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From Theory to Experiment

Develop theoretical knowledge, algorithms and tools ...

Particle physics today

http://en.wikipedia.org

Stefan Höche From amplitudes to experiments 3
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From Theory to Experiment

in order to analyse experimental data ...
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From Theory to Experiment

so that discoveries (Higgs) become possible!
1: The Higgs signal has been detected through sharp mass peaks in several channels

1I: Its production and decay rates are consistent with the SM expectation, at the +/– 20% 
level .....

.... how far can we push the accuracy of these tests, and probe the 
mechanism of EWSB ?

Key outcomes of 3 yrs at the LHC: 1
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LHC: precision

WHAT’S POSSIBLE EXPERIMENTALLY?

Today’s most precise results are 
perhaps for the Z transverse 
momentum 
➤ normalised to Z fiducal σ 
➤ achieves <1%, from  

pT = 1 to 200 GeV 
 
 
 
 
Ratio to total cross section cancels 
lumi & some lepton-efficiency 
systematics.
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Figure 6: The Born-level distributions of (1/�) d�/dp``T for the combination of the electron-pair and muon-pair
channels, shown in six m`` regions for |y`` | < 2.4. The central panel of each plot shows the ratios of the values from
the individual channels to the combined values, where the error bars on the individual-channel measurements rep-
resent the total uncertainty uncorrelated between bins. The light-blue band represents the data statistical uncertainty
on the combined value and the dark-blue band represents the total uncertainty (statistical and systematic). The �2

per degree of freedom is given. The lower panel of each plot shows the pull, defined as the di↵erence between the
electron-pair and muon-pair values divided by the uncertainty on that di↵erence.

18

±1%
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LHC: precision
QCD beyond LO

Forthcoming experimental precision vs theoretical predictions
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!
!

(SM) Physics from Run 1 

!
!

Physics from Run 1 
…in most cases, good agreement with SM predictions (at NLO and higher). 
The SM will be tested more stringently (with hopefully BSM physics discovered) 
in Run 2. We need to have the predictions available to test data vs theory. 
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Factorization
Perturbative QCD

Factorization
Collins,Soper,Sterman’85–’89

I Calculate
I Scattering probability
I Gluon emission probability

I Measure
I Long distance interactions
I Particle decay rates

Divide et Impera

I Quantity of interest: Total interaction rate

I Convolution of short & long distance physics

σp1p2→X =
∑

i,j∈{q,g}

∫
dx1dx2 fp1,i (x1, µ

2
F )fp2,j (x2, µ

2
F )

︸ ︷︷ ︸
long distance physics

σ̂ij→X (x1x2, µ
2
F )

︸ ︷︷ ︸
short distance physics

Stefan Höche From amplitudes to experiments 7
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QCD as a perturbative quantum field theory: Fixed-order calculations
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Expected theoretical precision

The promise of perturbative QCD

Incontrovertible fact 
that 𝛼s is small at high 
energies.

𝛼s(MZ) ~ 0.1185+0.0006

NLO ~ 11%?

NNLO~1%? Also some outliers from thrust and C-parameter, Parton fits
Abate et al, 1060.3080, 𝛼s(MZ)=0.1135+0.0010

Hoang et al, 1501.04111,1501.04753,𝛼s(MZ)=0.1123±0.0015
Alekhin et al, 0908.2766,𝛼s(MZ)=0.1135±0.0014

Data from PDG, September 2013 QCD is asymptotically free!

αs = 0.1181± 0.0013(1.1%)

NLO: 10%

NNLO: 1%

C.G.Papadopoulos (INPP) HPC HEP 2016 9 / 94



Achieved theoretical precision

Anastasiou, Loops&Legs, April 2016

Composition of the inclusive 
cross-section

N3LO QCD for infinite Mtop limit 

Finite quark-mass corrections at  
- NLO exact  
 
- NNLO 1/mtop expansion 

Two-loop electroweak corrections 

Mixed QCD-electroweak corrections

CA, Duhr, Dulat, Furlan, Gehrmann, Herzog,  
Lazopoulos, Mistlberger

Dawson; Djouadi, Gtaudenz, Spira, Zerwas;  
Harlander, Kant; CA,Beerli, Bucherer, Daleo,  
Kunszt; Bonciani, Degrassi, Vicini 

Harlander, Mantler, Marzani, Ozeren;  
Pak, Rogal, Steinhauser

CA, Boughezal, Petriello 

Actis, Passarino, Sturm, Uccirati;  
Aglietti, Bonciani, Degrassi, Vicini

Higgs production cross-section at higher orders. In this section we combine all these e↵ects,

and as a result we are able to present the most precise prediction for the gluon-fusion cross-

section available to date. In particular (for the Setup 1 of Tab. ??) for a Higgs boson with

a mass mH = 125 GeV, the cross-section at the LHC with a center-of-mass energy of 13

TeV is

� = 48.58 pb
+2.22 pb (+4.56%)
�3.27 pb (�6.72%) (theory) ± 1.56 pb (3.20%) (PDF+↵s) . (8.1)

Equation (??) is one of the main results of our work. In the following, we will analyze it

in some detail.

Let us start by commenting on the central value of the prediction (??). Since eq. (??)

is the combination of all the e↵ects considered in previous sections, it is interesting to see

how the final prediction is built up from the di↵erent contributions. The breakdown of the

di↵erent e↵ects is:

48.58 pb = 16.00 pb (+32.9%) (LO, rEFT)

+ 20.84 pb (+42.9%) (NLO, rEFT)

� 2.05 pb (�4.2%) ((t, b, c), exact NLO)

+ 9.56 pb (+19.7%) (NNLO, rEFT)

+ 0.34 pb (+0.7%) (NNLO, 1/mt)

+ 2.40 pb (+4.9%) (EW, QCD-EW)

+ 1.49 pb (+3.1%) (N3LO, rEFT)

(8.2)

where we denote by rEFT the contributions in the large-mt limit, rescaled by the ratio RLO

of the exact LO cross-section by the cross-section in the EFT (see Section ??). All the

numbers in eq. (??) have been obtained by setting the renormalization and factorization

scales equal to mH/2 and using the same set of parton densities at all perturbative orders.

Specifically, the first line, (LO, rEFT), is the cross-section at LO taking into account only

the top quark. The second line, (NLO, rEFT) are the NLO corrections to the LO cross-

section in the rescaled EFT, and the third line, ((t, b, c), exact NLO), is the correction

that needs to be added to the first two lines in order to obtain the exact QCD cross-section

through NLO, including the full dependence on top, bottom and charm quark masses.

The fourth and fifth lines contain the NNLO QCD corrections to the NLO cross-section

in the rescaled EFT: (NNLO, rEFT) denotes the NNLO corrections in the EFT rescaled

by RLO, and (NNLO, 1/mt) contains subleading corrections in the top mass at NNLO

computed as an expansion in 1/mt. The sixth line, (EW, QCD-EW), contains the two-

loop electroweak corrections, computed exactly, and three-loop mixed QCD-electroweak

corrections, computed in an e↵ective theory approach. The last line, (N3LO, rEFT), is

the main addition of our work and contains the N3LO corrections to the NNLO rEFT

cross-section, rescaled by RLO. Resummation e↵ects, within the resummation frameworks

studied in Section ??, contribute at the per mille level for our choice of the central scale,

µ = mH/2, and are therefore neglected.

Next, let us analyze the uncertainties quoted in our cross-section prediction. We

present our result in eq. (??) with two uncertainties which we describe in the following. The

– 38 –

C.G.Papadopoulos (INPP) HPC HEP 2016 10 / 94



QCD (N)NLO

QCD beyond LO

(N)NLO needed in order to properly interpret the data at the LHC

• LO: shape
• NLO: shape+normalization
• NNLO: shape+normalization+uncertainty

C. Anastasiou, L. J. Dixon, K. Melnikov and F. Petriello, Phys. Rev. D 69 (2004) 094008 [hep-ph/0312266].

Costas. G. Papadopoulos (Athens ) NNLO HU 2 / 65
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QCD (N)NLO

QCD beyond LO

• Two reasons for the dominance of theory uncertainties in Higgs analyses

Harlander, Kilgore ‘02; Anastasiou, Melnikov ‘02; 
Ravindran, Smith van Neerven ‘03

How well do we understand the 
overall signal normalization 

How well can we describe the Higgs 
kinematics: differential distributions

 Progress on both fronts needed to improve Higgs-signal 
modeling for Run II of the LHC, in addition to better 

control over PDFs and parametric uncertainties.

Theory uncertainties: double trouble
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NLO Revolution

The NLO revolution

G. P. Salam, PoS ICHEP 2010, 556 (2010) [arXiv:1103.1318 [hep-ph]]

The NLO revolution
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Stefan Höche From amplitudes to experiments 14
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NLO Revolution

The NLO revolution

The NLO revolution
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Stefan Höche From amplitudes to experiments 14

C.G.Papadopoulos (INPP) High-energy phenomenology group Athens 2015 15 / 22

C.G.Papadopoulos (INPP) HPC HEP 2016 14 / 94



NLO Revolution

The NLO wishlist
Process (V ∈ {Z ,W , γ}) Status

1. pp → VV jet WW jet completed by Dittmaier/Kallweit/Uwer;
Campbell/Ellis/Zanderighi
ZZ jet completed by
Binoth/Gleisberg/Karg/Kauer/Sanguinetti
WZ jet,W γ jet completed by Campanario et al.

2. pp → Higgs+2 jets NLO QCD to the gg channel
completed by Campbell/Ellis/Zanderighi
NLO QCD+EW to the VBF channel
completed by Ciccolini/Denner/Dittmaier
Interference QCD-EW in VBF channel

3. pp → V V V ZZZ completed by Lazopoulos/Melnikov/Petriello
and WWZ by Hankele/Zeppenfeld
see also Binoth/Ossola/Papadopoulos/Pittau
VBFNLOmeanwhile also contains
WWW ,ZZW ,ZZZ ,WW γ,ZZγ,WZγ,W γγ,Zγγ,
γγγ,W γγj

4. pp → tt̄ bb̄ relevant for tt̄H, computed by
Bredenstein/Denner/Dittmaier/Pozzorini
and Bevilacqua/Czakon/Papadopoulos/Pittau/Worek

5. pp → V+3 jets W+3 jets calculated by the Blackhat/Sherpa
and Rocket collaborations
Z+3jets by Blackhat/Sherpa

6. pp → tt̄+2jets relevant for tt̄H, computed by
Bevilacqua/Czakon/Papadopoulos/Worek

7. pp → VV bb̄, Pozzorini et al.Bevilacqua et al.
8. pp → VV+2jets W+W++2jets,W+W−+2jets,relevant for VBF H → VV

VBF contributions by (Bozzi/)Jäger/Oleari/Zeppenfeld
9. pp → bb̄bb̄ Binoth et al.
10. pp → V + 4 jets top pair production, various new physics signatures

Blackhat/Sherpa: W+4jets,Z+4jets
see also HEJfor W + njets

11. pp →Wbb̄j top, new physics signatures, Reina/Schutzmeier
12. pp → tt̄tt̄ various new physics signatures, Bevilacqua/Worek

pp →W γγ jet Campanario/Englert/Rauch/Zeppenfeld
pp → 4/5 jets Blackhat+Sherpa/NJets

I NLO calculations requested
by LHC experimenters

I List constructed in 2005

I Calculations completed 2012

Stefan Höche From amplitudes to experiments 15
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NLO Revolution

