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Basics of eikonal approxima@dD

.~ Consider a charged particle emitting a soft photon
| Propagator: expand numerator & denominator in soft momentum, keep lowest order

| Vertex: expand in soft momentum, keep lowest order

k > U
>
p+Kk P
(Prne = D

2pak + k2 2pak



Basics of eikonal approximation ih QE
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Independent, uncorrelated emissions, Poisson process



Eikonal approximation: no dependence on gomtter

- Emitter spin becomes irrelevant in eikonal approximation

! Fermion 5 i(p+ k)

k

'\ Approximate, and use Dirac equapofp) =0

I Result same as scalar case

pli
g(Mu(p)) X ﬁ

' Two things have happened
No sign of emitter spin anymore

Coupling of photon proportional to p



Eikonal exponentiation

In the eikonal approximation, interesting patterns emerge
One loop vertex correction, in eikonal approximation
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Two loop vertex correction, in eikonal approximation
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Exponential series!
w<m< m{+w@ @+ = exp [w<]

Yennie, Frautschi, Suura




Exponentiation in QED fragrath integral

EL, Stavenga, White
Textbook result

Sum of all diagrams = exp- Connected diagrams

¢ = d dt(xP+psac )

Can write scattering amplitude as nested path integral

M (p1, P2, {k}) = | DA Dx(t) H[x]f1[As, X(1)] f 2[As, X(1)] €S [As]
x(t): path of charged

Eikonal vertices: sources for gauge bosons living on lines particle
Disconnected Connected



Exponentiation in QCD froatipintegral

o O B B

- Not immediately obvious how this could work, since

EL, Stavenga, White

' Source terms have non-abelian charges, so donOt commute
' External line factors are path-ordered exponentials

' Nevertheless |
FoCp =exp @ w; Gatheral; Frenkel, Taylor; Sterman

| / —

Modibed color

subset of dlagrams that
factors

go into exponent

" Proof uses replicek from statistical physics



More than eikonal: resummation for quark form f:

'~ Consider all corrections to the quark form factor

J

S o B P -

| a diagrammatic analysis shows that the sum factorizes into a product of ful

A soft function OSO (only IR/eikonal modes of loop momenta)
2 jets functions OJO (collinear modes)
A hard functions OHO (off-shell, hard modes)

'~ These are also all the virtual diagrams for the Drell-Yan process

' Factorization implies resummation

A. Sen; Collins; Magnea, Sterman



Factorization and resummation for Drell-'

PIN) = TN, "2)! (NS, "2)SIN, |, 1, 72) H (W)

" Now with Mellin moment ONO dependence (i.e., with radiation)
' Near threshold (large N), cross section is a prodfichctidosr
- Demand independence of

| renormalization scale u

| gauge dependence parameters !

d d d
= =l = e =
O udp'(N) 1d||1'(N) 2d||2'(N)
| result: double logarghmexponent Contopanagos, EL, Sterman
Forte, Ridolfi
dp —d
I =exp| o |_"]



Soft Collinear Effective Theory

Bauer, Fleming, Pirjol, Stewatrt,..

" Previous O(d)Q@&imAlysis was diagram based v
. Effective field theory approach: SCET

' Distinguish separaéddsfor soft, collinear, hard partons, and ultrasoft gluons

1 1

I—SCET,qq = ’%(In é.D+i|DC|_ ||DC|) | | —Tr{G Gc,u!}

@ aD

Powerful power counting. Using +,-,T notation
pr~Q(1,1,1) pe~QA1,VA) ps~ QA AN

Fields scale similarly:
gnNA ‘SﬁN)\2 ASN)\ @'ACNAO

- Resummation via renormalization group

10



Generic large x (threshalehavior

- For Drell-Yan, DIS, Higgs, singular behavior in perturbation theory when

“Ini@l
ave

[ ) In'(1! x)

+

| plus distributions have been organized to all orders (=OresummationO), als
for In(1-%)

