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Introduction: neutrino spin oscillations in magnetic field

Massive neutrinos participate in electromagnetic interactions. The recent review on this topic is
given in [1] . One of the most important phenomenon of nontrivial neutrino electromagnetic
Interactions is the neutrino magnetic moment precession and the corresponding spin oscillations in
presence of external electromagnetic fields. The later effect has been studied in numerous papers
published during several passed decades. Within this scope the neutrino spin oscillations

vl < v induced by the neutrino magnetic moment interaction with the transversal magnetic
field B, was first considered in [2]. Then spin-favor oscillations v, < v in B, in vacuum
were discussed in [3], the importance of the matter effect was emphasized in [4]. The effect of the
resonant amplification of neutrino spin oscillations in B in the presence of matter was proposed
in [5, 6], the impact of the longitudinal magnetic field B was discussed in [7].

The neutrino spin oscillations in the presence of constant twisting magnetic field were considered
In [8-13].

In [14] neutrino spin oscillations were considered in the presence of arbitrary constant
electromagnetic fields £}, . Neutrino spin oscillations in the presence of the field of circular and
linearly polarized electromagnetic waves and superposition of an electromagnetic wave and
constant magnetic field were considered in [15-17].

More general case of neutrino spin evolution in the case when neutrino is subjected to
general types of non-derivative interactions with external scalar, pseoudoscalar, vector, axial-
vector, tensor and pseudotensor fields was considered in [18]. From the general neutrino spin
evolution equation, obtained in [18], it follows that neither scalar nor pseudoscalar nor vector
fields can induce neutrino spin evolution. On the contrary, within the general consideration of
neutrino spin evolution it was shown that electromagnetic (tensor) and weak (axial-vector)
Interactions can contribute to the neutrino spin evolution.

Recently we consider in details [19, 20] neutrino mixing and oscillations in arbitrary
constant magnetic field that have B, and B nonzero components in mass and flavour bases and
derived an explicit expressions for the effective neutrino magnetic moments for the favour
neutrinos in terms of the corresponding magnetic moments introduced in the neutrino mass basis.

New effect of spin oscillations — in transversal matter

currents and matter polarization

For many years, until 2004, it was believed that a neutrino helicity precession and the spin
oscillations can be induced by the neutrino magnetic interactions with an external electromagnetic
field, by the transversal magnetic field in particular. A new and very interesting possibility for
neutrino spin (and spin-favour) oscillations engendered by the neutrino interaction with matter
background was proposed and investigated for first time in [21]. It was shown [21] that neutrino
spin oscillations can be induced not only by the neutrino interaction with a magnetic field, as it
was believed before, but also by neutrino interactions with matter in the case when there is a
transversal matter current or matter polarization. This new effect has been explicitly highlighted in
[21]:

“The possible emergence of neutrino spin oscillations owing to neutrino interaction with
matter under the condition that there exists a nonzero transverse current component or matter
polarization is the most important new effect that follows from the investigation of neutrino-spin
oscillations in Section 4. So far, it has been assumed that neutrino-spin oscillations may arise only
In the case where there exists a nonzero transverse magnetic field in the neutrino rest frame.”

It should be noted that the predicted effect exist regardless of a source of the background
matter transversal current or polarization (that can be a background magnetic field, for instance).
Note that the existence of the discussed effect of neutrino spin oscillations engendered
by the transversal matter current and matter polarization and its possible impact in astrophysics
have been considered in a series of recent papers [22-25].