The NLO wishlist
Process (V ∈ {Z ,W , γ}) Status

1. pp → VV jet WW jet completed by Dittmaier/Kallweit/Uwer;
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ZZ jet completed by
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2. pp → Higgs+2 jets NLO QCD to the gg channel
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3. pp → V V V ZZZ completed by Lazopoulos/Melnikov/Petriello
and WWZ by Hankele/Zeppenfeld
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VBFNLOmeanwhile also contains
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γγγ,W γγj

4. pp → tt̄ bb̄ relevant for tt̄H, computed by
Bredenstein/Denner/Dittmaier/Pozzorini
and Bevilacqua/Czakon/Papadopoulos/Pittau/Worek

5. pp → V+3 jets W+3 jets calculated by the Blackhat/Sherpa
and Rocket collaborations
Z+3jets by Blackhat/Sherpa

6. pp → tt̄+2jets relevant for tt̄H, computed by
Bevilacqua/Czakon/Papadopoulos/Worek

7. pp → VV bb̄, Pozzorini et al.Bevilacqua et al.
8. pp → VV+2jets W+W++2jets,W+W−+2jets,relevant for VBF H → VV
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9. pp → bb̄bb̄ Binoth et al.
10. pp → V + 4 jets top pair production, various new physics signatures

Blackhat/Sherpa: W+4jets,Z+4jets
see also HEJfor W + njets

11. pp →Wbb̄j top, new physics signatures, Reina/Schutzmeier
12. pp → tt̄tt̄ various new physics signatures, Bevilacqua/Worek

pp →W γγ jet Campanario/Englert/Rauch/Zeppenfeld
pp → 4/5 jets Blackhat+Sherpa/NJets

C
lo

se
d

I NLO calculations requested
by LHC experimenters

I List constructed in 2005

I Calculations completed 2012
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NLO Revolution

!
!

Realistic wishlist 

l 4 top final state 
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NNLO Revolution

!
!

NNLO QCD+NLO EW wishlist 

S. Dittmaier, N. Glover, J. Huston 

justify the requested 
precision based on  
current/extrapolated  
experimental errors 

Higgs 
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NNLO Revolution

!
!

NNLO QCD + NLO EWK wishlist 
heavy quarks, photons, jets 
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NNLO Revolution

!
!

NNLO QCD + NLO EWK wishlist 

Vector bosons 
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LO - Dyson-Schwinger Recursive Equations

From Feynman Diagrams to recursive equations: taming the n!

1999 HELAC: The first code to calculate recursively tree-order
amplitudes for (practically) arbitrary number of particles

For QCD colour connection representation: revival of the ’t Hooft
ideas (’71) in the modern era.
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LO - Dyson-Schwinger Recursive Equations

From Feynman Diagrams to recursive equations: taming the n!

1999 HELAC: The first code to calculate recursively tree-order
amplitudes for (practically) arbitrary number of particles

A. Kanaki and C. G. Papadopoulos, Comput. Phys. Commun. 132 (2000) 306 [arXiv:hep-ph/0002082].

F. A. Berends and W. T. Giele, Nucl. Phys. B 306 (1988) 759.

F. Caravaglios and M. Moretti, Phys. Lett. B 358 (1995) 332.
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%HEP - NCSR Democritos

The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +

Unfortunately not so much on the second line !
For QCD colour connection representation: revival of the ’t Hooft
ideas (’71) in the modern era.
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HELAC Color treatment

-• Colour flow or colour connection representation

Ma1,i2,...,ik
j2,...,jk

ta1
i1j1
→Mi1,i2,...,ik

j1,j2,...,jk

Mi1,i2,...,ik
j1,j2,...,jk

=
∑

σ

δiσ1 ,j1
δiσ2 ,j2

. . . δiσk ,jkAσ → n!

gluons → (i , j), quark → (i , 0), anti-quark → (0, j), other → (0, 0)

∑

σ,σ′
A∗σCσ,σ′Aσ′

Cσ,σ′ ≡
∑

{i},{j}
δiσ1 ,j1

δiσ2 ,j2
. . . δiσk ,jk δiσ′1

,j1δiσ′
2
,j2 . . . δiσ′

k
,jk = N

m(σ,σ′)
c
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HELAC Color treatment

• Colour configuration representation (Monte Carlo integration)

∑

{i},{j}
|Mi1,i2,...,ik

j1,j2,...,jk
|2 → βn

Partial solution n < 6− 7

Mi1,i2,...,ik
j1,j2,...,jk

=
∑

Aσ
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Taming the beast ...

From Feynman graphs ...

gg → ng 2 3 4 5 6 7 8 9
# FG 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225
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Taming the beast ...

From Feynman graphs ...

gg → ng 2 3 4 5 6 7 8 9
# FG 4 25 220 2,485 34,300 559,405 10,525,900 224,449,225

to Dyson-Schwinger recursion! Helac-Phegas

'

&

$

%HEP - NCSR Democritos

The Dyson-Schwinger recursion

• Imagine a theory with 3- and 4- point vertices and just one field.

Then it is straightforward to write an equation that gives the

amplitude for 1 → n

= + +

+ + +

gg → ng 2 3 4 5 6 7 8 9
# 5 15 35 70 126 210 330 495
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Taming the beast ...
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =

∫

m
dΦm|M(0)

m |2Jm(Φ)

+

∫

m
dΦm2Re(M

(0)∗
m M

(1)
m (εUV , εIR))Jm(Φ)

+

∫

m+1
dΦm+1|M(0)

m+1|2Jm+1(Φ)

Jm(Φ) jet function: Infrared safeness Jm+1 → Jm
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =

∫

m
dΦD=4

m (|M(0)
m |2 + 2Re(M

(0)∗
m M

(CT )
m (εUV )))Jm(Φ)

+

∫

m
dΦD=4

m 2Re(M
(0)∗
m M

(1)
m (εUV , εIR))Jm(Φ)

+

∫

m+1
dΦD=4−2εIR

m+1 |M(0)
m+1|2Jm+1(Φ)

IR and UV divergencies, Four-Dimensional-Helicity scheme; scale
dependence µR
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Perturbative QCD at NLO

What do we need for an NLO calculation ?

p1, p2 → p3, ..., pm+2

σNLO =

∫

m
dΦmJm(Φ)

+

∫

m
dΦm2Re(M

(0)∗
m M

(1)
m (εUV , εIR))Jm(Φ)

+

∫

m+1
dΦm+1|M(0)

m+1|2Jm+1(Φ)

QCD factorization−µF Collinear counter-terms when PDF are involved
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The one loop paradigm

basis of scalar integrals:

G. Passarino and M. J. G. Veltman, Nucl. Phys. B 160 (1979) 151.

Z. Bern, L. J. Dixon, D. C. Dunbar and D. A. Kosower, Nucl. Phys. B 425 (1994) 217 [arXiv:hep-ph/9403226].

A =
∑

di1 i2 i3 i4 +
∑

ci1 i2 i3 +
∑

bi1 i2 +
∑

ai1 + R

a, b, c, d → cut-constructible part R → rational terms

A =
∑

I⊂{0,1,··· ,m−1}

∫
µ(4−d)ddq

(2π)d
N̄I (q̄)∏
i∈I D̄i (q̄)
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The old “master” formula

∫
N(q)

D̄0D̄1 · · · D̄m−1
=

m−1∑

i0<i1<i2<i3

d(i0i1i2i3)

∫
1

D̄i0D̄i1D̄i2D̄i2

+
m−1∑

i0<i1<i2

c(i0i1i2)

∫
1

D̄i0D̄i1D̄i2

+
m−1∑

i0<i1

b(i0i1)

∫
1

D̄i0D̄i1

+
m−1∑

i0

a(i0)

∫
1

D̄i0

+ rational terms

G. ’t Hooft and M. J. G. Veltman, Nucl. Phys. B 153 (1979) 365.

Z. Bern, L. J. Dixon and D. A. Kosower, Nucl. Phys. B 412 (1994) 751
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The new “master” formula

N(q)

D̄0D̄1 · · · D̄m−1
=

m−1∑

i0<i1<i2<i3

d(i0i1i2i3) + d̃(q; i0i1i2i3)

D̄i0D̄i1D̄i2D̄i2

+
m−1∑

i0<i1<i2

c(i0i1i2) + c̃(q; i0i1i2)

D̄i0D̄i1D̄i2

+
m−1∑

i0<i1

b(i0i1) + b̃(q; i0i1)

D̄i0D̄i1

+
m−1∑

i0

a(i0) + ã(q; i0)

D̄i0

+ rational terms

G. Ossola, C. G. Papadopoulos and R. Pittau, Nucl. Phys. B 763, 147 (2007)
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OPP “master” formula - I

General expression for the 4-dim N(q) at the integrand level in terms of Di

N(q) =
m−1∑

i0<i1<i2<i3

[
d(i0i1i2i3) + d̃(q; i0i1i2i3)

] m−1∏

i 6=i0,i1,i2,i3

Di

+
m−1∑

i0<i1<i2

[c(i0i1i2) + c̃(q; i0i1i2)]
m−1∏

i 6=i0,i1,i2

Di

+
m−1∑

i0<i1

[
b(i0i1) + b̃(q; i0i1)

] m−1∏

i 6=i0,i1

Di

+
m−1∑

i0

[a(i0) + ã(q; i0)]
m−1∏

i 6=i0

Di
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OPP “master” formula - II

N(q) =

m−1∑

i0<i1<i2<i3

[
d(i0 i1 i2 i3) + d̃(q; i0 i1 i2 i3)

] m−1∏

i 6=i0,i1,i2,i3

Di +

m−1∑

i0<i1<i2

[c(i0 i1 i2) + c̃(q; i0 i1 i2)]

m−1∏

i 6=i0,i1,i2

Di

+

m−1∑

i0<i1

[
b(i0 i1) + b̃(q; i0 i1)

] m−1∏

i 6=i0,i1

Di +

m−1∑

i0

[a(i0) + ã(q; i0)]

m−1∏

i 6=i0

Di

The quantities d(i0i1i2i3) are the coefficients of 4-point functions with
denominators labeled by i0, i1, i2, and i3.

c(i0i1i2), b(i0i1), a(i0) are the coefficients of all possible 3-point,
2-point and 1-point functions, respectively.

What is the explicit expression of the spurious term?
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OPP “master” formula - II

N(q) =

m−1∑

i0<i1<i2<i3

[
d(i0 i1 i2 i3) + d̃(q; i0 i1 i2 i3)

] m−1∏

i 6=i0,i1,i2,i3

Di +

m−1∑

i0<i1<i2

[c(i0 i1 i2) + c̃(q; i0 i1 i2)]

m−1∏

i 6=i0,i1,i2

Di

+

m−1∑

i0<i1

[
b(i0 i1) + b̃(q; i0 i1)

] m−1∏

i 6=i0,i1

Di +

m−1∑

i0

[a(i0) + ã(q; i0)]

m−1∏

i 6=i0

Di

The quantities d̃ , c̃ , b̃ , ã are the “spurious” terms

They still depend on q (integration momentum)

They should vanish upon integration

What is the explicit expression of the spurious term?
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A next to simple example

• Not only tensor integrals need reduction!
∫

1

D0D1D2D3 . . .Dm−1

1 =
∑[

d(i0i1i2i3) + d̃(q; i0i1i2i3)
]
Di4Di5 . . .Dim−1

Hilbert’s Nullstellensatz theorem
∫

1

D0D1D2D3 . . .Dm−1

∑[
d(i0i1i2i3) + d̃(q; i0i1i2i3)

]
Di4Di5 . . .Dim−1

∫
1

D0D1D2D3 . . .Dm−1
=
∑

d(i0i1i2i3)D0(i0i1i2i3)

d(i0i1i2i3) =
1

2


 ∏

j 6=i0,i1,i2,i3

1

Dj(q+)
+

∏

j 6=i0,i1,i2,i3

1

Dj(q−)



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Rational Terms

Expand in D-dimensions ?