. After Mellin transform In“(N)

Constants In' (N) N

- OZurichO method of threshold expansion allows computation (for NNNL
production)

atleasttop=3¢ (@ X In '@ X)

Anasthasiou, Duhr, Dulat, Furlan, Gehrmann, Herzog, Mistlberger

Hl



Ini(N)/N terms

Kraemer, EL, Spira; Catani, De Florian, Grazzini; Kilgore, Harlande

'~ Can be numerically important

Kraemer, EL, Spi Moch,Vog
18 — 20
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Extended Drell-Yamreshold resummatior

EL, Magnea, StavengaGruenberg

Ansatz: modiPed resummed expression Ball, Bonvini, Forte, Marzani, Ridolfi

ln[( = /dzlel{ e [..8<(1—§)2Q2>]
+2/<21I 2°Q /2 dqq22 S[z, S(q)}}

ﬁA(”) + CMin@L! z)+ D™

+

where P{M(z) =

(We constructed a similar expression for DIS). Structure:

==

!OO n #n |2?’L 2|n—1 |nm N iy n #
L(N) = g° a,m IN™ N + o - Lo AN
n=0 m=0 m=0
Cé CaCr Nt Ck
b3 4 4 0 0 0
A | 1 | 1
22 6 3 a3
by | 81,0 % ) 82 117 ’ LD (12 14
| Ly, 3 | Z 215 | T e S e o o
o | ! M2 3 42 23 o L a9 w2 s [ o B2 oy

Upshot: close, but no cigar..
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Back to basics: next-to-eikerpansion

- Keep 1 term more In k expansion beyond eikonal approximation

2pl1 + kH 7 2pl1 kH | 5 ZpU

2pék + k2 ° 2pék ; 2pak  (2pé&k)?2

scalar :

Pk L ! ks :

r'
2p -k + k2 )| 2p-k  2p-k (2p - k)? er)

fermion :

' Now emitter-spin dependent, amddtals

' Decorrelation not obvious

. Can we still make systematic statements (exponentiation, factorization) abc
eikonal/soft correctidns

14



Classic 1/N result: LowOs theorem

it 1 OinternalO

Eikonal: only emission from external lines. At next-to-a&kaera Adsx
emission contributes

P, P, P,
K
iz + +
mﬁw k
k
R P R

LowOs theorem (for scalars, generalization to spinors by Burnett-Kroll, to ma:s

particles by Del Ducd.BKD theorein
Work to order k, and use Ward identity

. 2pl il Chs e

Y Pi(kép! kép)  ph(kép ! képy) s !

| 2p; ak 2p, ak P ak P2 ak

Non-emitting amplitude still determines the emission to NE accuracy,

but now with a derivative

no detailed knowledge of indemeaded

15



Next-to-elkonaxponentiation via path integi

: : . EL, Magnea, Stavenga, White
' Fluctuations around classical patiarerrections

' All NE corrections from externagkpesentiate \teJ\,\/"V

. : . t
. Keep track via scaling varlablepp$: L 5 & tw
. L
oy = D i dt —xr 4) 8A(X;
.( ) - xe$xop/0| : t > +(n+ K)AA(X; + nt + X) \/\/\/\/\/
+2|—|" AA(Xi + prt + X) |9 t;
/t1 WAL\ A
Use 1-D beld theory propagator
IX(OX(A)" = Gt t) = T min(t,t)
NE Feynman rules '
e o - IMpipak + ki pipal
2pak = 2(pak)?2 palk + I) " palk+ )pakpal



(Next-to-)Soft currents

Eikonal/soft approximation for gauge theories and gravity longiarown

2 oD
E -9 gy o= ulh
= PieK
= 4 ke
Mn+a ({pi},K) = Sr(1(,)g)4rav An({pi}), Sr(m(,)g)jrav = g Ig )a||3(| 2 Weinberg’s soft theorem
|

