, etc.

¢ Three-particle systems [crucial for physical point calculations of interesting channels]

Challenges are not unlike those present in experiment

Experiment Lattice QCD

three-particle unitarity is hard to satisfy, understanding how to satisfy this exactly plus

e.g. simple Brett-Wigner & K-matrices violate it some finite-volume tricks amounts to solving this
problem...



The future of spectroscopy

¢ Coupled channels

¢ Baryons

¢ Electroweak form factors [ structure - tetraquarks, molecules, etc.

¢ Three-particle systems [crucial for physical point calculations of interesting channels]

formalism under construction:

det [ + F5Cqs 3]

Hansen & Sharpe (2014) -
F i -

RB, Hansen & Sharpe [in preparation]



The future of spectroscopy

¢ Coupled channels

¢ Baryons

¢ Electroweak form factors [ structure - tetraquarks, molecules, etc.

¢ Three-particle systems

¢ Physical point, chiral extrapolation?

my = 140 MeV . -
LT H
o8
i //Q’/ -
120 . H
5 o
— o
60| a/ H
30+ @ﬁ/ [ Lattice QCD +UxPT ~
O D/@/D? ®  Protopopescu et al.
;g o= 0  Estabrooks and Martin
200 500 600 700 800 900 1000

1100 7, /MeV

Bolton, RB & Wilson Phys.Lett. B757 (2016) 50-56.



The future of spectroscopy

¢ Coupled channels

¢ Baryons

¢ Electroweak form factors [ structure - tetraquarks, molecules, etc.
¢ Three-particle systems

¢ Physical point, chiral extrapolation?

¢ pole tracking

Nl
™M
§ m,; =536 MeV m, =700 MeV
m, =391 MeV

I
o
=

B m,;=236 MeV

>
<)
=
=
o
=
N
I
QL
0

§—1 m, =140 MeV, Lattice QCD + UxPT

)1'1 m, =140 MeV, RoyEquation




The future of spectroscopy

¢ Coupled channels

¢ Baryons

¢ Electroweak form factors [ structure - tetraquarks, molecules, etc.

¢ Three-particle systems

¢ Physical point, chiral extrapolation?

o ok

¢ dispersive analysisu 0 —1—= — —t| .
300 500 700 "x = 391MeVo 900

¢ pole tracking

) 1
B, 2007 ] -+

q m, = 236 MeV
u g T

-300 - disp.
+ exp.

I




The big picture!

1000

my = 236 MeV P E o v
> m,; =536 MeV m, =700 MeV
O \%\ m, =391 MeV
U expt.
\ é L
) -—4—@—*@#&%
IS,
© m, = 391 MeV g m,=236 MeV
& 05} %

I S

E—| m, =140 MeV, Lattice QCD + UxPT
-1F

l‘( m,; =140 MeV, RoyEquation

0.12
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Collaborators & references

formalism numerical HadSpec

Collaboration

Hansen Walker-Loud Wilson Thomas

Edwards Peardon

Sharpe

RB, Dudek, Edwards, Wilson - arXiv:1607.05900 [hep-ph].
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, lansen -arAly hep-lat] Moir, Peardon, Ryan, Thomas, Wilson - arXiv:1607.07093 [hep-lat].

RB, Hansen - Phys.Rev. D92 (2015) no.7, 074509.
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Determining spectrum

i\ a: E = 0.12488(40)
0 x?/Ngot = 1.38

®oogggo0000ongaddddl

Q

e}

_‘O
O
O oo g g GGG Qe el %%%

15 20 25 t/ay

A\ aE = 0.20275(37)
3 x?/Naot = 0.87

2‘5 t/at

)\, @B =014534(52)
L \2/Naot = 1.39

%o
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arE = 0.21384(65)
4 x%/Ngot = 1.20
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2 \2/Nyor = 1.68
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Parametrization

1 VsT'(s) |
t(s)_p(s) m% — s — iy/sT'(s)
2 J.3
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ry~-to-rtrt amplitude



Correlation functions

Contractions:

[

=

<\

v/

Operators and matrix elements:

INE

X

=5
X

CE)  (Pr,Prr; Aty 1) = (0|Qr (AL, Pr) T, (t, Py — Prr) QF_(0,P,)[0)

— ¢ (Brnn—Ex)t o= Ex At <7r; L’ju’mr; L> + ...