D̄i = Di + q̃2

N(q) =
m−1∑

i0<i1<i2<i3

[
d(i0i1i2i3; q̃2) + d̃(q; i0i1i2i3; q̃2)

] m−1∏

i 6=i0,i1,i2,i3

D̄i

+
m−1∑

i0<i1<i2

[
c(i0i1i2; q̃2) + c̃(q; i0i1i2; q̃2)

] m−1∏

i 6=i0,i1,i2

D̄i

+
m−1∑

i0<i1

[
b(i0i1; q̃2) + b̃(q; i0i1; q̃2)

] m−1∏

i 6=i0,i1

D̄i

+
m−1∑

i0

[
a(i0; q̃2) + ã(q; i0; q̃2)

]m−1∏

i 6=i0

D̄i + P̃(q)
m−1∏

i

D̄i

m2
i → m2

i − q̃2
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Rational Terms

In practice, once the 4-dimensional coefficients have been determined, one
can redo the fits for different values of q̃2, in order to determine b(2)(ij),
c(2)(ijk) and d (2m−4).

R1 = − i

96π2
d (2m−4) − i

32π2

m−1∑

i0<i1<i2

c(2)(i0i1i2)

− i

32π2

m−1∑

i0<i1

b(2)(i0i1)

(
m2

i0 + m2
i1 −

(pi0 − pi1)2

3

)
.

G. Ossola, C. G. Papadopoulos and R. Pittau,arXiv:0802.1876 [hep-ph]
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Rational Terms - R2

A different source of Rational Terms, called R2, can also be generated
from the ε-dimensional part of N(q)

N̄(q̄) = N(q) + Ñ(q̃2, ε; q)

R2 ≡
1

(2π)4

∫
dn q̄

Ñ(q̃2, ε; q)

D̄0D̄1 · · · D̄m−1
≡ 1

(2π)4

∫
dn q̄R2

q̄ = q + q̃ ,

γ̄µ̄ = γµ + γ̃µ̃ ,

ḡ µ̄ν̄ = gµν + g̃ µ̃ν̃ .

New vertices/particles or GKMZ-approach
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HELAC R2 terms

Contribution from d−dimensional parts in numerators:

p

µ1,a1 µ2,a2
=

ig2Ncol

48π2
δa1a2

[ p2

2
gµ1µ2 + λHV

(
gµ1µ2p

2 − pµ1pµ2

)

+
Nf

Ncol
(p2 − 6m2

q) gµ1µ2

]

p2
p1

p3

µ2,a2

µ1,a1

µ3,a3

= −g3Ncol

48π2

(
7

4
+ λHV + 2

Nf

Ncol

)
fa1a2a3 Vµ1µ2µ3(p1, p2, p3)

µ3,a3µ4,a4

µ2,a2µ1,a1

= − ig4Ncol

96π2

∑

P (234)

{[ δa1a2δa3a4 + δa1a3δa4a2 + δa1a4δa2a3

Ncol

+ 4Tr(ta1ta3ta2ta4 + ta1ta4ta2ta3) (3 + λHV )

− Tr({ta1ta2}{ta3ta4}) (5 + 2λHV )
]
gµ1µ2gµ3µ4

+12
Nf

Ncol
Tr(ta1ta2ta3ta4)

(
5

3
gµ1µ3gµ2µ4 − gµ1µ2gµ3µ4 − gµ2µ3gµ1µ4

)}

µ, a

k

l

=
ig3

16π2

N2
col − 1

2Ncol
taklγµ (1 + λHV )

p

l k
=

ig2

16π2

N2
col − 1

2Ncol
δkl(−/p + 2mq)λHV
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The one-loop calculation in a nutshell

The computation of pp(pp̄)→ e+νeµ−ν̄µbb̄ involves up to six-point functions.
The most generic integrand has therefore the form

A(q) =
∑ N

(6)
i (q)

D̄i0 D̄i1 · · · D̄i5︸ ︷︷ ︸
+

N
(5)
i (q)

D̄i0 D̄i1 · · · D̄i4︸ ︷︷ ︸
+

N
(4)
i (q)

D̄i0 D̄i1 · · · D̄i3︸ ︷︷ ︸
+

N
(3)
i (q)

D̄i0 D̄i1 D̄i2︸ ︷︷ ︸
+ · · ·

In order to apply the OPP reduction, HELAC evaluates numerically the numerators
N6

i (q),N5
i (q), .... with the values of the loop momentum q provided by CutTools

generates all inequivalent partitions of 6,5,4,3... blobs attached to the loop, and check all
possible flavours (and colours) that can be consistently running inside

hard-cuts the loop (q is fixed) to get a n + 2 tree-like process

−→

The R2 contributions (rational terms) are calculated in the same way as the tree-order
amplitude, taking into account extra vertices

→ MadGraph, RECOLA, OpenLoops
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Latest Helac

pp →W+(l+ν)W−(l−ν̄)bb̄j , full final state for tt̄j
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MEPS@NLO Results Conclusions

Method
P
S LO

LO

LO

Parton showers

resummation of (soft-)collinear limit
→ intrajet evolution

• matrix elements (ME) and parton showers (PS) are approximations in
different regions of phase space

• MEPS combines multiple LOPS – keeping either accuracy
• NLOPS elevate LOPS to NLO accuracy
• MENLOPS supplements core NLOPS with higher multiplicities LOPS

•
Marek Schönherr IPPP Durham
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Höche, Krauss, MS, Siegert JHEP04(2013)027
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The POWHEG method

I SMC programs and higher order corrections have been considered complementary
approaches for long time. Nowadays it is possible to merge them.

I Double counting of extra emission problem has been adressed and solved first by the
MC@NLO approach [Frixione&Webber JHEP 0206:029,2002]

I POWHEG improves over it by being shower independent and by allowing the generation
of positive weighted events only [Nason JHEP,2004]

I The resulting events have NLO accuracy and the correct Sudakov suppression

This is achieved by:

1. Generating hardest emission with full
tree level matrix element and virtual
corrections.

2. The shower generates subsequent
emissions, performing (N)LL
resummation of collinear/soft logs.

3. Vetoring emissions harder than the first.

dσPOWHEG = B̄(Φn) dΦn
{

∆POWHEG(Φn, p
min
T )

+∆POWHEG(Φn, kT)
R(Φn,Φrad)

B(Φn)
θ (kT − pT) dΦrad

}
B̄ = B(Φn) + V (Φn) +∫

[R(Φn,Φrad)− C(Φn,Φrad)] dΦrad

Simone Alioli | POWHEG: status and perspectives | EPS-HEP 21/07/2011 | page 2



Perturbative QCD at NNLO

What do we need for an NNLO calculation ?

p1, p2 → p3, ..., pm+2
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Perturbative QCD at NNLO

What do we need for an NNLO calculation ?

p1, p2 → p3, ..., pm+2

σNNLO →
∫

m

dΦm

(
2Re(M(0)∗

m M(2)
m ) +

∣∣∣M(1)
m

∣∣∣
2
)
Jm(Φ) VV

+

∫

m+1

dΦm+1

(
2Re

(
M

(0)∗
m+1M

(1)
m+1

))
Jm+1(Φ) RV

+

∫

m+2

dΦm+2

∣∣∣M(0)
m+2

∣∣∣
2

Jm+2(Φ) RR

RV + RR → Antenna-S, Colorfull-S, STRIPPER, qT , N-jetiness
A. Gehrmann-De Ridder, T. Gehrmann and M. Ritzmann, JHEP 1210 (2012) 047

P. Bolzoni, G. Somogyi and Z. Trocsanyi, JHEP 1101 (2011) 059
M. Czakon and D. Heymes, Nucl. Phys. B 890 (2014) 152

S. Catani and M. Grazzini, Phys. Rev. Lett. 98 (2007) 222002
R. Boughezal, C. Focke, X. Liu and F. Petriello, Phys. Rev. Lett. 115 (2015) no.6, 062002
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OPP at two loops

coefficients of MI ⊕ spurious terms

N(q)

D̄0D̄1 · · · D̄m−1
=

m−1∑

i0<i1<i2<i3

d(i0i1i2i3) + d̃(q; i0i1i2i3)

D̄i0D̄i1D̄i2D̄i2

+
m−1∑

i0<i1<i2

c(i0i1i2) + c̃(q; i0i1i2)

D̄i0D̄i1D̄i2

+
m−1∑

i0<i1

b(i0i1) + b̃(q; i0i1)

D̄i0D̄i1

+
m−1∑

i0

a(i0) + ã(q; i0)

D̄i0

+ rational terms

G. Ossola, C. G. Papadopoulos and R. Pittau, Nucl. Phys. B 763, 147 (2007)
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OPP at two loops

• Write the ”OPP-type” equation at two loops

N (l1, l2; {pi})
D1D2 . . .Dn

=

min(n,8)∑

m=1

∑

Sm;n

∆i1i2...im (l1, l2; {pi})
Di1Di2 . . .Dim

∑ ∆i1i2...im (l1, l2; {pi})
Di1Di2 . . .Dim

→ spurious⊕ ISP− irreducible integrals
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OPP at two loops

• Write the ”OPP-type” equation at two loops

N (l1, l2; {pi})
D1D2 . . .Dn

=

min(n,8)∑

m=1

∑

Sm;n

∆i1i2...im (l1, l2; {pi})
Di1Di2 . . .Dim

∑ ∆i1i2...im (l1, l2; {pi})
Di1Di2 . . .Dim

→ spurious⊕ ISP− irreducible integrals

ISP-irreducible integrals → use IBPI to Master Integrals

Libraries in the future: QCD2LOOP, TwOLOop

P. Mastrolia, E. Mirabella, G. Ossola and T. Peraro, Phys. Lett. B 718 (2012) 173

J. Gluza, K. Kajda and D. A. Kosower, Phys. Rev. D 83 (2011) 045012

H. Ita, arXiv:1510.05626 [hep-th].

C. G. Papadopoulos, R. H. P. Kleiss and I. Malamos, PoS Corfu 2012 (2013) 019.
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IBPI: The current approach

m independent momenta l loops, N = l(l + 1)/2 + lm scalar products
basis composed by D1 . . .DN , allows to express all scalar products
Di = ({k , l}+ pi )

2 −M2
i

F [a1, . . . , aN ] =

∫
ddkdd l

1

Da1
1 . . .DaN

N∫
ddkdd l

∂

∂ {kµ, lµ}

({kµ, lµ, υµ}
Da1

1 . . .DaN
N

)
= 0

IBP Laporta: FIRE, AIR, Reduze reduce these to MI
MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations
Or numerical: SecDec, Weinzierl
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ddkdd l
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Da1
1 . . .DaN

N
∫

ddkdd l
∂

∂ {kµ, lµ}

({kµ, lµ, υµ}
Da1

1 . . .DaN
N

)
= 0

F. V. Tkachov, Phys. Lett. B 100 (1981) 65.

K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys. B 192 (1981) 159.

