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What is collectivity? !
a group of entities that share a common property !

What is the mechanism driving the collectivity?!

Collectivity! Emergent phenomena of a 
many-body interacting system!
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Emergent phenomena in pA and AA!
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Emergent phenomena in pA and AA!
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Emergent phenomena in pA and AA!
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Emergent phenomena in pA and AA!

ηΔ
-4

-2

0

2

4
 (radians)

φΔ

0

2

4

φ
Δ

 dη
Δd

pa
ir

N2 d
 

tri
g

N1 3.1

3.2

3.3

3.4

 < 260offline
trk N≤ = 5.02 TeV, 220 NNs(b) CMS pPb  

 < 3 GeV/ctrig
T

1 < p
 < 3 GeV/cassoc

T
1 < p

Long-range! Collective!Initial stage! Interactions!

offline
trkN

0 100 200 300

2v

0.02

0.04

0.06

0.08

CMS

| < 2.4η < 3.0 GeV/c; |
T

0.3 < p

-1 = 35 nbint = 5.02 TeV, LNNsCMS pPb 

|>2}ηΔ{2, |2v
{4}2v
{6}2v
{8}2v
{LYZ}2v

offline
trkN

0 100 200 300

2v

0.02

0.04

0.06

0.08

CMS

| < 2.4η < 3.0 GeV/c; |
T

0.3 < p

-1 = 35 nbint = 5.02 TeV, LNNsCMS pPb 

|>2}η∆{2, |2v
{4}2v
{6}2v
{8}2v
{LYZ}2v

v2{4} ≈ v2{6} ≈ v2{8} ≈ v2{∞}!
PLB 724 (2013) 213! PRL 115 (2015) 012301!

Initial spatial εs!
+ final interactions!
(hydro., transport)!

v.s.!
Initial momentum εp!
from initial interactions!
(CGC glasma, etc.)!

Two scenarios!
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“Perfect” fluid paradigm in AA systems!

Long-range collectivity in AA (large) !
!

²  Described by nearly ideal (η/s è 0) hydrodynamics!
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“Perfect” fluid paradigm in AA systems!

Long-range collectivity in AA (large) !
!

²  Described by nearly ideal (η/s è 0) hydrodynamics!
²  Connection to initial geometry well established!
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IJMP E25 (2016) 1630002!
PRL 110 (2013), 012302!

3!



|<2.4η|
tracksN

210 310

2v

0.05

0.10

 = 2.76 TeVNNsCMS PbPb 

Hydro PbPb, IP-Glasma

 < 3 GeV/c
T

0.3 < pCMS

|<2.4η|
tracksN

210 310

2v

0.05

0.10

 = 2.76 TeVNNsCMS PbPb 

Hydro PbPb, IP-Glasma

 = 5.02 TeVNNsCMS pPb 

Hydro pPb, IP-Glasma

 < 3 GeV/c
T

0.3 < pCMS

“Perfect” fluid paradigm in AA systems!

Long-range collectivity in AA (large) !
!

²  Described by nearly ideal (η/s è 0) hydrodynamics!
²  Connection to initial geometry well established!

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3

P
(v

2
/〈

v
2
〉)

, 
P

(ε
2
/〈

ε
2
〉)

v2/〈v2〉, ε2/〈ε2〉

pT > 0.5 GeV

|η| < 2.5

20-25%  ε2 IP-Glasma
 v2 IP-Glasma+MUSIC
 v2 ATLAS

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3

P
(v

3
/〈

v
3
〉)

, 
P

(ε
3
/〈

ε
3
〉)

v3/〈v3〉, ε3/〈ε3〉

pT > 0.5 GeV

|η| < 2.5

20-25%  ε3 IP-Glasma
 v3 IP-Glasma+MUSIC
 v3 ATLAS

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3

P
(v

2
/〈

v
2
〉)

, 
P

(ε
2
/〈

ε
2
〉)

v2/〈v2〉, ε2/〈ε2〉

pT > 0.5 GeV

|η| < 2.5

20-25%  ε2 IP-Glasma
 v2 IP-Glasma+MUSIC
 v2 ATLAS

 0.01

 0.1

 1

 10

 100

 0  0.5  1  1.5  2  2.5  3

P
(v

3
/〈

v
3
〉)

, 
P

(ε
3
/〈

ε
3
〉)

v3/〈v3〉, ε3/〈ε3〉

pT > 0.5 GeV

|η| < 2.5

20-25%  ε3 IP-Glasma
 v3 IP-Glasma+MUSIC
 v3 ATLAS

PbPb 2.76 TeV!

on event-by-event basis!!

IJMP E25 (2016) 1630002!
PRL 110 (2013), 012302!

3!



centrality!

Collectivity diminishing as L decreases!
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But what if making it denser (reducing λmfp)?!

centrality!