Neutrino spin oscillations in transversal matter current — semiclassical
treatment

Consider, as an example, an electron neutrino spin precession in the case when neutrinos with the
Standard Model interaction are propagating through moving and polarized matter composed of
electrons (electron gas) in the presence of an electromagnetic field given by the electromagnetic
field tensor F,, = (E,B) . Following the discussion in [21] to derive the neutrino spin oscilla-
tion probability in the transversal matter current we use the generalized Bargmann-Michel-Telegdi
equation that describes the evolution of the three-dimensional neutrino spin vector S,

s

dt
where the magnetic field By in the neutrino rest frame is determined by the transversal and
longitudinal (with respect to the neutrino motion) magnetic and electric field components
In the laboratory frame,
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= (1-8%7%,8 is the neutrino velocity. The matter term M, in (2) is also composed of the
transversal M, and longitudinal M, parts, Mo = Mo + My, (3)
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Here no = n./1 —v? is the invariant number density of matter given in the reference frame for
which the total speed of matter is zero. The vectors v, and ¢. (0 < [¢.|* < 1) denote, respective-
ly, the speed of the reference frame in which the mean momentum of matter (electrons) is zero,
and the mean value of the polarization vector of the background electrons in the above mentioned
reference frame. The coefficients p(/l %) calculated within the extended Standard Model supplied
with SU(2) -singlet right-handed neutrino R are respectively, p. (D — QG\/EN, o) = 2?/%;1’ where
Gr = Gp(1+4sin0y).

For neutrino evolution between two neutrino states v < v/
field and moving matter we get [21] the following equation
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Thus, the probability of the neutrino spin oscillations in the adiabatic approximation is given by
[21]

In presence of the magnetic
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Thus, it follows that even Wlthout presence of an eIectromagnetlc field, B, =By =0,
neutrino spin oscillations v < V,f can be induced in the presence of matter when the transverse
matter term VI, , IS not zero. If we neglect possible effects of matter polarization then the neutrino

evolution equation (6) simplifies to
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The effective mixing angle and oscillation length in the neutrino spin oscillation probability (7)
now are given by M2, o
Mg, + o MMU%
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The above considerations can be applied to other types of neutrinos and various matter
compositions. It is also obvious that for neutrinos with nonzero transition magnetic

moments a similar effect for spin-flavour oscillations exists under the same background
conditions.

Neutrino oscillations In mass basis

It will be clearly to start [19] from two neutrino physical states ¥ with masses mi, i=1,2.
We use neutrino weak interaction Lagrangian
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where f* = Gpj*/V/2, j* =n(1,v)/v/1—v2 - medium current, Gr - Fermi constant
of weak Interaction.

It is interesting to know evolution of chiral neutrino components within the common
neutrino beam state. The neutrino evolution equation relevant weak interaction has the
Shroedinaer-like form

d

E&Vm(t) = H, ;U (t). (13)
The effective Hamiltonian consists of the vacuum and interaction parts
Heyy = H + AH, (14)

where the interaction part is composed with matrix elements of the field interaction
Hamiltonian taken over the helicity neutrino state.

Let us calculate the effective interaction Hamiltonian under assumption that neutrino
moves along z-axis. From the weak interaction Hamiltonian (without zero-component of
medium current) we have:
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In the spinor representation the free neutrino states are given by
ve = C, ( Yo ) \/(Eﬂ'5 + ™M) exp(ipa ). (16)
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The two-component spinors define neutrino helicity states, and are given by
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Recall that in the ultrarelativistic limit these are correspondent to the right-handed vr and

left-handed Vf, chiral neutrinos, respectively.

Assuming that v is aligned along the x-axis and reminding zero-component of medium
current we finely obtain:
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One can put spinors in this formula and easily find for example
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As it was expected, in neutrino transitions Wlthout change of heI|C|ty only v component

of the media velocity contribute to the effective potential, whereas in transitions with

change of the neutrino helicity the transversal component v matters.

