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Sommerfeld enhancement

[Sommerfeld (1931)]
[Hisano, Matsumoto, Nojiri (2003)]

If dark matter couples with a light force carrier (mgqyce < mpy),

There is large enhancement of the cross section in non-relativistic regime.
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Non-perturbative resummation is required to calculate this effect.
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“Usual” way to calculate and its problem

See, e.g., [Hisano, Matsumoto, Nojiri, Saito (2004)], [Cirelli, Strumia, Tamburini (2007)]

Long range force distorts wave function from plane-wave.
1. Solve Schrodinger Eq. with long-range force (V(r) ~ exp( —mgopce) /1)

elpT

2
(—2%\72+V(x)—s—ﬂ>¢(x)=0 with ¥ - e?*+£(6)

r

2. Compare the result with V(r) =0 ——> 0 = 09 X S(V)

LO cross section : loh

Enhancement factor : S(v) = [P(0)]%/I,(0)]? with ¥, (x) = eP?

oo and S(v) are irrelevant each other.

i i Could be inconsistent in some cases

TT . . .
o i i < [Griest, Kamionkowski (1992)]
Unitarity bound on s-wave : 0 < 7 e e e

What is a formula which is consistent with unitarity bound?
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Our calculation

Correct calculation in QM gives consistent answer.

1. Annihilation effect is taken as delta function potential with complex coefficient w.
Verr(x) = V(x) +us>(x)

2. Solve the Schrodinger equation:

1 p?
2 3 _ £ —
( ZuV +V(x) + ud>(x) 2#) Y(x) =0
3. Determine asymptotic form (r — o) of s-wave solution :

eipr  o—ipr

Y(r) - S, -

r

4. Calculate the cross section from the above S,,.

T T
O-SC = _2 |SO - 1 |2/ O-ann = _2 (1 - |SO | 2) Quantafr?(;\ﬁzzllallics
p p J. J. Sakurai
DM-DM elastic scattering DM-DM annihilation
What we need is s-wave solution. See also etc.
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Solving the Schrodinger equation . yacw (e

2

(-%vz V(] + us3(x —g—l) P(x) = 0

Write ¢ by 1, and Green’s function G (x, 0)

Wave function w/o short range effect : Green'’s function :
e P’ ! vz +v(|xl) p’ G,(x,0) = 53(x) G,(,0) oceipr
_—— _—— = _—— _— = — (o))
( ZMV +VxD) 2y>lp°(x) =0 2u ) 2u’ P 4rr

Y(x) = Yo(x) — 2uuG,(x,0)p(0)

U solve a consistency condition at x = 0.

-1
P (x) = 1Po(x) — Gy (x,0)1h(0) <ﬁ + Gp(0;0)>

! | Renormalize coupling u ( G,(0,0) is divergent )
k -1
Y(x) = Po(x) — G, (x,0)1P,(0) <4—3;;) — ReGy, (0,0) + Gp(0,0)>
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Asymptotic behavior and cross sections

W(o0) 1( dp kpo — Reg{?o(o) + 91,9 (0) o DT _ e—ipr)
r\ d, k, — Regz’,O(O) + g,(0)
\ )
|
amplitude of DM-DM s-wave scattering S,

G, (x,0) =g4p7(? with g, (0) =1, g,(x) - d,e’P*
We can take y,(x) = cImG,(x, 0)
4 |1 = So|” _Aml — S|
Osc =F 2 Oagnn = P2 4
DM-DM elastic scattering DM-DM annihilation

We have checked our formula is consistent with

* Ognn = 09 X S(v) at the leading order of g
e 0, X VY 0,,, xv™ 1  forlarge v.
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A formula of annihilation cross section

avg S(v)

2
1+ (n\/ plosen _ (ﬂ%) _ z*‘fjj;ﬂ) (T(v) +iS(v)) v

—

ouv =~

2

ov, : LO annihilation cross section

Short-range
physics

J  og5o :LO DM-DM elastic scattering cross section

It is determined by matching the scattering amplitude

n = sgnk,?! . . . .
Po It is relevant that short-range force is attractive / replusive.

