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Wall crossing for 4d N' = 2 Theories

e There exist a co-dimension one wall in the Coulomb branch moduli space.

e Certain BPS states are stable only at one side of the wall

K
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Moduli space of 4d N = 2 pure SU(2) theory

How can this happen? Where is the wall? Is there any universal law for the
discontinuity in the degeneracy Q" (y) — Q™ (y)?

e Important to understand the non-perturbative physics

e Rich mathematical structure (cluster algebra, hyper-Kahler geometry,
stokes phenomena...)



Quiver Quantum Mechanics and Wall-Crossing

e Consider 4d N = 2 SUSY theories obtained from type |IB string theory
compactifed on Calabi-Yau three-fold.

e BPS particles come from D3-branes wrapping supersymmetric three-cycles

|0 1 2 3|4 567809
D3‘f - ‘ three-cycle

e Worldvolume theory of N BPS particles — 1d N' =4 U(N) gauge theory

e BPS particle with electro-magnetic charges y1 = (e1, mi1), 12 = (&2, m2)

(y1,72) = ermy —exmy = k — k 1d N = 4 bifundamental chiral multiplet




Quiver Quantum Mechanics and Wall-Crossing

(ror) =k
Dynamics of BPS states are encoded in 1d quiver quanatum mechanics

e Nodes (elementary BPS particles) : 1d N' =4 U(N) vector multiplet

e Arrows (Dirac-Schwinger product) : 1d N = 4 bifundamental chiral
multiplet

[Denef, 2002][Denef-Moore, 2007]



Quiver Quantum Mechanics and Wall-Crossing

Quiver Quantum Mechanics (1d V' = 4 GLSM)
o X = (AO’X17X27X37 D7A75‘) and ¢? = (¢7¢;»¢7J17 F7ﬁ)a
e Global symmetry : SU(2). x U(1)r (J,1)

e |t depends on Fayet-lliopulous parameter (r with

—I'(F//dt TrD

After we integrate over heavy chiral multiplet (“Coulomb picture”)

e When |[X — X'| = r large,

2 2
€ s
Uer = — (7@1 ) _ C)
2 r
e At ¢ <0, bound states become
non-normalizable, and we loose

(71,72) BPS state. oo r




Wall-Crossing in Coulomb branch : MPS formula
Wall-Crossing in coulomb branch have been investigated in full generality.
[Manschot-Pioline-Sen, 2010,2011][Kim-Park-Wang-Yi, 2011]

But this methods only count BPS states which have multi-centered nature.
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Quiver Invariants

e Appears when quiver has a non-trivial loop
e Invariant under wall-crossing
e Singlet under SU(2),

e Exponentially large degeneracy

Is there any systematic way to find a BPS index which include all the BPS
states?



Witten Index of 1d Gauged Linear Sigma Model
Quantity that counts the number of SUSY ground state : Witten index (1982)

Q(y,¢) = lim Tr (= 1)y 201 g=5H

e Invariant under small deformation
e Integer valued

— fails when there exist non-compact direction |_§
For 1d Gauged linear sigma model,

e At generic value of (r/, the gauge group breaks
into finite subgroup.

e At the wall (e.g. ¢; = 0), the Coulomb branch
has non-compact direction — Index can jump!

Direct path integral of quiver quantum mechanics on S'?

lim Tr (-1)7e™ " = Tr(-1)7e?"
B—o0
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Witten Index of 1d Gauged Linear Sigma Model

1 - 1 L
I—E = ?Lgauge[Av DE7 Xi=1,2,3, )‘7 )\] + ELchiral[¢7 ¢> 7/)7 ¢] - ’(FI DE

e Due to the supersymmetry, path integral is independent of e and g.
e Path integral can be exactly evaluated in the limit e — 0 and g — 0.

e Path integral localizes to Cartan zero mode integral u = x3 + iA,.
1-loop determinant reads
vector _ 1 ' sinh[o(u)/2]
E1~loop = (2sinh[z/2] (QA sinh[(a(u) — 2)/2] °

chiral — H — Sinh[(Q,’(U) + (R’/2 - 1)2 + ﬁa)/z]
1—loop sinh[(Qi(u) + Riz/2 + fia) /2]

where e?/2 = y.