IBP Laporta: FIRE, AIR, Reduze reduce these to MI

MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations

Or numerical: SecDec, Weinzierl
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2 −M2
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N∫
ddkdd l

∂

∂ {kµ, lµ}

({kµ, lµ, υµ}
Da1

1 . . .DaN
N

)
= 0

IBP Laporta: FIRE, AIR, Reduze reduce these to MI
S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087

C. Anastasiou and A. Lazopoulos, JHEP 0407 (2004) 046

C. Studerus, Comput. Phys. Commun. 181 (2010) 1293

A. V. Smirnov, Comput. Phys. Commun. 189 (2014) 182

MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations

Or numerical: SecDec, Weinzierl
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1 . . .DaN

N∫
ddkdd l

∂

∂ {kµ, lµ}

({kµ, lµ, υµ}
Da1

1 . . .DaN
N

)
= 0

IBP Laporta: FIRE, AIR, Reduze reduce these to MI

MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations

Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Lett. B 302 (1993) 299.

V. A. Smirnov, Phys. Lett. B 460 (1999) 397

T. Gehrmann and E. Remiddi, Nucl. Phys. B 580 (2000) 485 [hep-ph/9912329].

J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].

Or numerical: SecDec, Weinzierl
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IBPI: The current approach

m independent momenta l loops, N = l(l + 1)/2 + lm scalar products

basis composed by D1 . . .DN , allows to express all scalar products
Di = ({k , l}+ pi )

2 −M2
i

F [a1, . . . , aN ] =

∫
ddkdd l

1

Da1
1 . . .DaN

N
∫

ddkdd l
∂

∂ {kµ, lµ}

({kµ, lµ, υµ}
Da1

1 . . .DaN
N

)
= 0

IBP Laporta: FIRE, AIR, Reduze reduce these to MI

MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations

Or numerical: SecDec, Weinzierl
S. Borowka, G. Heinrich, S. P. Jones, M. Kerner, J. Schlenk and T. Zirke, Comput. Phys. Commun. 196 (2015) 470

S. Becker, C. Reuschle and S. Weinzierl, JHEP 1012 (2010) 013
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IBPI: The current approach

Find a better IBP algorithm ... Generating function technique, Baikov ?

P. A. Baikov, Nucl. Instrum. Meth. A 389 (1997) 347

V. A. Smirnov and M. Steinhauser, Nucl. Phys. B 672 (2003) 199

K. J. Larsen and Y. Zhang, Phys. Rev. D 93 (2016) no.4, 041701

Fa1...aN =
∑

i=masters

c
(i)
a1...aNGi

Baikov polynomial ↔ LZ construction

Sector ↔ cut

δ
(

(k + p)2 −m2
)
↔
∮

z=0

dz
1

zn=1

Cut with higher powers in denominator
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IBPI: The current approach

Find a better IBP algorithm ... Generating function technique, Baikov ?

Fa1...aN =
∑

i=masters

c
(i)
a1...aNGi

Baikov polynomial ↔ LZ construction
Sector ↔ cut

δ
(

(k + p)2 −m2
)
↔
∮

z=0

dz
1

zn=1

Cut with higher powers in denominator

F11111 =
(3d − 10) (3d − 8)

(d − 4)2(p2)2 F10011 +
(3d − 10) (3d − 8)

(d − 4)2(p2)2 F01101 − 2
(d − 3)

(d − 4) p2
F11110
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Differential Equations Approach

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

pµj
∂

∂pµi
G [a1, . . . , an]→

∑
Ca′1,...,a

′
n
G [a′1, . . . , a

′
n]

Find the proper parametrization; Bring the system of equations in a
form suitable to express the MI in terms of GPs

∂mf (ε, {xi}) = εAm ({xi}) f (ε, {xi})
∂mAn − ∂nAm = 0 [Am,An] = 0

J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].

Boundary conditions: expansion by regions or regularity conditions.
B. Jantzen, A. V. Smirnov and V. A. Smirnov, Eur. Phys. J. C 72 (2012) 2139 [arXiv:1206.0546 [hep-ph]].
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Differential Equations Approach

• Iterated Integrals K. T. Chen, Iterated path integrals, Bull. Amer. Math. Soc. 83 (1977) 831

• Multiple Polylogarithms, Symbol algebra

• Goncharov Polylogarithms

G (an, . . . , a1, x) =

x∫

0

dt
1

t − an
G (an−1, . . . , a1, t)

with the special cases, G(x) = 1 and

G


0, . . . 0︸ ︷︷ ︸

n

, x


 =

1

n!
logn (x)

• Shuffle algebra
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A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Phys. Rev. Lett. 105 (2010) 151605.

C. Duhr, H. Gangl and J. R. Rhodes, JHEP 1210 (2012) 075 [arXiv:1110.0458 [math-ph]].

C. Bogner and F. Brown

• Goncharov Polylogarithms

G (an, . . . , a1, x) =

x∫

0

dt
1

t − an
G (an−1, . . . , a1, t)

with the special cases, G(x) = 1 and

G


0, . . . 0︸ ︷︷ ︸

n

, x


 =

1

n!
logn (x)

• Shuffle algebra
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dt
1

t − an
G (an−1, . . . , a1, t)

with the special cases, G(x) = 1 and

G


0, . . . 0︸ ︷︷ ︸

n

, x


 =

1

n!
logn (x)

• Shuffle algebra

G (a1, a2; x)G (b1; x) = G (a1, a2, b1; x) + G (a1, b1, a2; x) + G (b1, a1, a2; x)
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The Simplified Differential Equations
Approach

C. G. Papadopoulos, JHEP 1407 (2014) 088

Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms
of GPs.

Introduce one parameter

G11...1(x) =

∫
ddk

iπd/2

1

(k2) (k + x p1)2 (k + p1 + p2)2 . . . (k + p1 + p2 + . . .+ pn)2

Now the integral becomes a function of x , which allows to define a differential equation
with respect to x , schematically given by

∂

∂x
G11...1 (x) = − 1

x
G11...1 (x) + xp2

1G12...1 +
1

x
G02...1

and using IBPI we obtain, for instance for the one-loop 3 off-shell legs

m1xG121 + 1
x
G021 =

(
1

x−1
+ 1

x−m3/m1

)(
d−4

2

)
G111

+ d−3
m1−m3

(
1

x−1
− 1

x−m3/m1

)(
G101−G110

x

)
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The Simplified Differential Equations
Approach

The integrating factor M is given by

M = x (1− x)
4−d

2 (−m3 + m1x)
4−d

2

and the DE takes the form, d = 4− 2ε,

∂

∂x
MG111 = cΓ

1

ε
(1− x)−1+ε (−m3 + m1x)−1+ε

((
−m1x

2
)−ε − (−m3)−ε

)

• Integrating factors ε = 0 do not have branch points
• DE can be straightforwardly integrated order by order → GPs.
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The Simplified Differential Equations
Approach

The integrating factor M is given by

M = x (1− x)
4−d

2 (−m3 + m1x)
4−d

2

and the DE takes the form, d = 4− 2ε,

∂

∂x
MG111 = cΓ

1

ε
(1− x)−1+ε (−m3 + m1x)−1+ε

((
−m1x

2
)−ε − (−m3)−ε

)

• Integrating factors ε = 0 do not have branch points
• DE can be straightforwardly integrated order by order → GPs.

How far we can go with the Simplified Differential Equations approach ?
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Two-loop, four-point, two off-shell legs

C. G. Papadopoulos, JHEP 1407 (2014) 088

C. G. Papadopoulos, D. Tommasini and C. Wever, JHEP 1501 (2015) 072

xp1

xp2

−p123

p123 − xp12

xp2 xp1

p123 − xp12 −p123

xp1

xp2p123 − xp12

−p123

Figure : The parametrization of external momenta for the three planar double
boxes of the families P12 (left), P13 (middle) and P23 (right) contributing to pair
production at the LHC. All external momenta are incoming.

xp1

xp2

−p123

p123 − xp12

xp2 xp1

p123 − xp12 −p123

xp1

xp2

−p123

p123 − xp12

Figure : The parametrization of external momenta for the three non-planar
double boxes of the families N12 (left), N13 (middle) and N34 (right) contributing
to pair production at the LHC. All external momenta are incoming.C.G.Papadopoulos (INPP) HPC HEP 2016 46 / 94



Two-loop, four-point, two off-shell legs

p(q1)p′(q2)→ V1(−q3)V2(−q4), q2
1 = q2

2 = 0, q2
3 = M2

3 , q2
4 = M2

4 .

C.G.Papadopoulos (INPP) HPC HEP 2016 47 / 94



Two-loop, four-point, two off-shell legs

p(q1)p′(q2)→ V1(−q3)V2(−q4), q2
1 = q2

2 = 0, q2
3 = M2

3 , q2
4 = M2

4 .

q1 = xp1, q2 = xp2, q3 = p123 − xp12, q4 = −p123, p2
i = 0,

s12 := p2
12, s23 := p2

23, q := p2
123,
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Two-loop, four-point, two off-shell legs

p(q1)p′(q2)→ V1(−q3)V2(−q4), q2
1 = q2

2 = 0, q2
3 = M2

3 , q2
4 = M2

4 .

q1 = xp1, q2 = xp2, q3 = p123 − xp12, q4 = −p123, p2
i = 0,

s12 := p2
12, s23 := p2

23, q := p2
123,

S = (q1 + q2)2 T = (q1 + q3)2

S = s12x
2, T = q − (s12 + s23)x , M2

3 = (1− x)(q − s12x), M2
4 = q.

U = (q1 + q4)2 : S + T + U = M2
3 + M2

4 .
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Two-loop, four-point, two off-shell legs

Triangle rule:

xp1

p12 − xp1

−p12

Figure : Required parametrization for off mass-shell triangles after possible
pinching of internal line(s).
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Two-loop, four-point, two off-shell legs

Planar topologies

G
P12
a1···a9

(x, s, ε) := e2γE ε
∫

dd k1

iπd/2

dd k2

iπd/2

1

k
2a1
1 (k1 + xp1)2a2 (k1 + xp12)2a3 (k1 + p123)2a4

×
1

k
2a5
2 (k2 − xp1)2a6 (k2 − xp12)2a7 (k2 − p123)2a8 (k1 + k2)2a9

,

G
P13
a1···a9

(x, s, ε) := e2γE ε
∫

dd k1

iπd/2

dd k2

iπd/2

1

k
2a1
1 (k1 + xp1)2a2 (k1 + xp12)2a3 (k1 + p123)2a4

×
1

k
2a5
2 (k2 − xp1)2a6 (k2 − p12)2a7 (k2 − p123)2a8 (k1 + k2)2a9

,

G
P23
a1···a9

(x, s, ε) := e2γE ε
∫

dd k1

iπd/2

dd k2

iπd/2

1

k
2a1
1 (k1 + xp1)2a2 (k1 + p123 − xp2)2a3 (k1 + p123)2a4

×
1

k
2a5
2 (k2 − p1)2a6 (k2 + xp2 − p123)2a7 (k2 − p123)2a8 (k1 + k2)2a9

,
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Two-loop, four-point, two off-shell legs

Planar topologies

P12 : {010000011, 001010001, 001000011, 100000011, 101010010, 101010100, 101000110, 010010101,

101000011, 101000012, 100000111, 100000112, 001010011, 001010012, 010000111, 010010011,