T [, TC

(). —optimized ‘m’ operator,
linear combo. of ~ 10 ops.
(). —optimized ‘w7’ operator,

linear combo. of ~ 20-30 ops.

J,, =electromagnetic current

[111]VA1 (n : 0)

(111] B, [002] A, |

|009%85650555500000058000 22 128

0.0424(59)
E; /ma. = 2.162(17)
a? Q? = 0.02427(4) 1

0.13F

0.11

[011] By (n = 0)

0.1286(37)

‘[011] 132' tooo] A;'

]
u}

§§§§§§§§99§§§§H§<ﬁ"ﬁﬁ%
@

Er./mx. =2.193(12) |
a? Q% = —0.00033(16)

[000] Ty (n=0)

7 "

(111] B, [111] A,

0.0533(15)

Er /mgx = 2.194(9) |

9
a? Q% = 0.02441(3)

0.15

[111] Bs (n = 0)

5t

[111] A, [002] A, |

‘ §§§ §§%%%%

E} /mgx = 2.205(20) |
a? Q? = 0.02417(5)




ry~-to-trt amplitude

P, =[111] 4, n=0
E* /m,=2.162(17)

N
|

m7T|A7T7T W*y*‘
—o—ii
O]

O | | | | |
—0.01 0.00 0.01 0.02 0.03

O 160} |
\

™ 80— I
o 0 :

2.2 2.4 2.6 2.8



ry~-to-trt amplitude

P, =[111] By, n=0
E* /m, = 2.205(20)

m7T|A7T7T 7'("7*‘
N
—0—
==
O

O 160} |
\

~ g0l f
) 0 :

2.2 2.4 2.6 2.8



61/0

ry~-to-trt amplitude

160 -
80 |

I

I

l P, =[001] E», n—O]

! E* /m, =2.231(10)

:

I

I

& 5

: S e o TP

—OI.Ol 0.00 O.bl 0.62 0.63
2
(a: @)
B 2:2 2:4 2:6 218
*
E7T7T /mﬂ




61/0

ry~-to-trt amplitude

P..=[011] B;, n=1
E* /m,=2.788(13)

|

2L

oL & a¥a! . .

—0.01 0.00 0.01 0.02 0.03
2
(atQ)

160 |- | O
80 |- ] -

O — ; ; ; :
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E* /m;

v



ry~-to-trt amplitude

P7r7r: [111] Al, n=>0
E* /m,=2.162(17)

g

P, =[111] By, n=0
EX* /m,=2.205(20)
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Comparison with
phenomenology



Tty-to-TtTt Ccross section

|
r
\

non trivial quark-mass
dependence!

N\

( _ 1 I I
m. ~ 400 MeV m,. ~ 400 MeV
200+ ( i
5 T~
= By ~ 7 times larger than |
[ .
experiment/phenomenolo
5 100l exp /p gy
| ¢
SIS
S 50| |
0 . | .
2.0 2.1 2.2
35 //

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

Vs | GeV

=1 Hoferichter, Kubis, & Sakkas (2012)




TUY-tO-TITU Cross sect1on

( |
m. ~ 400 MeV m, ~ 400 MeV
200+ ( -
O T~
= 130 ~ 7 times larger than |
[ .
experiment/phenomenolo
_ tT< 100k - eXp p gy
| ¢
SIS
S 50]
0 . .
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“ . + + 0 Qﬂ"y F (mfh 0) 1
E;Egmp o(nty > 7w m2 X omo) | m,,zggm.gv_ﬁ:
0.60 x ( physical) - o
: 12 x ( physical) o
o — 0
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On determining correlation function
using small basis of operators



Extracting the spectrum

Two-point correlation functions:
Cat" (£, P) = (00y(t, P)OL (0, —P)[0)
= ) _(0[04(t, P)[n, L) (n, LIO} (0, ~P)|0)

