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Pre-equilibrium evolution
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Kinetic theory for perturbations

Effective kinetic theory Arnold, Moore, Yaffe (2003)

∂τf +
p

|p| · ∇f −
pz
τ
∂pzf

︸ ︷︷ ︸
Bjorken expansion

= −C2↔2[f ]︸ ︷︷ ︸− C1↔2[f ]︸ ︷︷ ︸ ,

LO acccurate in αs, here αs ≈ 0.3.

Gluon distribution function

f = f̄p︸︷︷︸
uniform background

+ δfk⊥,pe
ik⊥·x⊥

︸ ︷︷ ︸
transverse perturbations

.

(∂τ −
pz
τ
∂pz)f̄p = −C[f̄ ] background

(∂τ −
pz
τ
∂pz +

ip⊥ · k⊥
p

)δfk⊥,p = −δC[f̄ , δf ] perturbation

Study energy δe and momentum gx perturbations.
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Background approach to hydro

Hydro constitutive equation: T zz(e) = 1
3e− 4

3
η
τ − 8

9
τπη−λ1
τ2

.
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Kinetic theory smoothly interpolates between free streaming and hydrodynamics.
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Equilibration of perturbations

δT xx =
δe

e︸︷︷︸
energy

[
1
3e+ 1

3ητπk
2 + η

2τ −
2(λ1−ητπ)

9τ2

]
− ikgx

e︸ ︷︷ ︸
momentum

[
η − 1

τ

(
η2

2e + ητπ
2 − 2

3λ1

)]
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Perturbations hydrodynamizes together with background Qsτ ∼ {10, 20}.
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Pre-equilibrium evolution from kinetic theory

Kinetic theory response functions to initial perturbations and gradients.

δe(τ0,x
′)

e(τ0)
,
∂xe(τ0,x

′)

e(τ0)

Green
functions

E(x; τ, τ0)
G(x; τ, τ0)

δe(τ,x)

e(τ)
,
gx(τ,x)

e(τ)

δe(τ,x)

e(τ)︸ ︷︷ ︸
hydro perturbations

=

∫
d2x′E(|x− x′|; τ, τ0)︸ ︷︷ ︸

energy response

δe(τ0,x
′)

e(τ0)︸ ︷︷ ︸
initial fluctuations

,

~g(τ,x)

e(τ)︸ ︷︷ ︸
hydro preflow

=

∫
d2x′G(|x− x′|; τ, τ0)︸ ︷︷ ︸

momentum response

−~∇e(τ0,x′)
e(τ0)︸ ︷︷ ︸

initial gradients

.

gi ≡ δT 0i
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Green functions in k space
δe(τ, k)

e(τ)
≡ Ẽ(k; τ, τ0)︸ ︷︷ ︸

energy resp.

×δe(τ0, k)

e(τ0)
,

gx(τ, k)

e(τ)
≡ −i G̃(k; τ, τ0)︸ ︷︷ ︸

momentum resp.

×δe(τ0, k)

e(τ0)
.
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Ẽ(k; τ, τ0)

G̃(k; τ, τ0)

Now Fourier transform Ẽ(k, τ, τ0) to coordinate space.
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Energy Green function in coordinate space

Convolve energy perturbations with response kernel.
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Continue evolution in hydro.
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Comparison with hydro at late times

Initialize hydro with δe and gx at τQs = {10, 20}.
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Energy Green functions at late times
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Conclusion

Effective kinetic theory:

I Studied equilibration of transverse δe and gx perturbations.

I Showed transition to hydro constituent equations T ij(e, δe,~g).

I Constructed pre-equilibrium response functions.
∫
d2x′

δe(τ0,x
′)

e(τ0)
,
~∇e(τ0,x′)
e(τ0)︸ ︷︷ ︸

×E(|x− x′|; τ, τ0)︸ ︷︷ ︸

Pre-equilibrium smearing
and preflow generation

=
δe(τ,x)

e(τ)
,
~g(τ,x)

e(τ)︸ ︷︷ ︸
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Outlook

I Quarks: chemical equilibration.
I Non-equilibrium photon production.

I Collision kernels: αs ≈ 0.3 NLO corrections, anisotropic screening.

I Hydro: full heavy ion simulations with kinetic theory pre-equilibrium.

I Holography: response functions in the strong coupling limit.
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Backup



Expanding system

Varying saturation scale Qs(x⊥) ∼ Qs + δQse
ik⊥·x⊥ .

δfk⊥,p(τ0) = −δQs
Qs

p ∂pf̄p,

Equation of motion for perturbations

∂τδe(τ, k) + ikgx(τ, k) = −δe(τ, k) + δT zz(τ, k)

τ
,

∂τg
x(τ, k) + ikδT xx(τ, k) = −g

x(τ, k)

τ
,

For asymptotically small k → 0

I δe/(e+ T xx) = const. (to all orders in gradient expansion)

I vx = 1
2τ × [−∂xδe/(e+ T xx)], see also Vredevoogd and Pratt (2009)
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Equilibration in weak and strong coupling

L. Keegan, A. Kurkela, P. Romatschke, W. van der Schee and Y. Zhu (2015)
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Initial perturbations and preflow
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Fluctuations around equilibrium

Standing waves of temperature T (x) = T0 + δTeik·x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
k/T

0.55

0.6

0.65

0.7

0.75
R

e[
 ω

(k
)/

k
 ]
Dispersion relation λ=10

2nd order hydro

Ideal hydro c
s

2
=1/3

EKT

ω = csk − iΓk2 + (2nd order) k3

12 / 12



Fluctuations around equilibrium

Standing waves of temperature T (x) = T0 + δTeik·x

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
k/T

0.55

0.6

0.65

0.7

0.75
R

e[
 ω

(k
)/

k
 ]
Dispersion relation λ=10

2nd order hydro

Ideal hydro c
s

2
=1/3

EKT

ω = csk − iΓk2 + (2nd order) k3

Hydro description applies for k < 0.4T ∼ 1/Rproton
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