101010110, 111000011, 101000111, 101010011, 011010011, 011010012, 110000111, 110000112,

010010111, 010010112, 111010011, 111000111, 111010111, 111m10111, 11101m111},

P13 : {000110001, 001000011, 001010001, 001101010, 001110010, 010000011, 010101010, 010110010,

001001011, 001010011, 001010012, 001011011, 001101001, 001101011, 001110001, 001110002,

001110011, 001111001, 001111011, 001211001, 010010011, 010110001, 010110011, 011010011,

011010021, 011110001, 011110011, 011111011,m11111011},

P23 : {001010001, 001010011, 010000011, 010000101, 010010011, 010010101, 010010111, 011000011,

011010001, 011010010, 011010011, 011010012, 011010100, 011010101, 011010111, 011020011,

012010011, 021010011, 100000011, 101000011, 101010010, 101010011, 101010100, 110000111,

111000011, 111010011, 111010111, 111m10111}.
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Two-loop, four-point, two off-shell legs

Non-planar topologies

G
N12
a1···a9

(x, s, ε) := e2γE ε
∫

dd k1

iπd/2

dd k2

iπd/2

1

k
2a1
1 (k1 + xp1)2a2 (k1 + xp12)2a3 (k1 + p123)2a4

×
1

k
2a5
2 (k2 − xp1)2a6 (k2 − p123)2a7 (k1 + k2 + xp2)2a8 (k1 + k2)2a9

,

G
N13
a1···a9

(x, s, ε) := e2γE ε
∫

dd k1

iπd/2

dd k2

iπd/2

1

k
2a1
1 (k1 + xp1)2a2 (k1 + xp12)2a3 (k1 + p123)2a4

×
1

k
2a5
2 (k2 − xp12)2a6 (k2 − p123)2a7 (k1 + k2 + xp1)2a8 (k1 + k2)2a9

,

G
N34
a1···a9

(x, s, ε) := e2γE ε
∫

dd k1

iπd/2

dd k2

iπd/2

1

k
2a1
1 (k1 + xp1)2a2 (k1 + xp12)2a3 (k1 + p123)2a4

×
1

k
2a5
2 (k2 − xp1)2a6 (k2 − p123)2a7 (k1 + k2 + xp12 − p123)2a8 (k1 + k2)2a9

.
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Two-loop, four-point, two off-shell legs

Non-planar topologies

N12 : {100001010, 000110010, 000110001, 000101010, 000101001, 101010010, 100110010, 100101020,

100101010, 100101001, 001110010, 001110002, 001110001, 001101001, 101110020, 101110010,

101101002, 101101001, 100111020, 100111010, 100102011, 100101011, 001120011, 001111002,

001111001, 001110011, 000111011, 101011011, 100111011, 1m0111011, 001111011, 0m1111011,

101111011, 1m1111011, 1m1111m11},

N13 : {010000110, 000110010, 001000101, 001000110, 001010001, 010110100, 001110100, 001010102,

001110002, 000110110, 001010101, 001010110, 001100110, 001110001, 001110010, 010100110,

010110101, 002010111, 001120011, 001210110, 011010102, 001110120, 001010111, 001110210,

001110011, 001110101, 001110110, 002110110, 011000111, 011010101, 011100110, 011110001,

011110110,m11010111, 010110111,m01110111, 0m1110111, 00111m111, 001110111, 011010111,

011110101, 011110111,m11110111},

N34 : {001001010, 001010010, 010010010, 100000110, 100010010, 000010111, 010010110, 001010102,

001010101, 010010101, 001020011, 010000111, 001010011, 010010011, 101010020, 101010010,

101010100, 101000011, 110010120, 110010110, 010010112, 010010121, 010010111, 010020111,

020010111, 011010102, 001010111, 011010101, 110000211, 011020011, 110000111, 011010011,

111000101, 111010010, 101010101, 101010011, 111010110, 111010101, 101010111, 11m010111,

110m10111, 11001m111, 110010111,m11010111, 011m10111, 01101m111, 011010111, 111000111,

111010011, 111010111, 111m10111}.
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Two-loop, four-point, two off-shell legs

GP-indices

I (P12) =

{
0, 1,

q

s12

,
s12

q
,

q

q − s23

, 1−
s23

q
, 1 +

s23

s12

,
s12

s12 + s23

}
,

I (P13) =

{
0, 1,

q

s12

,
s12 + s23

s12

,
q

q − s23

, ξ−, ξ+,
q(q − s23)

q2 − (q + s12)s23

}
,

I (P23) =

{
0, 1,

q

s12

, 1 +
s23

s12

,
q

q − s23

,
q

s12 + s23

,
q − s23

s12

}
,

ξ± =
qs12 ±

√
qs12s23(−q + s12 + s23)

qs12 − s12s23

.

I (N12) = I (P23),

I (N34) = I (P12) ∪ I (P23) ∪
{

s12

q − s23

,
s12 + s23

q
,
q2 − qs23 − s12s23

s12(q − s23)
,
s2
12 + qs23 + s12s23

s12(s12 + s23)

}
,

I (N13) = I (P23) ∪
{
ξ−, ξ+, 1 +

q

s12

+
q

−q + s23

}
.
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Two-loop, four-point, two off-shell legs

Example

G
P13
011111011(x, s, ε) =

A3(ε)

x2s12(−q + x(q − s23))2

{−1

2ε4
+

1

ε3

(
−GP

(
q

s12

; x

)
+ 2GP

(
q

q − s23

; x

)

+2 GP(0; x)− GP(1; x) + log (−s12) +
9

4

)
+

1

4ε2

(
18 GP

(
q

s12

; x

)
− 36 GP

(
q

q − s23

; x

)

−8 GP

(
0,

q

s12

; x

)
+ 16 GP

(
0,

q

q − s23

; x

)
+ 8 GP

(
s23

s12

+ 1,
q

q − s23

; x

)
+ · · ·

)

+
1

ε

(
9

(
GP

(
0,

q

s12

; x

)
+ GP(0, 1; x)

)
− 4

(
GP

(
0, 0,

q

s12

; x

)
+ GP(0, 0, 1; x)

)
+ · · ·

)

+6
(
GP
(

0, 0, 1, ξ−; x
)

+ GP (0, 0, 1, ξ+; x)
)
−2GP

(
0, 0,

q

q − s23

,
q (q − s23)

q2 − s23 (q + s12)
; x

)
+ · · ·

}
.

A3(ε) = −e2γE ε
Γ(1− ε)3Γ(1 + 2ε)

Γ(3− 3ε)
.

C. G. Papadopoulos, D. Tommasini and C. Wever, JHEP 1501 (2015) 072
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5box - one leg off-shell: all families

C. G. Papadopoulos, D. Tommasini and C. Wever, arXiv:1511.09404 [hep-ph].

Figure : The three planar pentaboxes of the families P1 (left), P2 (middle) and
P3 (right) with one external massive leg.

Figure : The five non-planar families with one external massive leg.
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5box - one leg off-shell: P1

p(q1)p′(q2)→ V (q3)j1(q4)j2(q5), q2
1 = q2

2 = 0, q2
3 = M2

3 , q2
4 = q2

5 = 0.

xp1

xp2

−p1234

p123 − xp12

p4

Figure : The parametrization of external momenta in terms of x for the planar
pentabox of the family P1. All external momenta are incoming.

s12 := p2
12, s23 := p2

23, s34 := p2
34, s45 := p2

45 = p2
123, s51 := p2

15 = p2
234, p2

i = 0,

q2
1 = q2

2 = q2
4 = q2

5 = 0 q2
3 = (s45 − s12x) (1− x)

q2
12 = s12x

2 q2
23 = s45 (1− x) + s23x q2

34 = (s34 − s12 (1− x)) x q2
45 = s45 q2

51 = s51x
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5box - one leg off-shell: P1

xp1

xp2

−p1234

p123 − xp12

p4

xp1

xp2

−p1234

p123 − xp12
p4

xp1

xp2

−p1234

p123 − xp12
p4

xp1

xp2

−p1234

p123 − xp12

p4 xp1

xp2

−p1234

p123 − xp12

p4 xp1

xp2

−p1234

p123 − xp12

p4

Figure : The five-point Feynman diagrams, besides the pentabox itself in Figure
4, that are contained in the family P1. All external momenta are incoming.
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5box - one leg off-shell: P1

GP1
a1···a11

(x , s, ε) := e2γE ε
∫

ddk1

iπd/2

ddk2

iπd/2

1

k2a1
1 (k1 + xp1)2a2 (k1 + xp12)2a3 (k1 + p123)2a4

× 1

(k1 + p1234)2a5k2a6
2 (k2 − xp1)2a7 (k2 − xp12)2a8 (k2 − p123)2a9 (k2 − p1234)2a10 (k1 + k2)2a11

,

P1 : {10000000101, 01000000101, 00100000101, 10000001001, 01000000011, 00100000011, 10100001100,

10100001010, 10100101000, 01000101001, 10100100100, 10100000102, 10100000101, 10100000011,

10000001102, 10000001101, 10000001011, 01000100101, 01000001101, 01000001011, 00100100102,

00100100101, 11100000101, 11100000011, 11000001102, 11000001101, 11000001012, 11000001011,

11000000111, 10100000112, 10000001111, 01100100102, 01100100101, 01100100011, 01100000111,

01000101102, 01000101101, 01000101011, 01000100111, 01000001111, 00100100111, 10100101100,

10100100101, 10100001101, 10100001011, 10100000111, 111m0000111, 110000m1111, 11000001111,

10100101110, 10100100111, 10100001111, 011001m0111, 01100100111, 010m0101111, 01000101111,

11100100101, 11100001101, 11100001011, 11100000111, 111m0101101, 111001m1101, 11100101101,

1110m101011, 11100101011, 111m0100111, 11100100111, 111000m1111, 111m0001111, 11100001111,

111001m0111, 11100101111, 111001m1111, 111m0101111},

Choosing m= −1 or 2
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5box P1 - DE

∂xG = M
({

sij
}
, ε, x

)
G

(MD)IJ = δIJ MII (ε = 0) , I , J = 1 . . . 74

G→ S−1G, S = exp
(∫

dx MD

)
and M→ S−1 (M−MD)S.

MIJ = NIJ (ε)




20∑

i=1

2∑

j=1

1∑

k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑

k=0

C̃IJ;jkε
kx j


 .

Letters (20):

0, 1,
s45

s45−s23
,

s45
s12
, 1− s34

s12
, 1 +

s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
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∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√
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∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))

C.G.Papadopoulos (INPP) HPC HEP 2016 59 / 94



5box P1 - DE
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G→ S−1G, S = exp
(∫
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

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s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
s12s23−s12s45−s12s51−s23s34+s34s45−s45s51±

√
∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23+s34−s51)

,
s12s45±

√
∆3

s12s34+s12s45
,

s45
s12+s23

,

∆1 = (s12(s51 − s23) + s23s34 + s45(s51 − s34))2 + 4s12s45s51(s23 + s34 − s51)

∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))

C.G.Papadopoulos (INPP) HPC HEP 2016 59 / 94



5box P1 - DE

∂xG = M
({

sij
}
, ε, x

)
G

(MD)IJ = δIJ MII (ε = 0) , I , J = 1 . . . 74

G→ S−1G, S = exp
(∫

dx MD

)
and M→ S−1 (M−MD)S.