=Y (0letTecr 0, (0, P)e~tH2er |n, L) (n, L|O] (0, —P)|0)

n
n

spectrum

-------------
-------------



Extracting the spectrum

Two-point correlation functions:
CZPh(t,P) = (0|0 (¢, P)OI(0, —P)|0) = Zan

¢ Use a large basis of operators with the same quantum numbers

correct spectrum!
Q¢ Ecm {

F

¢ Diagonalize correlation function

0.20F |~

0.15-

3 operators -

i?
PF

YTy

19 operators, J=1

30 operators 6 operators, [=3
P wrw

NI@}“"'T“"'V"'Vlﬁ

101
=

1 operator, [=4

s

1 operator

i

TUTT
KK

Awis

| Wilson, RB, Dudek, Edwards & Thomas (2015)

A



Isovector tmt scattering

H my = 236 MeV
120+
@)
~~ 90
™
o
| ool
‘ 30
i O I | = = I I
| 400 500 600 900 1000 £, /MeV

Dudek, Edwards & Thomas (2012)
Hadspec . Wilson, RB, Dudek, Edwards & Thomas (2015)
Collaboration Bolton, RB & Wilson (2015)
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a0(980) poles

rin-KK-mn" in I=1, m»=391MeV

A+ Im\/% 5

5 \?5 ;§
S B N
T N
S & é &
0 — - OHH—+——O— o—
0.16 020" 0.24 a; Rev/s0
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l N -0.010F
_ | + +
'Dudek, Edwards & Wilson (2016) ooisk I _ n
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Unitarized xPT

S =14+ 2icM
M = (Re(M™1) —iog)™*
1
M= M = M4 (1= Mpd Mo +- - -

L01+M£(1)MNLQ+...
Re(./\/l_l) = Micl) (1 — ./\/licl) Re(MnLo) + .. )

Dobado and Pelaez (1997)
Oller, Oset, and Pelaez (1998)
Oller, Oset, and Pelaez (1999)



LL-factor

Relationship between amplitude and “form factor”:

Aﬂ'ﬂ',ﬂ")’* (E:-waQQ) - ( F(E;W’QQ) ) \/ 167

cot01(Ex,) —i) \| ¢ T(Ex,)
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LL factor:
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“Form factor”

E*./my = 2.139(15)
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The o/£y(500) vs my

) 2 2 .
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UxPT - Nebreda
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The o/£y(500) vs my

so = (B, — iT',)?, 2 = lim (sg — s) t(s)

gO'7T7T s— 50

e I I E— e R R 1__-?‘?

R —
. . . 4
R
R

p— -

gu:m/g(m:r phys .

|
I ZH
il
|
|

'IV'

UxPT - Nebreda |0t ! ! ! 1 ! ! i
& Peldez (2015) 0 0.5 1 1.5 2 2.5 3 3.5
| M:r/M:t phys
800+
| % el 4 |
H E o = mﬁﬁﬁ@]ﬁ '
— 400F  gigp. Ma = 236 MeV M, = 391 MeV
N + exp.
I = 200} H
0 1 1 | I | A H
150 200 250 300 350 400
m, / MeV




Dn—Dn—D,K Scattermg

(I=1/2 channel)

Increasmgly
complex systems

[
|
|
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° 500 2600

Moir, Peardon, Ryan, Thomas, Wilson |
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Dn—Dn—D,K Scattering

(I=1/2 channel)
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UxPT expectation
for o/ fo(500)



o/ fo(500) vs my

Im|[s]

o=en = first Riemann sh

eet
o= = Second Riemann sheet
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Sketch of Liischer



Two particles in a box

Onto two particles:

EAC D)

After some massaging..
d P
iy Pf{ WP

=17 [ S { OB - AP e P (P)}

poles satisty: det[F_l(P, L) + M(P)] =0



Chiral fits



Chiral fit

S (A (A — )T
X1 = _261 —|—€2, o — 64

a1 (770 MeV) = 14.7(4)(2)(1) x 1073
az(770 MeV) = —28(6)(3) (}1) x 1077

| m, =782(2)MeV
I, =85(2)MeV




m, dependence

i N e i R e tjﬁ
™)

I m, =236 MeV, fit
[CT1 m_=140 MeV, postdiction
| 135 =3 m_ =391 MeV, postdiction




