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arXiv:1507.06348; There.Math.Phys. 2016

4.CERN, ROOT, Release 6.04/06 on 2015-10-13,
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Test for Ranlux 48 bit (ROOT) generator
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
Starting BigCrush Version: TestU01 1.2.3
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
========= Summary results of BigCrush =========
Version: TestU01 1.2.3
Generator: Ranlux48
Number of statistics: 160
Total CPU time: 58:34:03.71 —– 58 hours!!!
The following tests gave p-values outside [0.001, 0.9990]:
Test p-value
———————————————-
82 LempelZiv, r = 0 0.9991
———————————————-
All other tests were passed
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Test for Mersenne Twister (ROOT) generator
========= Summary results of BigCrush =========
Version: TestU01 1.2.3
Generator: Mersenne Twister(ROOT)
Number of statistics: 160
Total CPU time: 03:39:58.32 —————–3.39 hours !!
The following tests gave p-values outside [0.001, 0.9990]:
(eps means a value less than 1.0e-300):
(eps1 means a value less than 1.0e-15):
Test p-value
———————————————-
79 RandomWalk1 H (L=10000, r=15) 1 - 7.8e-5
80 LinearComp, r = 0 1 - eps1——–???
81 LinearComp, r = 29 1 - eps1 ——-???
———————————————-
All other tests were passed

G. Savvidy, Demokritos Nat.Res.Cent. Athens Horizon 2020 GA-644121



MIXMAX random number generator in ROOT and GEANT4
Anosov C-systems and MIXMAX generator

Spectrum and Kolmogorov Entropy of the C-systems
A(N,s) and A(N,s,m) Family of C-systems

Test for MIXMAX generator
******************************************
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
Starting BigCrush Version: TestU01 1.2.3
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
========= Summary results of BigCrush =========
Version: TestU01 1.2.3
Generator: MIXMAX
Number of statistics: 160
Total CPU time: 03:35:34.15 ——- record 3.35 hours !!
All tests were passed ——!!

How is that even possible? to be the best and the fast !
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I HEPFORGE.ORG, http://mixmax.hepforge.org;
http://www.inp.demokritos.gr/ savvidy/mixmax.php

I ROOT, Release 6.04/06 on 2015-10-13,
https://root.cern.ch/doc/master/classROOT_1_
1Math_1_1MixMaxEngine.html

I CLHEP, Release 2.3.1.1, on November 10th, 2015
http://proj-clhep.web.cern.ch/proj-clhep/
https://github.com/drbenmorgan/CLHEP/blob/master/
Random/src/MixMaxRng.cc
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Early work:

1. G.Savvidy,
The Yang-Mills mechanics as a Kolmogorov K-system,
Phys.Lett.B 130 (1983) 303

2.G. Savvidy,
Classical and Quantum Mechanics of Yang-Mills Gauge Fields,
Nucl. Phys. B 246 (1984) 302.

3.V.Gurzadyan and G.Savvidy,
Collective relaxation of stellar systems,
Astron. Astrophys. 160 (1986) 203
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Consider linear automorphisms of the unit hypercube in Euclidean
space RN with coordinates (u1, ..., uN ) where u ∈ [0, 1)

u
(k+1)
i =

N∑
j=1

Aij u
(k)
j , mod 1, k = 0, 1, 2...... (1)

I The dynamical system defined by the integer matrix A has
determinant equal to one DetA = 1.

I The Anosov hyperbolicity C-condition: the matrix A has no
eigenvalues on the unit circle. Thus the spectrum
Λ = λ1, ..., λN fulfils the two conditions:

1) DetA = λ1λ2....λN = 1, 2) |λi| 6= 1. (2)
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The Anosov C-systems are hyperbolic systems

x

y

t

the behaviour of all nearby trajectories is exponential
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I The eigenvalues of the matrix A are divided into the two sets
{λα} and {λβ} with modulus smaller and larger than one:

0 < |λα| < 1 < |λβ|. (3)

I There exist two families of planes
X = {Xα} and Y = {Yβ}
which are parallel to the corresponding eigenvectors
{eα} and {eβ} .
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a) b)

I The eigenvectors of the matrix A {eα} and {eβ} define two
families of parallel planes {Xα} and {Yβ}

I The automorphism A is contracting the points on the planes
{Xα} and expanding points on the planes {Yβ}.