=1

Generalization to next-to-eikonal/soft

1 (e 0"

| N () I 1 =
400k 30" ezt g

s = :
; i=1 pi &k iz

Very generally true for soft spin 0,1/2,1,2 emissions, abelian and non-abelian
Includes emissions from inside hard function

Coupling to full Lorentz generator (where spin part is included, e.g. for fermiol
Much recent work Bern, Davies, Di Vecchia, Nohle

: Broedel, Plefka, de Leeuw, Rosso
Breaking at loop level

87



Next-to-elkonavebs

'~ As for eikonal case earlier : § : 52
| 1dentify next-to-eikonal vertices e e
. show that they OdecorrelateO - :
* as elkonal webs (2 elk. line irreducible), but now v%i : }Xi

new vertices

they become spin-sensitive

" New 2-gluon correlations between eikonal webs "
NE webs

18



Exponentiation for NE webs

- Upshot: one can define NE webs, using such NE Feynman rules.
C(D)F (D) =exp @&D)Wg(D)+ & (D)Wne (D)
'~ They exponentiate too, no new proof needed
| but they are not thrdysource of next-to-soft corrections. Also need correctiol

hard function

collinear loop momenta

18



Next-to-eikonal logarithms

Vernazza, Bonocore, EL, Magnea, Melville, White

Our approach: understand NE corrections at amplitude level, then construct cross
Use Drell-Yan as testbed

Goal: combine NE matrix elements with phase space to predict NE (=NLP) logs fo
Yan

| Leading power: already known
lop (Ll 7

' Next-to-leading powers?
lag @ 20 =2 1.6

They arise from double real emission, and one-real + one-virtual

20



NE logs In Drell-Yan : double real

' Check NE Feynman rules for NNLO Ddalsierreamission (only*@rms)

p Ky B % ky
kz
a q q
ky kz
o 3 ky B 5
a)

( ®) ©

p p L
ka
q q
¥ & o ky
L p

p
(d)

' Result at NE level (agrees with equivalent exact result)

S 255230 128 128
Kﬁ%(z) = ECF I == Dz Dy (7= == dop (151 -7) - [|Ogi(l | Z)]
9 y = !
| 20p,)+ 21! 2)! 221! 2) s
$
i 02 Ds3(z) ! 10324 log?(1! z) +640log?(1! z)

3
| Special vertex (2-gluon correlation)

(paka)p"ky + (paky)kyp” ! (paky)(paka)g'” ! (ki 8kp)p"p”

R#(p; K1, ko) = -
(p; k1, k2) il

gives zero after azimuthal integration

2



NE logs in Drell-Yan: one real - one virti

We must also consider also 1-real plus 1-virtual contributions

e

L SRl

s

PXPR PX )

i

' More subtle: virtual momenta are not always (next-to)-soft. We follow two a

method of regions

- factorization

2



1 Real pluslVirtual, exact calculation

'~ We redid exact calculation, keepingzaaiyn&
| only the full result was known In the literature

| result, up to constants (dropped higher powers of 1-z)

i 32D ! 32+ | 64D1 +48Dg +64L1! 96+ 64D, ! 96D; +128Dg! 196! 64L% +208L

1r, v — 8B & &
128 12
! ?D3+96D2! 256D + 256D + ?E;L:f! 23Z_§+412L1! 408 (4.12)
_|log'(1! 2) @
D, = [ T L L, =log(l! 2)

. ObareO results, no renormalization or factorization counterterms

. Can we reproduce (some of) this using method of regions?

2



Method of regions

'~ Method of region approach, extended to next power
' Should allow treatment of (next-to-)soft and (next-to-)collinear on equal fo
'~ How does it work?