Witten Index of 1d Gauged Linear Sigma Model

Qy,¢) = ﬁ/ 4D / d'AYd' XY / d'ud" T grioop(u, D) €X7FHece™ 1P

After careful treatment of gaugino zero modes and D-integrals we are left with
residue integral over selected poles. (cf. [Benini-Eager-Hori-Tachikawa, 2013])

Qy,¢) ~ Z ?{dru 81—toop(u, 0)

cf. 2d elliptic genus

u=x3+ iAo ([0, 271'] X R)

For G = U(1),
e Choice of poles depend on the sign of e2Cs.

e When (g > 0, we pick poles with Q; > 0. When (g < 0, we pick Q; < 0.
e Generally, two results differ in one-dimension, because of poles at infinity.



Witten Index of 1d Gauged Linear Sigma Model

For general gauge group G,
1 r
Qy, () = Wel > " IK-Res,_2c,, (Qu) 81-100p(1,0) d'u
Q«

where

d'u omar » | m € Cone{Q}
K-Res, (Q.)——— —  —
J eSI(Q )Ql(u)Qr(u)

0, otherwise
for singularities where r hyperplane meet. [Jeffrey-Kirwan, 2003]

[Hori-Kim-Yi, 2014][Cordova, 2014][Hwang-Kim-Kim-Park, 2014]



Witten Index of 1d Gauged Linear Sigma Model

If we closely look at near {r; = 0, we find a smooth transition.

=0

For CPV™', this is proportional to ~ %[1 + erf(e()]
e Index gets contribution from continuously many multi-particle states

e erf({) commonly appears in blackhole partition functions, wall-crossing,
and stokes phenomena. e.g. [Pioline, 2015][Dabholkar-Murthy-Zagier,
2012]
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Quiver Quantum Mechanics with Large Rank

e Scaling behaviour?

— For quivers which are associated with supergravity, we expect that the
“quiver invariants” show blackhole like degeneracy (log Q ~ N?).

— What about multi-centered states?

e Mutation equivalence? [Gaiotto-Moore-Neitzke, 2010][Alim et al., 2011]

—Yk i = k
pi(i) =
~i + max][0, byl vk otherwise
—Vk i=k
pi (i) =
~i + min[0, byi] vk otherwise
Tathn

| Vathn

Mutation procedure is useful to scan BPS states in the theory



Mutation transformation

This is nothing but the basis change of charge vectors. If we require total
charge v = 3, 7id; to be preserved, this rule implies

—di + Zj max[O, bkj]af,' i=k

pi(dr) =
d; otherwise

fkoijmin[O,bkj]dj i=k

Lk (di) =
d; otherwise

which is 1d Seiberg-like duality.

(@)= @)

e Nontrivial equivalence between moduli space of two different quivers?

Example:

e How does "quiver invariants” transform under mutation?



Kronecker Quivers

e Bound state of v = Mvy1 + N2 with (vy1,72) = k

e Exhibits simplest wall-crossing with two chambers (1 > 0, (1 < 0.

e Compact moduli space when M, N are mutually co-prime
(ot ke cM x Vot & = ¢}/S(UM) x U(N))
e Dimension of classical moduli space

dimMy,ny, = k- M- N — (M? + N* — 1)

e Reineke formula [Reineke, 2003]



Witten Index of Kronecker Quivers

OO

Witten index formula

Qu,wy, (¥)

_ (—1)<MN 1\ (7 _sinh[(6 — xe)/2]
= JK-Res, MINI (25inhz/2) (};[qsinh[(xp—xq—z)/Q])

% sinh[(yx — y1)/2]
8 (H sinh[(yi — yi — z>/21>

kAl

Mok sinh[(x, — y1 — a; — 2) /2]
H ( sinh[(x, — y1 — ai)/2] ) ’

p,l,i

where n = ((1,%) = (N, -+ N, —M,--- — M)



Witten Index of Kronecker Quivers

e k=1
Qm,ny, (v) = 0 except Q. 1), (v) =1
— Pentagon identity
e k=2
Qum,ny, (v) = 0 except Qv w1y, = Q-1 =1, Quay, = —; — ¥
— SU(2) Seiberg-Witten

e k>3
Number of poles grows exponentially with rank

— appears at some point of moduli space of 4d N' = 2 SU(k) theory with
k > 3 [Galakhov et al., 2013]



Multi-Variable Residue Integrals

e Non-degenerate poles : poles defined by r (= rank of G) equations

e Degenerate poles : poles defined by more than r equations

— The answer depends on the order of taking residues.