MIJ = NIJ (ε)




20∑

i=1

2∑

j=1

1∑

k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑

k=0

C̃IJ;jkε
kx j


 .

Letters (20):

0, 1,
s45

s45−s23
,

s45
s12
, 1− s34

s12
, 1 +

s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
s12s23−s12s45−s12s51−s23s34+s34s45−s45s51±

√
∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23+s34−s51)

,
s12s45±

√
∆3

s12s34+s12s45
,

s45
s12+s23

,

∆1 = (s12(s51 − s23) + s23s34 + s45(s51 − s34))2 + 4s12s45s51(s23 + s34 − s51)

∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))

C.G.Papadopoulos (INPP) HPC HEP 2016 59 / 94



5box P1 - DE

∂xG = M
({

sij
}
, ε, x

)
G

(MD)IJ = δIJ MII (ε = 0) , I , J = 1 . . . 74

G→ S−1G, S = exp
(∫

dx MD

)
and M→ S−1 (M−MD)S.

MIJ = NIJ (ε)




20∑

i=1

2∑

j=1

1∑

k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑

k=0

C̃IJ;jkε
kx j


 .

Letters (20):

0, 1,
s45

s45−s23
,

s45
s12
, 1− s34

s12
, 1 +

s23
s12
,

1− s34−s51
s12

,
s45−s23

s12
, − s51

s12
,

s45
−s23+s45+s51

,
s45

s34+s45
,

s12s23−2s12s45−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23−s45−s51)

,
s12s23−s12s45−s12s51−s23s34+s34s45−s45s51±

√
∆2

2s12(s23−s45−s51)
,

s12s23−s12s51−s23s34+s34s45−s45s51±
√

∆1
2s12(s23+s34−s51)

,
s12s45±

√
∆3

s12s34+s12s45
,

s45
s12+s23

,

∆1 = (s12(s51 − s23) + s23s34 + s45(s51 − s34))2 + 4s12s45s51(s23 + s34 − s51)

∆2 = (s12(−s23 + s45 + s51) + s23s34 + s45(s51 − s34))2 − 4s12s45s51(−s23 + s45 + s51)
∆3 = −(s12s34s45(s12 − s34 − s45))

C.G.Papadopoulos (INPP) HPC HEP 2016 59 / 94



5box P1 - DE

MIJ = NIJ (ε)




20∑

i=1

2∑

j=1

1∑

k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑

k=0

C̃IJ;jkε
kx j


 .

x∫

0

dt
1

(t − an)2
G (an−1, . . . , a1, t)

x∫

0

dt tm G (an−1, . . . , a1, t)

Fuchsian
NIJ (ε) = nJ (ε) /nI (ε), GI → nI (ε)GI

MIJ =




20∑

i=1

2∑

j=1

1∑

k=0

CIJ;ijkε
k

(x − li )
j

+
1∑

j=0

1∑

k=0

C̃IJ;jkε
kx j


 .

G→ (I− Ki )G, M→ (M− ∂xKi − KiM) (I− Ki )
−1 i = 1, 2, 3

∂xG =

(
ε

19∑

a=1

Ma

(x − la)

)
G
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+
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j=0

1∑

k=0

C̃IJ;jkε
kx j


 .

G→ (I− Ki )G, M→ (M− ∂xKi − KiM) (I− Ki )
−1 i = 1, 2, 3

M (ε = 0) contains (x − li )
−2 and x0

(K1)IJ =

{ ∫
dx(M (ε = 0))IJ I , J 6= 69, 74

0 I , J = 69, 74

(K2)IJ =

{ ∫
dx(M (ε = 0))IJ I , J 6= 74

0 I , J = 74

(K3)IJ =

∫
dx(M (ε = 0))IJ

M.A. Barkatou and E.Pflügel, Journal of Symbolic Computation, 44 (2009),1017

∂xG =

(
ε

19∑

a=1

Ma

(x − la)

)
G
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5box P1 - solution

Solution:

G = ε
−2b

(−2)
0 + ε

−1
(∑

GaMab
(−2)
0 + b

(−1)
0

)

+ ε
0
(∑

GabMaMbb
(−2)
0 +

∑
GaMab

(−1)
0 + b

(0)
0

)

+ ε
(∑

GabcMaMbMcb
(−2)
0 +

∑
GabMaMbb

(−1)
0 +

∑
GaMab

(0)
0 +b

(1)
0

)

+ ε
2
(∑

GabcdMaMbMcMdb
(−2)
0 +

∑
GabcMaMbMcb

(−1)
0

+
∑
GabMaMbb

(0)
0 +

∑
GaMab

(1)
0 +b

(2)
0

)

b
(k)
0 , k = −2, ..., 2 representing the x-independent boundary terms in the limit x = 0 at order εk

G ∼
x→0

2∑

k=−2

ε
k

k+2∑

n=0

b(k)
n logn (x) + subleading terms.

Ga,b,... = G (la, lb, . . . ; x) with a, b, c, d = 1, . . . , 19.

Uniform transcendental: UT multi- vs one-parameter DE

Ma depend on kinematics, but eigenvalues not: (x − la)−naε, na positive integers, x → la .
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5box - boundary terms

Resummed
Gres = lim

x→0
G =

∑

j

cjx
i0+jε + djx

i0+1+jε +O(x i0+2),

DE: using the above and equating terms x i+jε, linear equations for ci and di

bottom-up: MI with homogeneous DE treated exactly

MI needing special treatment (20)

Expansion by regions (11)

Shifted boundary point (6)

Extraction from known integrals (3)
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5box - boundary terms

Resummed
Gres = lim

x→0
G =

∑

j

cjx
i0+jε + djx

i0+1+jε +O(x i0+2),

DE: using the above and equating terms x i+jε, linear equations for ci and di
bottom-up: MI with homogeneous DE treated exactly

MI needing special treatment (20)
Expansion by regions (11)

{(10100000101), (10100000102), (11000001012), (11000001011), (01000101011), (10100100111),

(10100001111), (111m0100111), (111000m1111), (11100001111), (111001m0111)}.

Shifted boundary point (6)

∞ : {(10100000011), (10000001011), (11100000011), (01100100011), (10100100111)}
(s12 − s34 + s51)/s12 : {(01000001011)}

Extraction from known integrals (3)

G11100001011(x, s12, s34, s51) = G11100100101(x′ = 1, s′12, s
′
23, s
′
45),

G11100101011(x, s12, s34, s51) = G11100101101(x′ = 1, s′12, s
′
23, s
′
45),

G111m0101011(x, s12, s34, s51) = G111m0101101(x′ = 1, s′12, s
′
23, s
′
45),

s′12 = x2s12, s′23 = xs51, s′45 = −xs12 + xs34 + x2s12. (1)
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5box - boundary terms

Resummed
Gres = lim

x→0
G =

∑

j

cjx
i0+jε + djx

i0+1+jε +O(x i0+2),

DE: using the above and equating terms x i+jε, linear equations for ci and di

bottom-up: MI with homogeneous DE treated exactly

MI needing special treatment (20)

Expansion by regions (11)

Shifted boundary point (6)

Extraction from known integrals (3)

Systematic approach: combining information from the expansion by
regions technique (asy2) and the DE itself

Mellin-Barnes, XSummer
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5box - on-shell

All planar one-shell 5box by taking the limit x → 1.

x = 1 corresponds to l2

G =
∑

n≥−2

εn
n+2∑

i=0

1

i!
c

(n)
i logi (1− x)

with M2 the residue matrix at x = 1 and

Gtrunc ≡ Greg (x = 1)

Gx=1 =

(
I +

3

2
M2 +

1

2
M2

2

)
Gtrunc
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5box - on-shell

All planar one-shell 5box by taking the limit x → 1.

x = 1 corresponds to l2
with M2 the residue matrix at x = 1 and

c
(n)
i = M2c

(n−1)
i−1 i ≥ 1

Greg =
∑

n≥−2

εnc
(n)
0 .

characteristic polynomial: x61(1 + x)9(2 + x)4

G = Greg +

(
(1− x)−2ε − 1

)

(−2ε)
X +

(
(1− x)−ε − 1

)

(−ε)
Y

X =
∑

n≥−1

εnX(n) Y =
∑

n≥−1

εnY(n).

(−1)nM2
n = M2

2
(
2n−1 − 1

)
+ M2

(
2n−1 − 2

)
, n ≥ 1.

minimal polynomial: x(x + 1)(x + 2)
Gtrunc ≡ Greg (x = 1)

Gx=1 =

(
I +

3

2
M2 +

1

2
M2

2

)
Gtrunc
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5box - numerical checks

O(3, 000) GPs for all 74 MI

Directly computed by using GiNaC

All invariants negative Euclidean: perfect agreement with SecDec

O(10) secs.
HyperInt analytic extraction of imaginary parts before numerics:
increasing efficiency by O(100)

Physical region awaiting tests for 5boxes. Direct timing O(1000) secs.
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Directly computed by using GiNaC
J. Vollinga and S. Weinzierl, Comput. Phys. Commun. 167 (2005) 177
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O(3, 000) GPs for all 74 MI

Directly computed by using GiNaC

All invariants negative Euclidean: perfect agreement with SecDec

O(10) secs.
HyperInt analytic extraction of imaginary parts before numerics:
increasing efficiency by O(100)

E. Panzer, Comput. Phys. Commun. 188 (2014) 148

Physical region awaiting tests for 5boxes. Direct timing O(1000) secs.

C.G.Papadopoulos (INPP) HPC HEP 2016 64 / 94



5box - numerical checks

O(3, 000) GPs for all 74 MI

Directly computed by using GiNaC

All invariants negative Euclidean: perfect agreement with SecDec

O(10) secs.
HyperInt analytic extraction of imaginary parts before numerics:
increasing efficiency by O(100)

Physical region awaiting tests for 5boxes. Direct timing O(1000) secs.

C.G.Papadopoulos (INPP) HPC HEP 2016 64 / 94



Beyond NLO

Recent calculations beyond NLO
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Processes currently known through NNLO
H+0jet fully inclusive N3LO Higgs couplings 1503.06056

H+1jet exclusive Higgs couplings
1604.04085,1408.5325,1504.07922,

1505.03893

WBF exclusive VBF cuts Higgs couplings 1506.02660

H->bb exclusive, massless Higgs couplings boosted 1110.2368,1501.07226

W+0jet fully exclusive, decays PDFs 0903.2120,1208.5967

Z/gamma+0jet fully exclusive, decays PDFs 0903.2120,1208.5967

W+j fully exclusive, decays PDFs 1504.02131

Z+j decay, off-shell effects PDFs 1601.04569,1507.20850, 1507.02850

ZH decays to bb at NLO Higgs couplings 1407.4747,1601.00658

WH fully exclusive Higgs couplings 1312.1669, 1601.00658

ZZ fully exclusive, off-shell trilinear gauge couplings,BSM 1405.2219, 1507.06257,1509.06734

WW fully inclusive trilinear gauge couplings,BSM 1408.5243,1511.08617

W𝛾,Z𝛾 fully exclusive trilinear gauge couplings,BSM 1601.06751

𝛾𝛾 fully differential Background studies 1110.2375,1603.02663

tt pair fully exclusive, stable tops top cross section ,mass pt, FB 
asymmetry,PDFs BSM

1601.05375, 1506.04037

single top fully exclusive, stable tops, t-
channel Vtb,width, PDfs 1404.7116

top decay exclusive Top couplings 1210.2808, 1301.7133

dijets gluon-gluon PDFs,strong couplings,BSM 1407.5558

Adapted from K. Melnikov,  Aspen Winter Conference 2016



QCD N3LO

!
!