Collectivity diminishing as L decreases!
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But what if making it denser (reducing λmfp)?!

centrality!

è a smaller but hotter QGP fluid?!!

Collectivity diminishing as L decreases!
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The “ridge” in pp!
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The “ridge” tsunami in pPb at the LHC!

φΔ
0

2

4

ηΔ

)
η

Δ,φ
Δ

C
( 1

1.1
 

-4     
 -2     

 0     
 2     

 4

(a)

φΔ
0

2

4

ηΔ

)
η

Δ,φ
Δ

C
( 1

1.04
 

-4     
 -2     

 0     
 2     

 4

(b)

ATLAS =5.02 TeVNNsp+Pb  
-1bµ 1 ≈ L ∫ <4 GeVa,b

T
0.5<p<20 GeVPb

TEΣ >80 GeVPb
TEΣ

|φΔ|0 1 2 3

)φ
Δ

Y(

0

0.2

0.4

0.6

 

(c)
ATLAS -1bµ 1 ≈ L ∫=5.02 TeV, NNsp+Pb   

|<5ηΔ<4 GeV,   2<|a,b
T

0.5<p

>80 GeVPb
TEΣ

<20 GeVPb
TEΣ

=14.3C
ZYAMb

=3.2P
ZYAMb

 [GeV]〉Pb
T

EΣ〈
0 50 100

in
t

Y

0

0.2

0.4

0.6

 

/3π|<φΔNear:  |

/3π|>2φΔAway: |

Difference

ATLAS -1bµ 1 ≈ L ∫=5.02 TeV, NNsp+Pb   

|<5ηΔ<4 GeV,   2<|a,b
T

0.5<p (d)

Long-range angular correlations in p–Pb collisions ALICE Collaboration

Fig. 3: Left: Associated yield per trigger particle in Dj and Dh for pairs of charged particles with
2 < pT,trig < 4 GeV/c and 1 < pT,assoc < 2 GeV/c in p–Pb collisions at

p
sNN = 5.02 TeV for the 0–20%

multiplicity class, after subtraction of the associated yield obtained in the 60–100% event class. Top
right: the associated per-trigger yield after subtraction (as shown on the left) projected onto Dh averaged
over |Dj| < p/3 (black circles), |Dj �p| < p/3 (red squares), and the remaining area (blue triangles,
Dj < �p/3, p/3 < Dj < 2p/3 and Dj > 4p/3). Bottom right: as above but projected onto Dj av-
eraged over 0.8 < |Dh | < 1.8 on the near side and |Dh | < 1.8 on the away side. Superimposed are fits
containing a cos(2Dj) shape alone (black dashed line) and a combination of cos(2Dj) and cos(3Dj)
shapes (red solid line). The blue horizontal line shows the baseline obtained from the latter fit which
is used for the yield calculation. Also shown for comparison is the subtracted associated yield when
the same procedure is applied on HIJING shifted to the same baseline. The figure shows only statisti-
cal uncertainties. Systematic uncertainties are mostly correlated and affect the baseline. Uncorrelated
uncertainties are less than 1%.

the above-mentioned incomplete near-side peak subtraction on v2 and v3 is evaluated in the
following way: a) the size of the near-side exclusion region is changed from |Dh | < 0.8 to
|Dh |< 1.2; b) the residual near-side peak above the ridge is also subtracted from the away side
by mirroring it at Dj = p/2 accounting for the general pT-dependent difference of near-side
and away-side jet yields due to the kinematic constraints and the detector acceptance, which is
evaluated using the lowest multiplicity class; and c) the lower multiplicity class is scaled before
the subtraction such that no residual near-side peak above the ridge remains. The resulting
differences in v2 (up to 15%) and v3 coefficients (up to 40%) when applying these approaches
have been added to the systematic uncertainties.

The coefficients v2 and v3 are shown in the left panel of Fig. 4 for different event classes. The
coefficient v2 increases with increasing pT, and shows only a small dependence on multiplicity.
In the 0–20% event class, v2 increases from 0.06±0.01 for 0.5 < pT < 1 GeV/c to 0.12±0.02
for 2 < pT < 4 GeV/c, while v3 is about 0.03 and shows, within large errors, an increasing trend
with pT. Reference [34] gives predictions for two-particle correlations arising from collective
flow in p–Pb collisions at the LHC in the framework of a hydrodynamical model. The values
for v2 and v3 coefficients, as well as the pT and the multiplicity dependences, are in qualitative
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The “ridge” tsunami in pPb at the LHC!
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and away-side jet yields due to the kinematic constraints and the detector acceptance, which is
evaluated using the lowest multiplicity class; and c) the lower multiplicity class is scaled before
the subtraction such that no residual near-side peak above the ridge remains. The resulting
differences in v2 (up to 15%) and v3 coefficients (up to 40%) when applying these approaches
have been added to the systematic uncertainties.