' Divide upiK=loop-momentum) integral into hard, 2 collinear and a soft reg
appropiate scaling

i = o) 4
Hewdeir b B0l 01y - Soft ik Bl L2012 &
n _' i b _I :
Collinear= ¢t = B 1 - 1= - Apficollinear=- L} BlZ1 1 K
2

| expand integrand in $, to leading and next-to-leading order in each regior

' but then integrate ovel ki anyway

Treat emitted momentum as soft and incoming momenta as hard

b e e ) ' =3 sni =



MoR: collinear region

- Soft emission from triangle graphs:

k =y
2 p <
kl
q
E P
c)

(a) (b) (

| Result

(d)

N

e e T
(a2 Z,,F = oy 36lof(1! z)+16

- Soft emission from self-energy diagrams

k2 el

p p i =
kl kl
q q
p EZ p
9)

(

(h)

| Result

@ e _ o ey 1E 0
NE c+@ A :

J

+60log(l! z)+ gl|og(1! z)! 36logf(1! z)! 40
€

€2 €
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Collinear(+anti-collinear) region

" Note
' Only NLP logarithms (intermediate LP logs cancel)

. Terms after loop integral contain

(! 2paky)’ (! 2pé&ky)' !
| ’ |

' When integrated ovengkve the right log(1-z) terms, so
expand it before expanding4n k

llustrates again breakdown of original LBK theorem

26



Method of regions results

. We find
| Hard region (expansion)in $
reproduces already all plus-distributions, and some NLP logarithms
| Soft region (expansio)in $
all integrals are scale-less, hence all zero in dimensional regularization
| (anti-)collinear regions (expansipn in $
only give NLP logarithms, once all diagrams in set are summed
-~ Nice:
| the full & 1.s reproduced, including constants " 4 powers of NLP logs
- Note:MoR diagnoses next-to-soft logarithms, but has no predictive powe
| I.e.: NLO calculations + formula gives NNLO results

-~ For this, we need a factorization approach

27



A factorization approach to next-to-soft logarit

Bonocore, EL, Magnea, Melville, Vernaza, White

! Can W@redlcthe |Og(1-Z) Iogantth? arXiv:1503.05156

' For both we need to factorize the cross section, as we dﬂ—e%
" H contains both the hard and the soft function (non-collinear
factors)

J: Incoming jet functions

. Next, add one extra soft emission, as in LowOs theorem_bﬁﬂ

every blob radiate!

Can we compute each new Oblob + radiation?0, and put it
together? Del Duca, 1991

25



Factorization approach

- Work at amplitude level, again @tdyrds

| Later: contract with c.c. amplitude and integrate over phase space

 Emission can occur from either H or Jf)s‘% ‘@g

AutH(k) = AL TH(K) + A TH(K) ﬁa p
| For emission from jet function, define new ope@br ﬁ”

Ju(p.n k) u(p) = 0+ dlye 'PTRF1  (y,1 )1 (y)ju(0)+p

Oradiative jet functionO, universal

2



Ward identity

' For emission from H, use Ward identity =~ =

]
kA, =0 KEAR = 1 KA )ﬁx
B

5

P

L

. where for the radiative jet function there is the simple WI
ke d o = gl 1) =

' Then hard function emission is just derivative
12 | 0

Arlpdd = q o Hipip. N J(p,nj)
i=1 ) =t

 Split polarization sum of emitted gluon/photon using OKO and OGO |

@2p! W' |,
2pak ! k2

=6 KT Kk =

. Kis leading, G gives subleading terms

30



Factorization approach: main formula

Upshot: a factorization formula for the emission anfaede)(Couc, 1991

2 H P
; (2pi ! k)H e
K. - 'u o h

i

$ o

E Hig n)sSE 1) Gt Jpikng! G o d (i)

Remarks

to be contracted with cc amplitude

only process dependent terms are H and A

Juls needed at one-loop level

31
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LBKD theorem, simplified

For the non-radiative jet we would need to compute
~ T T4 v

| double line is Wilson limegthrection

' We choosé'r @, so A= 0. In dimensional regularization we have then

' This leads to simple expression for LBKD theorem

Au(k)_i (2pz' k)'U“+ Gl,u,l__l_G',uJ(k) A( %5 )
Pj R qZZpiék! k2 Q4 ©; !pg. i I Pi Pis PB;

=1 !