!
!

The gluon fusion cross section

Triple virtual

Double real 
virtual

Real-virtual 
squared

Double virtual 
real

Triple real

• At            , there are five contributions:  N3LO

C. Anastasiou, C. Duhr, F. Dulat, E. Furlan, T. Gehrmann, F. Herzog, A. Lazopoulos and B. Mistlberger, arXiv:1602.00695
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Higgs at N3LO

The large mt limit

L = LQCD,5 �
1

4v
C1 H Ga

µ⌫ Gµ⌫
a

mt ! 1• In the limit               , the Higgs boson couples directly to gluons: 

• In this limit, the cross section is known
➡ at NLO.
➡ at NNLO.
➡ at N3LO.

[Dawson; Djouadi, Spira, Zerwas]
[Anastasiou, Melnikov; Harlander, Kilgore; 

Ravindran, Smith, van Neerven]
[Anastasiou, Dulat, CD, Furlan, Gehrmann, 

Herzog, Lazopoulos, Mistlberger]

• The N3LO cross section is only known as an expansion around 
threshold:

� = ⌧
X

ij

Z 1

⌧

dz

z
Lij(⌧/z)

�̂ij(z)

z

⌧ =
m2

H

S
' 10�4

z =
m2

H

ŝ

�̂(z) = ��1 + �0 + (1 � z)�1 + O(1 � z)2
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Higgs at N3LO

Anastasiou, Loops&Legs, April 2016

What is now known for 
the N3LO correction

IR+UV

P
(1)
gg

✏
⌦ �NNLO(✏)

RRRRRV

RVVVVV (RV)x(RV)
exact exact exact

exact exact expansion
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Higgs at N3LO

How tough of a 
problem?

Two orders of magnitude more 
Feynman diagrams than NNLO 

1028  N3LO master integrals (27 at 
NNLO) 

72 boundary conditions for the N3LO 
master integrals (5 at NNLO) 
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Higgs at N3LO Scale variation
LO

NLO

NNLO

N3LO
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σ e
ft
(p
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setup 1, EFT, 13 TeV

carefully analyse the residual uncertainty associated to all of these contributions. In this

way we obtain the most precise theoretical prediction for the Higgs production cross section

available to date.

We conclude this section by summarizing, for later convenience, the default numerical

values of the input parameters used in our numerical studies, as well as concrete choices

for PDFs and quark mass schemes. In particular, we investigate three di↵erent setups,

which are summarized in Tab. 1–3. Note that we use NNLO PDFs even when we refer

to lower order terms of the cross section, unless stated otherwise. The values for the

quark masses used are in accordance with the recommendations of the Higgs Cross Section

Working Group [82], wherein the top quark mass was selected to facilitate comparisons

with existing experimental analyses at LHC, Run 11.

Table 1: Setup 1

p
S 13TeV

mh 125GeV

PDF PDF4LHC15 nnlo 100

as(mZ) 0.118

mt(mt) 162.7 (MS)

mb(mb) 4.18 (MS)

mc(3GeV ) 0.986 (MS)

µ = µR = µF 62.5 (= mh/2)

Table 2: Setup 2

p
S 13TeV

mh 125GeV

PDF PDF4LHC15 nnlo 100

as(mZ) 0.118

mt 172.5 (OS)

mb 4.92 (OS)

mc 1.67 (OS)

µ = µR = µF 62.5 (= mh/2)

Table 3: Setup 3

p
S 13TeV

mh 125GeV

PDF abm12lhc 5 nnlo

as(mZ) 0.113

mt(mt) 162.7 (MS)

mb(mb) 4.18 (MS)

mc(3GeV ) 0.986 (MS)

µ = µR = µF 62.5 (= mh/2)

3. The cross-section through N3LO in the infinite top-quark limit

3.1 The partonic cross section at N3LO in the heavy-top limit

In this section we discuss the contribution �̂ij,EFT in eq. (2.4) from the e↵ective theory

where the top quark is infinitely heavy. This contribution can be expanded into a pertur-

bative series in the strong coupling constant,

�̂ij,EFT

z
=
⇡ |C|2
8V

1X

n=0

⌘
(n)
ij (z) an

s , (3.1)

where V ⌘ N2
c � 1 is the number of adjoint SU(Nc) colours, as ⌘ ↵s/⇡ denotes the strong

coupling constant evaluated at a scale µ and C is the Wilson coe�cient introduced in

eq. (2.5), which admits itself a perturbative expansion in the strong coupling [17, 18, 19],

C = a2
s

1X

n=0

Cn an
s . (3.2)

Here both the coe�cients Cn and the strong coupling are functions of a common scale µ.

At LO in as only the gluon-gluon initial state contributes, and we have

⌘
(0)
ij (z) = �ig �jg �(1 � z) . (3.3)

1Note that the current world average mOS
t = 173.2 is within the recommended uncertainty of 1GeV

from the proposed mOS
t = 172.5 that we use here.

– 6 –
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Higgs at N3LO

Summary

• Most precise prediction of the Higgs cross section to date!

• Perturbative stability of the cross section under control.
➡ Scale variation gives a reliable estimate of higher-order QCD 

corrections.

• Places where we can improve:
➡ top-bottom interference at NNLO in QCD.
➡ N3LO PDFs.
➡ Exact mixed QCD-EW corrections.
➡ NNLO corrections including exact top-mass dependence.

� = 48.48 ± 1.55 +2.07
�3.09 pb = 48.48 pb ± 3.19% +4.27%

�6.37%
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Higgs+1jet

NNLO H + jet production, large mass limit

Boughezal, Caola, Melnikov, Petriello, Schulze (13,15), Chen, Gehrmann, Jaquier, NG (14),
Boughezal, Focke, Giele, Liu, Petriello (15), Caola, Melnikov, Schulze (15)

✓ large K-factor

σNLO/σLO ∼ 1.6

σNNLO/σNLO ∼ 1.3

✓ significantly reduced scale depen-
dence O(4%)

✓ Three independent computations:
✚ STRIPPER
✚ N-jettiness
✚ Antenna (gluons only)

✓ Fully differential and allows for arbi-
trary cuts on the final state

– p. 39
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tt̄

tt̄ at NNLO
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tt̄

Czakon, Heymes, Mitov

Total Cross Section 
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tt̄

General Remarks 

§  High precision should be associated with                      
fixed order perturbation theory: 
–  Clear advantage: not many ambiguities 
–  But: beware of range of applicability 
–  Currently at next-to-next-to-leading order                           
    for on-shell production 

      MC, Bärnreuther, Fiedler, Heymes, Mitov `12 - `15 

 

–  Partial independent results by: 
	

      Abelof, Gehrmann-De Ridder, Maierhofer, Pozzorini `14 
      Catani, Grazzini, Torre `14 - `15 
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tt̄

Contributions 
§  2-loop virtual corrections (V-V) 

MC `07, Bärnreuther, MC, Fiedler `13   
complete numerical results partial analytical results: 
Bonciani, Ferroglia, Gehrmann, Maitre, von Manteuffel, Studerus `08–`13  
divergences of two-loop amplitudes: 
Ferroglia, Neubert, Pecjak, Yang `09 
 

§  1-loop virtual with one extra parton (R-V) 
from next-to-leading order corrections to tt+jet 
code by Stefan Dittmaier 

														
§  2 extra emitted partons at tree level (R-R) 

MC `10 `11     new subtraction scheme STRIPPER 
MC, Heymes `14     4-d formulation of STRIPPER 

	
§  One-loop squared amplitudes 

original results not used: 
Körner, Merebashvili, Rogal `07, Anastasiou, Aybat `08 
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tt̄

Perturbation Theory Convergence 

Concurrent uncertainties: 
 
Scales           ~ 3% 
pdf (at 68%cl)   ~ 2-3% 
αS (parametric)         ~ 1.5% 
mtop (parametric)    ~ 3% 
 
Soft gluon resummation makes a 
difference:       5%   !   3% 

MC, Fiedler, Mitov `13 
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tt̄

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0  2  4  6  8  10

I
n
c
l
u
s
i
v
e
 
A
F
B

Scenarios

C
D
F

D
0

N
L
O

n
l
o

N
N
L
O

n
n
l
o

N
L
O

n
l
o

N
N
L
O

n
n
l
o

C
o
m
b
i
n
e
d

PPbar A tt+X
mt=173.3 GeV
MSTW2008 pdf

Data
pure QCD

QCD+EW

-0.4

-0.2

 0

 0.2

 0.4

 0.6

 350  400  450  500  550  600  650  700  750

A
F
B

Mtt [GeV]

mt=173.3 GeV
MSTW2008 pdf

NLO
NNLO
CDF
D0

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0  0.5  1  1.5  2

A
F
B

|6Y|

mt=173.3 GeV
MSTW2008 pdf

NLO
NNLO
CDF
D0

Data vs Precision QCD 
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tt̄

Differential Distributions @ LHC 

PP A tt-+X
mt=173.3 GeV
MSTW2008
µF,R/mtD{0.5,1,2}

Czakon, Heymes, Mitov (2015)
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§  Even with fixed scale the 
agreement with data 
quite good 

§  Apparently convergence 
poor in normalized 
distributions 

MC, Heymes, Mitov `15 
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tt̄

Differential Distributions @ LHC 
§  Much better agreement with ATLAS data 
§  Lesson for the theorist: “spot-on agreement”may be dangerous 
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Drell-Yan

Drell-Yan
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Drell-Yan

Drell–Yan qT distribution >>>>
..

>>>>

h1(p1) + h2(p2) → V + X → ℓ1 + ℓ2 + X

where V = Z0/γ∗,W±

..

σ̂ab

ℓ1ℓ2(Ω)

V (qT, M, y)

a(x1p1)

b(x2p2)

fa/h1
(x1,µ2

F )

fb/h2
(x2,µ2

F )

}
X

h1(p1)

h2(p2)

..

QCD factorization formula:

dσ

d2qT dM2 dy dΩ
=
∑

a,b

∫ 1

0

dx1

∫ 1

0

dx2 fa/h1(x1, µ
2
F ) fb/h2(x2, µ

2
F )

d σ̂ab

d2qTdM2dŷdΩ
(ŝ;αS ,µ2

R ,µ2
F).

Fixed-order perturbative expansion reliable

only for qT ∼ M. When qT ≪ M:

∫ q2T

0
dq̄2T

d σ̂qq̄

dq̄2T
∼ 1 + αS

[
c12L

2
qT

+ c11LqT + · · ·
]

+α2
S

[
c24L

4
qT

+ · · · + c21LqT + · · ·
]
+ O(α3

S )

with αn
SL

m
qT

≡ αn
S logm(M2/q2T ) ≫ 1.

Resummation of logarithmic corrections needed.