The coefficients v2 and v3 are shown in the left panel of Fig. 4 for different event classes. The
coefficient v2 increases with increasing pT, and shows only a small dependence on multiplicity.
In the 0–20% event class, v2 increases from 0.06±0.01 for 0.5 < pT < 1 GeV/c to 0.12±0.02
for 2 < pT < 4 GeV/c, while v3 is about 0.03 and shows, within large errors, an increasing trend
with pT. Reference [34] gives predictions for two-particle correlations arising from collective
flow in p–Pb collisions at the LHC in the framework of a hydrodynamical model. The values
for v2 and v3 coefficients, as well as the pT and the multiplicity dependences, are in qualitative
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How small a QCD fluid can be?!

Smallness is relative! “Absolute smallness” only !
w.r.t. a fundamental scale!

Smallest scale of QED fluid!
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Ø  “Quasi-particles” of sQGP?!
Ø  Not obvious with point-like partons! (λmfp ~ 1/T)!

How small a QCD fluid can be?!

Smallness is relative!

Is there a fundamental scale in QCD?!

“Absolute smallness” only !
w.r.t. a fundamental scale!

Smallest scale of QED fluid!

7!



Endrodi et al., 0710.4197 

ε ~ Ntrk

V
Weakly-coupled regime reachable !
in principle, but not in practice!

HM pp and pA well in the “fluid” regime!

How small a QCD fluid can be?!
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Evidence of collectivity (“big” and “small”)!
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Faster increase in <pT> for heavier species!
(Δ<pT> ~ m<βT>)	   10!
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Evidence of collectivity (“big” and “small”)!

Larger mass splitting of v2 in pPb!
 (GeV)

T
p

0 2 4

|>
2}

η
Δ

{2
, |

2v
0.0

0.1

0.2

0.3 CMS
 = 5.02 TeVNNspPb 

 < 220trk
offline N≤185 

(0.006-0.06%)

 (GeV)
T

p
0 2 4

|>
2}

η
Δ

{2
, |

2v

0.0

0.1

0.2

0.3

0
SK
Λ/Λ

±h

CMS
 = 2.76 TeVNNsPbPb 

 < 220trk
offline N≤185 

2%)±(62

PLB 742 (2015) 200!

12!



Evidence of collectivity (“big” and “small”)!

At a similar Ntrk,!!

            smaller hydro. system more explosive!?!
Shuryak, Zahed, PRC 88, 044915 (2013)!
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Clear evidence of collectivity observed, similar for 
both “small” and “large” systems!
!

ü  Multi-particle correlation vn{m}!
ü  Mass dependence of spectra and vn!
!

ü  HBT radii v.s. kT and Ntrk!

ü  …!
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Is it hydrodynamics in small systems? !
!

²  Data consistent with “hydro-like” scenario!
²  Not obvious “small” and “large” fluids behave differently!

Accept or discard QGP fluid paradigm altogether!

13!



Clear evidence of collectivity observed, similar for 
both “small” and “large” systems!
!

ü  Multi-particle correlation vn{m}!
ü  Mass dependence of spectra and vn!
!

ü  HBT radii v.s. kT and Ntrk!

ü  …!

Connection to geometry in small systems?!

Is it hydrodynamics in small systems? !
!

²  Data consistent with “hydro-like” scenario!
²  Not obvious “small” and “large” fluids behave differently!

Accept or discard QGP fluid paradigm altogether!
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For A1 (A2) ≥ 2, hydro models agree!

Glauber geometry dominates!

“Smallness” is not the limitation!
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But if A1
 (A2) = 1 !

IP-glasma!
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For A1 (A2) ≥ 2, hydro models agree!

Glauber geometry dominates!
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In pA, the unknown is the “Shape”!



“Smallness” is not the limitation!
Shape of a proton relevant for describing vn in pA!
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“Smallness” is not the limitation!
Shape of a proton relevant for describing vn in pA!

exciting opportunity, well connected to EIC physics!
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v3 > 0 in pp − the “shape” of a proton must fluctuate!

IS of small system: (I) vn in pp !

Ridge and vn in pp!
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v3 > 0 in pp − the “shape” of a proton must fluctuate!

Strongly constrained by pp + pPb data!

IS of small system: (I) vn in pp !