' Als known, so need
factorized (external) contributions
derivative contribution

Ju contribution

52



External contribution

2 : ! oD % $ %
-~ Fairly straightforward® ) = L—f’CF : %2 Do(z) ! 1 +§ | 8D1(2)+6Do(z)+8L(2)! 14
169 "
+ 7 4Da(2)! 6D1(2)+8Do(2)! AL%(z)+14L(2)! 14
! %8D3(Z) +96D,(z) ! 256D;1(z) + 256D¢(2)
&
2 1—§8L3(z)! 2241 %(z) + 448L(z) ! 512 . (5.62)

' Reproduces all LP logs (plus-distributions)

' Agrees with factorization of eikonal radiation, and NE Feynman rules

55



Derivative contribution

' Not through effective Feynman rules, but still not too hard

. # &
e o a0 qeh %
7 Cr 4+ = 1 4L(2)+3 +64L%2)! 96L(z)+ 128
=

2
KiR(2) = = =

' NLP terms only

. Sum of external and derivative contributions corresponds precisely to MoR
contribution

34



Radiative jet function contribution

Formal definition

b

Ju(p.n,ka)u(p) = O« dlye PRI (y 1 )1 (y)j,(0)p

Diagrams:

CUO/C

ks ( o -
i % - I Oaz\) % B

200000¢ L0000

k1 n

(@) (b) ©) o

@%%% )
\ ?

(e) ()

18



Radiative jet function contribution

Find
, = D " hacp nc- kel
1 (1) s ! S | ERem gt |
I n | | $
+ }! }! 3! k—,+(1+3!) —h th, ani
! 2 p ak pan pakpan

Occurs with G-tensor: filters spin-dependent part. At loWe&st order J

b ol cee aif [l D]
P ékz 2p ékz = 4p ékz

G!“-!

One-loop terms breaks next-to-soft theorem. Interestingly it is an el§er
G'HI® (p,n, k)= I (p,n, k)

Find after phase spaggifitegral (chosing n=p)

G 6 48
Kgc)u = (Oé F) [ — +6()log(l—z)+—log(l—z)—7210g2(1—z)—24]

4 €2 € €

' Precise correspondence with collinear region
36



From amplitudes to logarithms

- Now put it all together, contract with cc amplitude and integrate over ph:
gt —adl i (Pipt Phip )3 d syip Pip

- Againperfect agreemeamth exact NLP result (and of course MoR result), -
lsonillle 2 Too (1l 720 ool L7y loofibl s

- We have uncovered a (surprisingly) strong predictive power for such log

57



Non- abelian terms (preliminary)

contributes to all

.~ Genuinely new features appear. D
| non-abelian jet contributions when virtual gluon is hard and (anti)-collinear
(2pak)’ -, (2pak)’ -
| (next-to-soft) contribution when soft. Scale

Sp?
2p &k 2p &k

| leads to using next-to-soft webs! And extra soft subtractions to avoid doub

-~ Preliminary: amplitude

2

1 Ly O _—
AR (s K)en (k) = e(k) Y (5 WHE L TG 5 + T4 pis ki) = T8 zm) A({pi})-
1=1 t

B e
| again, find all powers of the logarithms log(1-z), including constants
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Next steps

L REcehl

' January 2016 workshop at Higgs Centre, Edinburgh
L 500N

I finalize non-abelian terms (DY, Higgs..)

I Resummation

SCET approach: effective field theory operators (many!) known, now c
anomalous dimensions

Using next-to-eikonal webs for exponential form

39



Summary

Next-to-soft corrections

| approach through NLP terms in SCET

' here: factorization approach

Obey extended non-abelian exponentiation (new webs)
Governed by LBKD theorem; collinear loop momenta key
' understood through method of regions

' established predictive power through factorized expression

clear correspondence to MoR terms
Non-abelian extension soon.
Resummation: next-to-soon!
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