One can write out the A H matrix. For the effective Hamiltonian with the diagonal vacuum
part H we get
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This equation governs all possible oscillations of the four neutrino mass states determined
by the masses m; and ms and helicities s = 1 and s = —1 in the presence of a moving
media. Thus, it follows that: 1) the change of helicity is due to the weak interaction with
transversally moving media with velocity vy , 2) the media moving with longitudinal
velocity v shifts the neutrino energy, 3) an additional mixing between neutrino states with
different masses is induced by weak interaction with media with velocity V||

Neutrino oscillations in flavour basis

Once having physics in the mass basis in hands, our next step is to bring it to observational
terms [19]. This means that we must elaborate a generalization of the mixing matrix for
transitions between neutrino vector written in two-component base ¥m and

vy = (vEvtvlivl)Tso that
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This procedure appears to be not quite direct since we should hold the condition that the
polarization of the fields must preserve under transformation of the bases elements. That is
why we put (still keeping in mind that chiral components are almost helicity ones):

vl — 5= cos 0 + v5=*! sin 6, V;?L = — 1= sin @ + vi=* cos ¥, (22)
It is easy to obtain that
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Given the transition matrix, derivation of the evolution equation in the flavour basis is
straightforward:
d
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so that the effective interaction Hamiltonian AH/ = UAHU™* has the following structure,
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Here we introduce the following formal notations intended to manifest an analogy with the
standard spin and spin-flavour formalism,
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It IS Interesting to consider a particular case. For example, one would have two states
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From this it follows that the neutrino interacts with moving media and can generate the
neutrino flavour mixing (an additional mixing to the usual effect due to neutrino mixing
angle 8 ) with changing neutrino chirality. For the spin-flavour neutrino oscillation
probability in the adiabatic case we get
2
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where D = (%m(g)m) +(%’*‘E 00829+’;§f££_‘f(1 _Ull)nuu) . It follows that

2 components not only generates spin-flavour neutrino mixing but also can produce the
resonance amplification of the corresponding oscillations.

Relativistic neutrino quantum states in arbitrary moving

matter

In this section our interest is exact solution of modified Dirac equation for neutrino
propagating in moving matter. Neutrino quantum states in nonmoving matter were found in
[25]. Generalization on case when matter velocity is parallel to neutrino momentum is trivial.
Neutrino interaction with arbitrary moving external media is described by the following
modified Dirac equation:
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We can rewrite it in Hamiltonian form:
ia%gx) = ﬁmattw(x) , where Hamiltonian is given by
o (aa . GF/V2 5 Grn/V2 | 5 30
Hmatt—<ap+6m+2 ﬁ_1}2(1+7) : f_qﬂow(lwuy) (30)

and v is matter velocity.

We consider case of uniform matter moving with constant velocity. Therefore, energy and
momentum are integrals of motion. But in general case, helicity operator doesn’t commute
with this Hamiltonian. So let’s introduce new operator:
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It satisfies commutational relation [SwHD]—thZ v[*2"1 ) and therefore in massless case,

which corresponds to ultra-relativistic limit, is conserved. We will call it spin operator of
relativistic neutrino in moving matter. Eigenstates of this operator has following form:

Vi—o?

Unlike ordinary helicity operator, our spin operator has four eigenvalues. In moving matter
degeneration is removed. We showed that different spin numbers realizes for different signs

of energy:
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In case of uniform matter and constant velocity energy and momentum are conserved. So, for
stationary states we get:
e—i(Et—pr)

(34)

u(p) is spin operator eigenstate, which is independent on spatial coordinates and time.

Using our spin operator, we can find energy spectrum and exact solution of modified Dirac
equation for ultra-relativistic neutrino in arbitrary moving matter:
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where s,e = =£1 are spin numbers and energy sigh , tand = S
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In particular case of zero neutron density it coincides with solutions of Dirac equation in
vacuum. Let’s also note that when s = 1 there is no interaction with  matter.
Corresponding solutions describes right neutrino and left antineutrino in vacuum. Emergence
of sterile particle i1s consequence of ultra-relativistic limit. In this limit helicity states is
exactly chiral states. Due to V-A structure of weak interaction Lagrangian, right particles, i.e.
right neutrino and left antineutrino, doesn’t interact. In reality interaction will be suppressed
by neutrino Lorentz-factor.
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