Giancarlo Ferrera – Università & INFN Milano LHCP15 – St. Petersburg – 31/8/2015
DYRes: Vector boson production at the LHC: qT resummation and leptonic decay 2/14

R. Gavin, Y. Li, F. Petriello and S. Quackenbush, Comput. Phys. Commun. 182 (2011) 2388

S. Catani, L. Cieri, G. Ferrera, D. de Florian and M. Grazzini, Phys. Rev. Lett. 103 (2009) 082001
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pT of Z

Example: Inclusive pT spectrum of Z

pp → Z/γ∗ → ℓ+ℓ− + X

✚ large cross section
✚ clean leptonic signature

✚ fully inclusive wrt QCD radiation
✚ only reconstruct ℓ+, ℓ− so clean and
precise measurement
✚ potential to constrain gluon PDFs

NNLO QCD Z+Jet Gehrmann-De Ridder, Gehrmann, NG, Huss, Morgan (15)
Boughezal, Campbell, Ellis, Focke, Giele, Liu, Petriello (15)

Boughezal, Liu, Petriello (16)
– p. 11
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pT of Z

Example: Inclusive pT spectrum of Z

✚ low pZ
T ≤ 10 GeV, resummation required

✚ pZ
T ≥ 20 GeV, fixed order prediction

about 10% below data
✘ Very precise measurement of Z pT

poses problems to theory,
D. Froidevaux, HiggsTools School

FEWZ/DYNNLO are Z + 0 jet @ NNLO
✘ Only NLO accurate in this distribution
✓ Requiring recoil means Z + 1 jet @
NNLO required

– p. 12
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V + 1jet

V + 1jet
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V + 1jet

Example: Inclusive pT spectrum of Z

✓ NLO corrections ∼ 40 − 60%

✓ significant reduction of scale
uncertainties NLO → NNLO

✓ NNLO corrections relatively flat
∼ 4 − 8%

Can the NNLO corrections resolve the discrepancy in theory v data?

– p. 13
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V + 1jet

Double-differential: dσ/dpZ
T binned in yZ - CMS

- improvement of theory vs. data comparison

- significant reduction of scale uncertainties
– p. 16
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V + 1jet

Double-differential: dσ/dpZ
T binned in mℓℓ - ATLAS

- improvement of theory vs. data comparison

- significant reduction of scale uncertainties
– p. 18
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Diboson

V + V ′
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Diboson

pp → WW at NNLO

σ/σNLO

141387

1.15
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Gehrmann, Grazzini, Kallweit, Maierhofer, von
Manteuffel, Pozzorini, Rathlev, Tancredi (14)

✓ Provides a handle on the
determination of triple gauge
couplings, and possible new physics

✓ Severe contamination of the W+W
cross section due to top-quark reso-
nances

✓ The NNLO QCD corrections increase
the NLO result by an amount varying
from 9% to 12% as

√
s increases from

7 to 14 TeV.

– p. 36
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Diboson

Z boson pair production with decays

Grazzini, Kallweit, Rathlev (15)

✓ The NNLO corrections increase the NLO result by an amount varying from 11%
to 17% as

√
s increases from 7 to 14 TeV.

✓ The loop-induced gluon fusion contribution provides about 60% of the total
NNLO effect.

✓ NNLO effects improve agreement with data for the ∆φ distribution.

– p. 37
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Single top

Single top production (t-channel)

60
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7 8 13

LO

NLO

NNLO

CMS

ATLAS

�
(p

b
)

p
s (GeV)

Charge ratio 
!  7 TeV (ATLAS):  
◦  σt(t) = 53.2 ± 10.8 pb,  σt(t¯) = 29.5 +7.4

-7.5 pb 
◦  Rt = σt(t)/σt(t¯) = 1.81+0.23

-0.22 
◦  Main systematics on Rt: background normalization (multijet from data, other from MC), JES 

!  8 TeV (CMS):  
◦  σt(t) = 53.8 ± 1.5(stat) ± 4.4(syst) pb,  σt(t¯) = 27.6 ± 1.3(stat) ± 3.7(syst) pb 
◦  Rt = σt(t)/σt(t¯) = 1.95 ± 0.10(stat) ± 0.19(syst) 
◦  Main systematics on Rt: PDF uncert., signal modeling 

!  Rt potentially sensitive to PDF 
!  Approaching the precision necessary to discriminate between different PDF models 
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7 TeV:  ATLAS-CONF-2012-056 
8 TeV : CMS-PAS-TOP-12-038 

 
 to be sub. to JHEP 

�t,LO/�t̄,LO = 1.85

�t,NLO/�t̄,NLO = 1.83

�t,NNLO/�t̄,NNLO = 1.83

Burcherseifer, Caola, K.M.

The precision on the inclusive  cross section is about one percent. Ratio of top and anti-top 
cross sections is  sensitive to parton distribution functions at relatively large values of x and 
should be used as one  of the standard candles for PDF determinations. 

4

p⊥ σLO, pb σNLO, pb δNLO σNNLO, pb δNNLO

0 GeV 53.8+3.0
−4.3 55.1+1.6

−0.9 +2.4% 54.2+0.5
−0.2 −1.6%

20 GeV 46.6+2.5
−3.7 48.9+1.2

−0.5 +4.9% 48.3+0.3
−0.02 −1.2%

40 GeV 33.4+1.7
−2.5 36.5+0.6

−0.03 +9.3% 36.5+0.1
+0.1 −0.1%

60 GeV 22.0+1.0
−1.5 25.0+0.2

+0.3 +13.6% 25.4−0.1
+0.2 +1.6%

TABLE I: QCD corrections to t-channel single top quark production cross sections at 8 TeV LHC with a cut on the transverse
momentum of the top quark p⊥. Cross sections are shown at leading, next-to-leading and next-to-next-to-leading order in
dependence of the factorization and renormalization scale µ = mt (central value), µ = 2mt (upper value) and µ = mt/2 (lower
value). Corrections at NLO and at NNLO (relative to the NLO) are shown in percent for µ = mt.

las for the phase-space parametrization relevant for the
ub → dt, ub → dtg and ub → dtgg sub-processes, as well
as a discussion of an appropriate choices of variables rel-
evant for the extraction of singularities can be found in
that reference. Using the language of that paper, we only
need to consider “initial-state” sectors since there are no
collinear singularities associated with final state particles
due to the fact that top quarks are massive. All calcula-
tions required for initial-state sectors are documented in
Ref. [61] except that here we need soft and collinear lim-
its for incoming quarks, rather than gluons, and the soft
current for a massive particle. This, however, is a minor
difference that does not affect the principal features of
the computational method.

The above discussion of the NNLO QCD corrections
to the heavy quark line can be applied almost verba-
tim to corrections to the light quark line. The two-loop
corrections for the 0 → qq̄′W ∗ vertex are known since
long ago [62–64]. One-loop corrections to 0 → qq̄′gW ∗

scattering are also well-known; we implemented the re-
sult presented in [65] and again checked the implemen-
tation against an independent computation based on the
Passarino-Veltman reduction. Apart from different am-
plitudes, the only minor difference with respect to cor-
rections to the heavy quark line is that in this case there
are collinear singularities associated with both, the in-
coming and the outgoing quark lines. We deal with this
problem splitting the real-emission contribution into sec-
tors, see Ref. [61]. In the language of that paper, we
have to consider “initial-initial”, “final-final” and mixed
“initial-final” sectors. Finally, we briefly comment on the
contribution shown in Fig.1c. We note that, although
formally NNLO, it is effectively the product of NLO cor-
rections to the heavy and the light quark lines, so that
it can be dealt with using techniques familiar from NLO
computations.

We will now comment on our treatment of γ5. For
perturbative calculations at higher orders the presence of
the Dirac matrix γ5 is a nuisance since it can not be con-
tinued to d-dimensions in a straightforward way. While
computationally-efficient ways to deal with γ5 in com-
putations, that employ dimensional regularization, exist
(see e.g. Ref. [66]), they are typically complex and un-
transparent. Fortunately, there is a simple way to solve
the γ5 problem in our case. Indeed, in the calculation of
virtual corrections to the tWb weak vertex, γ5 is taken

to be anti-commuting [40–43]. This enforces the left-
handed polarization of the b-quark and removes the issue
of γ5 altogether. Indeed, if we imagine that the weak
b → t transition is facilitated by the vector current but
we select the b-quark with left-handed polarization only,
we will obtain the same result as when the calculation is
performed with the anti-commuting γ5. Since the can-
cellation of infra-red and collinear divergences occurs for
each polarization of the incoming b-quark separately, this
approach completely eliminates the need to specify the
scheme for dealing with γ5 and automatically enforces
simultaneous conservation of vector and axial currents –
a must-have feature if quantum anomalies are neglected.
Of course, this requires that we deal with the γ5 appear-
ing in real emission diagrams in the same way as in the
virtual correction and this is, indeed, what we do by us-
ing helicity amplitudes, as described in [39].

We have performed several checks to ensure that our
calculation of NNLO QCD corrections to single top quark
production is correct. For example, we have compared all
the tree-level matrix elements that are used in this com-
putation, e.g. ub → dt+ng, with 0 ≤ n ≤ 2, ub → dt+qq̄,
ug → db̄t + mg, 0 ≤ m ≤ 1, against MadGraph [67] and
found complete agreement. We have extracted one-loop
amplitudes for 0 → Wtb̄g from MCFM [45] and checked
them against our own implementation of the Passarino-
Veltman reduction, for both the W ∗b → tg and the
W ∗g → tb̄ processes. We have cross-checked one-loop
amplitudes for W ∗u → dg and related channels against
MadLoop [68]. In the intermediate stages of the compu-
tation, we also require reduced tree and one-loop ampli-
tudes computed to higher orders in ε, as explained e.g. in
Ref. [61]. We checked that their contributions drop out
from the final results, in accord with the general conclu-
sion of Ref. [69].

One of the most important checks is provided by the
cancellation of infra-red and collinear divergences. In-
deed, the technique for NNLO QCD computations de-
scribed in Refs. [47–49] leads to a Laurent expansion
of different contributions to differential cross sections in
the dimensional regularization parameter ε; coefficients
of this expansion are computed by numerical integra-
tion. Independence of physical cross sections on the reg-
ularization parameter is therefore achieved numerically,
when different contributions to such cross sections (two-
loop virtual corrections, one-loop corrections to single

Wednesday, January 13, 16
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Dijet

Di-jet production 

Results are for gluon-gluon and quark-gluon (preliminary) initial states.  Not all color factors 
included for quark-gluon channel. Flat NNLO/NLO  K-factors; small corrections (may 
change if other channels included). Results for various orders obtained with NNLO PDFs. 

Currie, Gehrmann-de Ridder, Gehrmann, Glover, Pires
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Summary - Where are we now?

✓ Witnessed a revolution that has established NLO as the new standard
- previously impossible calculations now achieved
- very high level of automation for numerical code
- standardisation of interfaces - linkage of one-loop and real radiation

providers
- take up by experimental community

✓ Substantial progress in NNLO in past couple of years
- several different approaches for isolating IR singularities
- several new calculations available

– p. 57

From my friend Nigel Glover
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Summary - Where are we going?

✓ NNLO automation?
- as we gain analytical and numerical experience with NNLO calculations, can

we benefit from (some of) the developments at NLO, and the improved
understanding of amplitudes

- automation of two-loop contributions?
- automation of infrared subtraction terms?
- standardisation of interfaces - linkage to one-loop and real radiation

providers?
- interface with experimental community

Next few years:

✓ Les Houches wishlist to focus theory attention

✓ New high precision calculations such as, e.g. N3LO σH , could reduce Missing
Higher Order uncertainty by a factor of two

✓ NNLO is emerging as standard for benchmark processes such as V+jet or dijet
production leading to improved pdfs etc. could reduce theory uncertainty due to
inputs by a factor of two
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Accuracy and Precision (A. David)

– p. 52
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