Ridge and vn in pp!

offline
trkN

0 100 200 300

{2
}

su
b

2v 0.05

0.10

 = 5.02 TeVNNspPb 
 = 2.76 TeVNNsPbPb 

 = 7 TeV, no sub.spp 
 = 7 TeVspp 

CMS Preliminary

 < 3 GeV/c
T

0.3 < p

| > 2ηΔ|

offline
trkN

0 100 200 300
{2

}
su

b
3v

0.01

0.02

0.03

 < 3 GeV/c
T

0.3 < p

| > 2ηΔ|

rec
chN

20 40 60 80 100

2,
2

v

0.002

0.004

0.006
=2.76 TeVsATLAS

rec
chN

20 40 60 80 100 120

2,
2

v

0.002

0.004

0.006
=13 TeVs

rec
chN

20 40 60 80 100

 2v

0.05

0.1 =2.76 TeVs

rec
chN

20 40 60 80 100 120

 2v

0.05

0.1

<5.0 GeVb
T

0.5<p

<1.0 GeVb
T

0.5<p

<3.0 GeVb
T

2.0<p

=13 TeVs

|<5.0η∆2.0<|
<5.0 GeVa

T
0.5<p

 [GeV]a
T

p
0 1 2 3 4

 2v

0.05

0.1

=2.76 TeVs
=13 TeVs

ATLAS

|<5.0η∆2.0<|
<5.0 GeVb

T
0.5<p

<60 rec
 chN≤50

 [GeV]a
T

p
1 2 3 4

 2v

0.05

0.1

<50 rec
 chN≤40

<80 rec
 chN≤70
100≥ rec

 chN

=13 TeVs

rec
chN

20 40 60 80 100

2,
2

v

0.002

0.004

0.006
=2.76 TeVsATLAS

rec
chN

20 40 60 80 100 120

2,
2

v

0.002

0.004

0.006
=13 TeVs

rec
chN

20 40 60 80 100

 2v

0.05

0.1 =2.76 TeVs

rec
chN

20 40 60 80 100 120

 2v
0.05

0.1

<5.0 GeVb
T

0.5<p

<1.0 GeVb
T

0.5<p

<3.0 GeVb
T

2.0<p

=13 TeVs

|<5.0η∆2.0<|
<5.0 GeVa

T
0.5<p

 [GeV]a
T

p
0 1 2 3 4

 2v

0.05

0.1

=2.76 TeVs
=13 TeVs

ATLAS

|<5.0η∆2.0<|
<5.0 GeVb

T
0.5<p

<60 rec
 chN≤50

 [GeV]a
T

p
1 2 3 4

 2v

0.05

0.1

<50 rec
 chN≤40

<80 rec
 chN≤70
100≥ rec

 chN

=13 TeVs

rec
chN

20 40 60 80 100

2,
2

v

0.002

0.004

0.006
=2.76 TeVsATLAS

rec
chN

20 40 60 80 100 120

2,
2

v
0.002

0.004

0.006
=13 TeVs

rec
chN

20 40 60 80 100

 2v

0.05

0.1 =2.76 TeVs

rec
chN

20 40 60 80 100 120

 2v

0.05

0.1

<5.0 GeVb
T

0.5<p

<1.0 GeVb
T

0.5<p

<3.0 GeVb
T

2.0<p

=13 TeVs

|<5.0η∆2.0<|
<5.0 GeVa

T
0.5<p

 [GeV]a
T

p
0 1 2 3 4

 2v

0.05

0.1

=2.76 TeVs
=13 TeVs

ATLAS

|<5.0η∆2.0<|
<5.0 GeVb

T
0.5<p

<60 rec
 chN≤50

 [GeV]a
T

p
1 2 3 4

 2v

0.05

0.1

<50 rec
 chN≤40

<80 rec
 chN≤70
100≥ rec

 chN

=13 TeVs

PRL 116 (2016) 172301 !

PRL 116 (2016) 172302, CMS-PAS-HIN-15-009!

17!



IS of small system: (II) cumulant vn{m} !
Fluctuation-driven εn!

Cumulants!
ε2{m}!

(m = 2, 4, 6, 8 …)!
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FIG. 1. (Color online) Histogram of the distribution of
ε2 obtained in a Monte-Carlo Glauber simulation of a p-Pb
collision at LHC, and fits using Eqs. (2)-(4).

around each participant nucleon with a normalization
that fluctuates [28]. These fluctuations, which increase
anisotropies [29], are modeled as in Ref. [20]. We have se-
lected events with number of participants 14 ≤ N ≤ 16,
corresponding to typical values in a central p-Pb colli-
sion.
We now compare different parameterizations of this

distribution, which we use to fit our numerical results.
The first is an isotropic two-dimensional Gaussian (we
drop the subscript n for simplicity):

P (ε) =
2ε

σ2
exp

(

−
ε2

σ2

)

, (2)

where ε ≡
√

ε2x + ε2y and the distribution is normalized:
∫∞

0 P (ε)dε = 1. This form is motivated by the central
limit theorem, assuming that the eccentricity solely orig-
inates from event-by-event fluctuations, and neglecting
fluctuations in the denominator. Note that this distribu-
tion does not strictly satisfy the constraint ε < 1, which
follows from the definition (1). When fitting our Monte-
Carlo results, we have therefore multiplied Eq. (2) by a
constant to ensure normalization between 0 and 1. The
rms ε has been fitted to that of the Monte-Carlo simu-
lation. Fig. 1 shows that Eq. (2) gives a reasonable ap-
proximation to our Monte-Carlo results, but not a good
fit.
Bzdak et al. [20] have proposed to replace Eq. (2) by

a “Bessel-Gaussian”:

P (ε) =
2ε

σ2
I0

(

2εε̄

σ2

)

exp

(

−
ε2 + ε̄2

σ2

)

. (3)

This parameterization introduces an additional free pa-

rameter ε̄, corresponding to the mean eccentricity in the
reaction plane in nucleus-nucleus collisions [19]. It re-
duces to (2) if ε̄ = 0. A nonzero value of ε̄ is how-
ever difficult to justify for a symmetric system in which
anisotropies are solely created by fluctuations. In Fig. 1,
ε̄ and σ have been chosen so that the first even moments
〈ε2〉 and 〈ε4〉 match exactly the Monte-Carlo results, as
suggested in [20]. The quality of the fit is not much
improved compared to the Gaussian distribution, even
though there is an additional free parameter. Note that
the Bessel-Gaussian, like the Gaussian, does not take into
account the constraint ε < 1.
We now introduce the one-parameter power law distri-

bution:

P (ε) = 2αε(1− ε2)α−1, (4)

where α > 0. Eq. (4) reduces to Eq. (2) for α & 1,
with σ2 ≡ 1/α. The main advantage of Eq. (4) over
previous parameterizations is that the support of P (ε) is
the unit disc: it satisfies for all α > 0 the normalization
∫ 1
0 P (ε)dε = 1. In the limit α → 0+, P (ε) ( δ(ε− 1).
Eq. (4) is the exact [30]1 distribution of ε2 for N identi-

cal pointlike sources with a 2-dimensional isotropic Gaus-
sian distribution, with α = (N − 1)/2, if one ignores
the recentering correction. In a more realistic situation,
Eq. (4) is no longer exact. We adjust α to match the
rms ε from the Monte-Carlo calculation. Fig. 1 shows
that Eq. (4) (with α ( 5.64) agrees much better with
Monte-Carlo results than Gaussian and Bessel-Gaussian
distributions.

CUMULANTS

Cumulants of the distribution of ε are derived from
a generating function, which is the logarithm of the
two-dimensional Fourier transform of the distribution of
(εx, εy):

G(kx, ky) ≡ ln〈exp(ikxεx + ikyεy)〉, (5)

where angular brackets denote an expectation value over
the ensemble of events. If the system has azimuthal sym-
metry, by integrating over the relative azimuthal angle of
k and ε, one obtains

G(k) = ln〈J0(kε)〉, (6)

where k ≡
√

k2x + k2y and ε ≡
√

ε2x + ε2y. The cumu-

lant to a given order n, ε{n}, is obtained by expanding

1 See Eq. (3.10) of [30]. What is derived there is the distribution
of anisotropy in momentum space, but the algebra is identical
for the distribution of eccentricity.
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FIG. 1. (Color online) Histogram of the distribution of
ε2 obtained in a Monte-Carlo Glauber simulation of a p-Pb
collision at LHC, and fits using Eqs. (2)-(4).

around each participant nucleon with a normalization
that fluctuates [28]. These fluctuations, which increase
anisotropies [29], are modeled as in Ref. [20]. We have se-
lected events with number of participants 14 ≤ N ≤ 16,
corresponding to typical values in a central p-Pb colli-
sion.
We now compare different parameterizations of this

distribution, which we use to fit our numerical results.
The first is an isotropic two-dimensional Gaussian (we
drop the subscript n for simplicity):

P (ε) =
2ε

σ2
exp

(

−
ε2

σ2

)

, (2)

where ε ≡
√

ε2x + ε2y and the distribution is normalized:
∫∞

0 P (ε)dε = 1. This form is motivated by the central
limit theorem, assuming that the eccentricity solely orig-
inates from event-by-event fluctuations, and neglecting
fluctuations in the denominator. Note that this distribu-
tion does not strictly satisfy the constraint ε < 1, which
follows from the definition (1). When fitting our Monte-
Carlo results, we have therefore multiplied Eq. (2) by a
constant to ensure normalization between 0 and 1. The
rms ε has been fitted to that of the Monte-Carlo simu-
lation. Fig. 1 shows that Eq. (2) gives a reasonable ap-
proximation to our Monte-Carlo results, but not a good
fit.
Bzdak et al. [20] have proposed to replace Eq. (2) by

a “Bessel-Gaussian”:

P (ε) =
2ε

σ2
I0

(

2εε̄

σ2

)

exp

(

−
ε2 + ε̄2

σ2

)

. (3)