Witten index of Kronecker Quivers

There exists a class of quivers that only rank r = M 4+ N — 1 poles contributes
k k

Each residue integral of non-degenerate pole contributes to the Witten index

sl(5a) _h(a)/2) 7 _sinh(e(a) (a2

U shitaca - SRt H Gohite o0 - aa) - 172
snhl(6(a) 0) =)/

(e - a2

— 1 in the Witten index limit z — 0

Witten index can be computed by counting number of contributing poles
recursively.

[H. Kim, 2015]



Counting Witten Index of Kronecker Quivers

Such iterative counting procedure is encoded in the recursion relation

X k-1 Kk ok k k-1 k ok k
fop1 = < 1 Z fa1 faz e f;k—l + 2 Z fal fa? o faZ(kfl)
ai, ai,

hak—1
aj=n

Y4.4’3(‘(71)2

S a=n

Define a generating function fi(x) = >
equation

o] k. n
n:lf;7X

T (k—1)
aj=n

, it satisfies the algebraic

fu(x) = x(1 4 () e

From the Lagrange inversion theorem,

k

[Weist, 2009]

(k—1)°d + (k — 1)
Qo k-varae = U1k = G 1)d £1) d-1



Scaling behaviour of Kronecker Quivers

In Qa. g
Jim % = (k—1)In(k — 1)? — (K> — 2k) In(k* — 2k) = c(k)
— 00

Jim Q1,0 = exp [c(k) - d]

e Q(dvy) ~ e“ is not a typical scaling behaviour of CFT
e Dimension analysis implies a bound log [Q(E)| < aV*/*E3/*

o Implies BPS bound states of large size (r ~ d) — log|Q(E)| < a'E3/?

[Galakhov et al., 2013]



Mutation and Quiver Quantum Mechanics

Test of 1d Seiberg-like duality

-




Mutation and Quiver Quantum Mechanics

Definitions
L Tk
pi(vi) =
~i + [bril+ 7«
R Tk
e (i) =
~i + [bik]+vk
—b;
i (bij) =

bij + sgn(bix)[bik big] +

=N + 32, [big]+ N

pic(N;) =
N;

=N+ >, [bi]+ N

pr(N;) =
N;

i=k
otherwise
i=k
otherwise
ifi=korj=k
otherwise
i=k
otherwise
i=k

otherwise



Mutation and Quiver Quantum Mechanics

—Ck i=k
pi(G) =
Ci + [bri]+Ck otherwise
—Ck i=k
1k (G) =

Gi + [bi] +Ck otherwise

e Mutation maps a chamber to chamber

e Unlike Seiberg dualities in higher dimension, there exist a choice
(left/right) of mutation map



Test of Mutation Equivalence
Example : (11N) quivers

_g‘

bc—a bc—a

Gy +bL, & &i+ely

Chamber structure of (11N) quiver

G =0

111

S80,24) (31,2
H

(=0 (3-.24,14) 11

G G=0



Test of Mutation Equivalence
Prototype of left/right mutation : 1d SQCD

RG] = [0 =

JK-res¢so g(u, z)

—sinh[(a; — aj — 2)/2]
Z H sinh[(a; — a,)/2]

A€ C(Ng,N, IeA
J

o HH —sinh[(—ai + bg + (Rr + Ra)z/2 — z)/2]

s sinh[(—ai + bg + (Rr + R.)z/2)/2]

—sinh[(—a;j + a; — 2)/2]
A'ec(/\;vf ) g sinh[(—aj + ai)/2]
JjeA
b —sinh[(aj — bs — (Ra + R)z/2)/2]
I1 H smh[(aj ~ bs +B(2 “R.— /;f)z/z)/z]

—sinh[(—aa + b + (R + Rr)z/2 — 2) /2]
H H sinh[(—aa + bg + (Ra + Rf)z/2)/2]

a€AUA’ B=1



Test of Mutation Equivalence




Mutation of (11N) Quivers

1] n

" 1l W

%

Right mutation : Q(I) = Q(IV") and Q) = Q(I")
Left mutation : Q(I) = Q") and Q(IV) = Q(II")

Superpotential is generic.
There is no 1-cycle nor 2-cycle. 8 Q:O
Mutation map is well defined for quiver with loops and can be done indefinitely.

[Kim-Lee-Yi, 2015]

Under the assumption (



Summary

e We derived an index formula for 1d GLSM with at least N = 2.

e Using this method, we have shown that the index of Kronecker quiver
grows with ~ e“hd ot large rank.

e Mutation equivalence has been checked with quivers with loop.

e We extracted the quiver invarints using MPS formula, and checked its
transformation rule under mutation map.