—

B 1

S(v) = Elmg,’, (0)  (“usual” Sommerfeld factor)
Long-range —
physics T(v) = % [Reg,(0) — Reg,, (0)]

=

where (— 22 + V(1) =) g, () = 0, g,(0) = 1

[7/10]



Example 1 (small bare cross section)

, am,e” ™" L
Hulthen potential : v (r) = — : — (Good approximation of V(r) = —
—_— e_ *

ae™™m

T
,m, =;m)

_ __1 _ 2
a=1, OannV 327 M2’ Osc = 4 (Gannv)
SE SE (Zoom at 0.0625)
108 10" ¢

1010 L
10? |
v=10"°
5
10 108 |
1000 _ 107 | /\

m./M

- s - s : : : e —
0.04 0.06 0.08 0.10 0.06245 006250  0.06255  0.06260

Yellow : usual formula
Blue : our formula
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Example 2 (large bare cross section)

am,e” T

2

. . . . _ qe ™ _n
Hulthen potential : v (r) = — Tt (Good approximation of V(r) = — m, =-—m)
21 u?
2
a=1, ov = —, .. = — (ov
MZ SC 47_[ ( )
SE
109 L
107 +
v=10"° >
105 L
1000 +
0.62 0.64 0.66 n.tl}a o.;u m.M

Yellow : usual formula
Blue : our formula
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Summary

« Solved Schrodinger Eq with long-range potential and delta function potential.
e Constructed DM annihilation cross section from non-relativistic QM.

« Our formula satisfies the unitarity bound.

_dpky, — Regp, (0) + gp (0)

S - * ! !
° " d; ky, —Reg;, (0) + g, (0)

_4m|1- Sy _Aml —|S,|?
O-SC - pz 2l ) O-ann - pz 4
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Backup

[11]



Large momentum limit (determination of k)

2

* 1 _pr? _
_ dp kp, — Regy, (0) + g, (0) —5a 7+ VUaD + us (o 2#) Y0 =0

Sy = —& .

dy kp, —Regy, (0) + g,(0) pPT  p—ipT
Y(r) - S, -

T r

1 d2 pZ
: <—2—HF+V(1‘) —Z)gp(r)— 0
41 |1 — S| 41 — |Sy|? gp(®=1 lme* g (r)=d,
Osc = F T ) Oann = P2 4
DM-DM elastic scattering DM-DM annihilation

Large momentum limit (p? > |2uV|)

dy, -1, g{9—>ip

Rekgo1 = i\/4
and for small coupling (|k501| <pLpsh, > T

—112 B -1 HOagnnV
Osc = 4-7'L'|kpo1 ) Oann = |2 Imk, ™ =~ —




Relation with conventional formulae

2

/ , * 1 _r _
B d_pkpo — Regp,(0) + g, (0) ZMV2 + V(D) + ud3(x) 2#) P(x) =0

SO — =% [} [
dy kp, —Reg, (0) + g,,(0) s R
Y(r) = S TS
1 d2 pZ
@ <_2_,HW+V(T) —Z)gp(r)— 0
_4ml— 1So1? _A4n Imkpolmgl') (0) g,(0) =1, lim e~®"g (1) = d,
Ognn = 5 r—o

2 __2 ! ! 2
p 4 P” |kp, — Regy, + gp(0)]

At the leading order of k=1 (or u),
4m Imky, y Img,(0)

- 2
U |kp0| p

1 '
oV w,(r) = T (9, gp(r) = g,( g3, (1))

W,(r) =0

l l W,(0) = Img, (0) —> 1Img;,(o)=|dp|2=5(u)
W, (o) = p|d, |’ P

ov= (ov)y x S
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Finite piece of Green function

gu—

dZ
( +2uV(r) —p )gpm =0

Ip (r) dr?

Amtr

==

Gp(7,0) =

gp(0) =0,  limg,(r)e™?" =d,

—

V.
2uV (r) = 71 + Vo + Vyr + -

B gp(r) = A +gir +-)+V_4(r+ h,r? + - )logr

Gy (T, O)——+ logr+ —+-

—

Dlvergent parts Finite parts

Finite part of G,,(0,0) is only in real part and it is independent on p.
G,(0,0) — ReG, (0,0) is finite for any p and p,
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Regularization velocity

Full Sommerfeld factor is approximated by shifting velocity.

av
— =~ S(v+ v.).
o

am M oy

V. = 1

: M 2 I'm /M g
2 x 10«
voen e (m TcV) ( 0.1 ) (3 x 10-26 emﬂ,xsea:>
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