This parameterization introduces an additional free pa-

rameter ε̄, corresponding to the mean eccentricity in the
reaction plane in nucleus-nucleus collisions [19]. It re-
duces to (2) if ε̄ = 0. A nonzero value of ε̄ is how-
ever difficult to justify for a symmetric system in which
anisotropies are solely created by fluctuations. In Fig. 1,
ε̄ and σ have been chosen so that the first even moments
〈ε2〉 and 〈ε4〉 match exactly the Monte-Carlo results, as
suggested in [20]. The quality of the fit is not much
improved compared to the Gaussian distribution, even
though there is an additional free parameter. Note that
the Bessel-Gaussian, like the Gaussian, does not take into
account the constraint ε < 1.
We now introduce the one-parameter power law distri-

bution:

P (ε) = 2αε(1− ε2)α−1, (4)

where α > 0. Eq. (4) reduces to Eq. (2) for α & 1,
with σ2 ≡ 1/α. The main advantage of Eq. (4) over
previous parameterizations is that the support of P (ε) is
the unit disc: it satisfies for all α > 0 the normalization
∫ 1
0 P (ε)dε = 1. In the limit α → 0+, P (ε) ( δ(ε− 1).
Eq. (4) is the exact [30]1 distribution of ε2 for N identi-

cal pointlike sources with a 2-dimensional isotropic Gaus-
sian distribution, with α = (N − 1)/2, if one ignores
the recentering correction. In a more realistic situation,
Eq. (4) is no longer exact. We adjust α to match the
rms ε from the Monte-Carlo calculation. Fig. 1 shows
that Eq. (4) (with α ( 5.64) agrees much better with
Monte-Carlo results than Gaussian and Bessel-Gaussian
distributions.

CUMULANTS

Cumulants of the distribution of ε are derived from
a generating function, which is the logarithm of the
two-dimensional Fourier transform of the distribution of
(εx, εy):

G(kx, ky) ≡ ln〈exp(ikxεx + ikyεy)〉, (5)

where angular brackets denote an expectation value over
the ensemble of events. If the system has azimuthal sym-
metry, by integrating over the relative azimuthal angle of
k and ε, one obtains

G(k) = ln〈J0(kε)〉, (6)

where k ≡
√

k2x + k2y and ε ≡
√

ε2x + ε2y. The cumu-

lant to a given order n, ε{n}, is obtained by expanding

1 See Eq. (3.10) of [30]. What is derived there is the distribution
of anisotropy in momentum space, but the algebra is identical
for the distribution of eccentricity.
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FIG. 1. (Color online) Histogram of the distribution of
ε2 obtained in a Monte-Carlo Glauber simulation of a p-Pb
collision at LHC, and fits using Eqs. (2)-(4).

around each participant nucleon with a normalization
that fluctuates [28]. These fluctuations, which increase
anisotropies [29], are modeled as in Ref. [20]. We have se-
lected events with number of participants 14 ≤ N ≤ 16,
corresponding to typical values in a central p-Pb colli-
sion.
We now compare different parameterizations of this

distribution, which we use to fit our numerical results.
The first is an isotropic two-dimensional Gaussian (we
drop the subscript n for simplicity):

P (ε) =
2ε

σ2
exp

(

−
ε2

σ2

)

, (2)

where ε ≡
√

ε2x + ε2y and the distribution is normalized:
∫∞

0 P (ε)dε = 1. This form is motivated by the central
limit theorem, assuming that the eccentricity solely orig-
inates from event-by-event fluctuations, and neglecting
fluctuations in the denominator. Note that this distribu-
tion does not strictly satisfy the constraint ε < 1, which
follows from the definition (1). When fitting our Monte-
Carlo results, we have therefore multiplied Eq. (2) by a
constant to ensure normalization between 0 and 1. The
rms ε has been fitted to that of the Monte-Carlo simu-
lation. Fig. 1 shows that Eq. (2) gives a reasonable ap-
proximation to our Monte-Carlo results, but not a good
fit.
Bzdak et al. [20] have proposed to replace Eq. (2) by

a “Bessel-Gaussian”:

P (ε) =
2ε

σ2
I0

(

2εε̄

σ2

)

exp

(

−
ε2 + ε̄2

σ2

)

. (3)

This parameterization introduces an additional free pa-

rameter ε̄, corresponding to the mean eccentricity in the
reaction plane in nucleus-nucleus collisions [19]. It re-
duces to (2) if ε̄ = 0. A nonzero value of ε̄ is how-
ever difficult to justify for a symmetric system in which
anisotropies are solely created by fluctuations. In Fig. 1,
ε̄ and σ have been chosen so that the first even moments
〈ε2〉 and 〈ε4〉 match exactly the Monte-Carlo results, as
suggested in [20]. The quality of the fit is not much
improved compared to the Gaussian distribution, even
though there is an additional free parameter. Note that
the Bessel-Gaussian, like the Gaussian, does not take into
account the constraint ε < 1.
We now introduce the one-parameter power law distri-

bution:

P (ε) = 2αε(1− ε2)α−1, (4)

where α > 0. Eq. (4) reduces to Eq. (2) for α & 1,
with σ2 ≡ 1/α. The main advantage of Eq. (4) over
previous parameterizations is that the support of P (ε) is
the unit disc: it satisfies for all α > 0 the normalization
∫ 1
0 P (ε)dε = 1. In the limit α → 0+, P (ε) ( δ(ε− 1).
Eq. (4) is the exact [30]1 distribution of ε2 for N identi-

cal pointlike sources with a 2-dimensional isotropic Gaus-
sian distribution, with α = (N − 1)/2, if one ignores
the recentering correction. In a more realistic situation,
Eq. (4) is no longer exact. We adjust α to match the
rms ε from the Monte-Carlo calculation. Fig. 1 shows
that Eq. (4) (with α ( 5.64) agrees much better with
Monte-Carlo results than Gaussian and Bessel-Gaussian
distributions.

CUMULANTS

Cumulants of the distribution of ε are derived from
a generating function, which is the logarithm of the
two-dimensional Fourier transform of the distribution of
(εx, εy):

G(kx, ky) ≡ ln〈exp(ikxεx + ikyεy)〉, (5)

where angular brackets denote an expectation value over
the ensemble of events. If the system has azimuthal sym-
metry, by integrating over the relative azimuthal angle of
k and ε, one obtains

G(k) = ln〈J0(kε)〉, (6)

where k ≡
√

k2x + k2y and ε ≡
√

ε2x + ε2y. The cumu-

lant to a given order n, ε{n}, is obtained by expanding

1 See Eq. (3.10) of [30]. What is derived there is the distribution
of anisotropy in momentum space, but the algebra is identical
for the distribution of eccentricity.
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FIG. 1. (Color online) Histogram of the distribution of
ε2 obtained in a Monte-Carlo Glauber simulation of a p-Pb
collision at LHC, and fits using Eqs. (2)-(4).

around each participant nucleon with a normalization
that fluctuates [28]. These fluctuations, which increase
anisotropies [29], are modeled as in Ref. [20]. We have se-
lected events with number of participants 14 ≤ N ≤ 16,
corresponding to typical values in a central p-Pb colli-
sion.
We now compare different parameterizations of this

distribution, which we use to fit our numerical results.
The first is an isotropic two-dimensional Gaussian (we
drop the subscript n for simplicity):

P (ε) =
2ε

σ2
exp

(

−
ε2

σ2

)

, (2)

where ε ≡
√

ε2x + ε2y and the distribution is normalized:
∫∞

0 P (ε)dε = 1. This form is motivated by the central
limit theorem, assuming that the eccentricity solely orig-
inates from event-by-event fluctuations, and neglecting
fluctuations in the denominator. Note that this distribu-
tion does not strictly satisfy the constraint ε < 1, which
follows from the definition (1). When fitting our Monte-
Carlo results, we have therefore multiplied Eq. (2) by a
constant to ensure normalization between 0 and 1. The
rms ε has been fitted to that of the Monte-Carlo simu-
lation. Fig. 1 shows that Eq. (2) gives a reasonable ap-
proximation to our Monte-Carlo results, but not a good
fit.
Bzdak et al. [20] have proposed to replace Eq. (2) by

a “Bessel-Gaussian”:

P (ε) =
2ε

σ2
I0

(

2εε̄

σ2

)

exp

(

−
ε2 + ε̄2

σ2

)

. (3)

This parameterization introduces an additional free pa-

rameter ε̄, corresponding to the mean eccentricity in the
reaction plane in nucleus-nucleus collisions [19]. It re-
duces to (2) if ε̄ = 0. A nonzero value of ε̄ is how-
ever difficult to justify for a symmetric system in which
anisotropies are solely created by fluctuations. In Fig. 1,
ε̄ and σ have been chosen so that the first even moments
〈ε2〉 and 〈ε4〉 match exactly the Monte-Carlo results, as
suggested in [20]. The quality of the fit is not much
improved compared to the Gaussian distribution, even
though there is an additional free parameter. Note that
the Bessel-Gaussian, like the Gaussian, does not take into
account the constraint ε < 1.
We now introduce the one-parameter power law distri-

bution:

P (ε) = 2αε(1− ε2)α−1, (4)

where α > 0. Eq. (4) reduces to Eq. (2) for α & 1,
with σ2 ≡ 1/α. The main advantage of Eq. (4) over
previous parameterizations is that the support of P (ε) is
the unit disc: it satisfies for all α > 0 the normalization
∫ 1
0 P (ε)dε = 1. In the limit α → 0+, P (ε) ( δ(ε− 1).
Eq. (4) is the exact [30]1 distribution of ε2 for N identi-

cal pointlike sources with a 2-dimensional isotropic Gaus-
sian distribution, with α = (N − 1)/2, if one ignores
the recentering correction. In a more realistic situation,
Eq. (4) is no longer exact. We adjust α to match the
rms ε from the Monte-Carlo calculation. Fig. 1 shows
that Eq. (4) (with α ( 5.64) agrees much better with
Monte-Carlo results than Gaussian and Bessel-Gaussian
distributions.

CUMULANTS

Cumulants of the distribution of ε are derived from
a generating function, which is the logarithm of the
two-dimensional Fourier transform of the distribution of
(εx, εy):

G(kx, ky) ≡ ln〈exp(ikxεx + ikyεy)〉, (5)

where angular brackets denote an expectation value over
the ensemble of events. If the system has azimuthal sym-
metry, by integrating over the relative azimuthal angle of
k and ε, one obtains

G(k) = ln〈J0(kε)〉, (6)

where k ≡
√

k2x + k2y and ε ≡
√

ε2x + ε2y. The cumu-

lant to a given order n, ε{n}, is obtained by expanding

1 See Eq. (3.10) of [30]. What is derived there is the distribution
of anisotropy in momentum space, but the algebra is identical
for the distribution of eccentricity.
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v2 − v3 correlation in AA from initial-state geometry!
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IS of small system: (III) vn correlations !
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v2 − v3 correlation in AA from initial-state geometry!
Is it there in pp/pA systems?!

ε2! ε2!

ε3!

Uli’s prediction, EIC users meeting 2016!
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Flow factorization breaking/PCA!

VnΔ (pT
a,ηa; pT

b,ηb ) ≠ vn (pT
a,ηa )× vn (pT

b,ηb )
(two-particle)! (single-particle)!

IS of small system: (IV) factorization !
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PRC 90, 044906 (2014),!
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Flow factorization breaking/PCA!

VnΔ (pT
a,ηa; pT

b,ηb ) ≠ vn (pT
a,ηa )× vn (pT

b,ηb )
(two-particle)! (single-particle)!

− caused by “lumpiness” of the initial state!

Ψn η
a( ) Ψn η

b( )

IS of small system: (IV) factorization !

pp?!pp?!
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Summary!
Clear evidence of long-range, collective phenomena!
in HM QCD systems!

Initial spatial εs!
+ final interactions! OR! Initial momentum εp!

from initial interactions!
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Summary!

In AA, consistent with “hydro-like” − “perfect fluid”!

Clear evidence of long-range, collective phenomena!
in HM QCD systems!

Initial spatial εs!
+ final interactions! OR! Initial momentum εp!

from initial interactions!
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Summary!

In AA, consistent with “hydro-like” − “perfect fluid”!

QCD fluid in pp/pA? Connection to initial geometry 
is the key ingredient to be established in the future!

Clear evidence of long-range, collective phenomena!
in HM QCD systems!

Initial spatial εs!
+ final interactions! OR! Initial momentum εp!

from initial interactions!
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Summary!

In AA, consistent with “hydro-like” − “perfect fluid”!

QCD fluid in pp/pA? Connection to initial geometry 
is the key ingredient to be established in the future!

Unique opportunity in pp/pA of probing fluctuations 
of proton substructure − Test of fundamental QCD!

Potential connection to future EIC program!!

Clear evidence of long-range, collective phenomena!
in HM QCD systems!

Initial spatial εs!
+ final interactions! OR! Initial momentum εp!

from initial interactions!
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Backup!
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If ridge is flow è strongly interacting  !
è presence of jet quenching?!

Jet quenching in small systems (?)!

In small system at fixed Ntrk!

Who wins?!ΔE ~αs (T )q̂(T )L
2

L  ! but q (~T3)!

<!

L  !

Roughly balanced!
s ~ T 3

s ~ Ntrk

πL2 24!



If ridge is flow è strongly interacting  !
è presence of jet quenching?!

Jet quenching in small systems (?)!

L  !

MARTINI!

arXiv:1601.03070!

Sizable suppression predicted for pT ~ 10-20 GeV/c!
25!



Misconception of IP-glasma model!
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N. B. fluctuation of each N-N energy deposit !
!

AA data NOT sensitive to subnucleonic structure!
!

“Lumpiness” of proton can be probed by pA (or pp)!
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Connection to Geometry!

27!
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NCQ scaling in pPb system!!

Flow developed at partonic level!?!

scaled !
by nq!

K0
s (nq=2)!

!

Λ (nq=3)!

Baryon/meson crossing!

Expected or surprising in pPb?!
!

Amazing scaling in AA discovered 10 yrs ago in 
quest of explanations, esp. in light of pPb data!
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Ridge in pPb persists up to at least several GeV/c!

Sizeable v2 ~ 5% (after a large subtraction)!

Multiparticle correlations to test collectivity 
of high pT particles!
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Systematic uncertainties
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