I The a) depicts the parallel planes of the sets {Xα} and {Yβ}
and b) depicts their positions after the action of the
automorphism A.
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I The Kolmogorov entropy of a Anosov C-system is:

h(A) =
∑
|λβ |>1

ln |λβ|. (4)

The entropy h(A) depends on the spectrum of the operator A.

I This allows to characterise and compare the chaotic properties
of dynamical C-systems quantitatively →

computing and comparing their entropies.
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I The variety and richness of the periodic trajectories of the
C-systems essentially depends on entropy, the number of
periodic trajectories π(T ) of a period T has the form

π(T ) ∼ eT h(A)/T (5)

I A system with larger entropy h(A) is more densely populated
by the periodic trajectories of the period T.

I The relaxation time τ(A) can be associated with the
dynamical system

τ(A) = 1/h(A) (6)

and it should be smaller that the correlation time τ of the
system under investigation

τ(A) ≤ τ (7)

G. Savvidy, Demokritos Nat.Res.Cent. Athens Horizon 2020 GA-644121
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I The Anosov C-systems have very strong chaotic properties:
the exponential instability of all trajectories
in fact the instability is as strong as it can be in principle.

I Our aim is to study these characteristics of the C-systems and
develop our earlier suggestion to use the Anosov C-systems as
random number generator for Monte-Carlo simulations
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Family of operators A(N,s) parametrised by the integers N and s

A(N, s) =



1 1 1 1 ... 1 1
1 2 1 1 ... 1 1
1 3 + s 2 1 ... 1 1
1 4 3 2 ... 1 1

...
1 N N − 1 N − 2 ... 3 2


(8)

The matrix is of the size N ×N
Its entries are all integers Aij ∈ Z
Det A =1
The spectrum and the value of the Kolmogorov entropy?
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-4 -3 -2 -1 1 2

-3

-2

-1

1

2

3

-1 1 2 3 4

-2

-1

1

2

Eigenvalue Distribution of A(N,s) and of A−1(N, s)
all of them are lying outside of the unit circle
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Size Magic Entropy Period
N s ≈ log10(q)

256 −1 164.5 4682
256 487013230256099064 193.6 4682

Table : Properties of operators A(N,s) for large special s.
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Size Magic Entropy Period
N s (lower bound) ≈ log10(q)

7307 0 4502.1 134158
20693 0 12749.5 379963
25087 0 15456.9 460649
28883 1 17795.7 530355
40045 -3 24673.0 735321
44851 -3 27634.1 823572

Table : Table of properties of the operator A(N, s) for large matrix size
N . The third column is the value of the Kolmogorov entropy. All these
generators passes tests in the BigCrush suite. For the largest of them the
period approaches a million digits.

G. Savvidy, Demokritos Nat.Res.Cent. Athens Horizon 2020 GA-644121



MIXMAX random number generator in ROOT and GEANT4
Anosov C-systems and MIXMAX generator

Spectrum and Kolmogorov Entropy of the C-systems
A(N,s) and A(N,s,m) Family of C-systems

A(N,s,m)

A three-parameter family of C-operators A(N, s,m), where m is
some integer:



1 1 1 1 ... 1 1
1 2 1 1 ... 1 1
1 m+ 2 + s 2 1 ... 1 1
1 2m+ 2 m+ 2 2 ... 1 1
1 3m+ 2 2m+ 2 m+ 2 ... 1 1

...
1 (N − 2)m+ 2 (N − 3)m+ 2 (N − 4)m+ 2 ... m+ 2 2
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Size Magic Magic Entropy Period
N m s ≈ log10(q)

8 m = 253 + 1 s=0 220.4 129
17 m = 236 + 1 s=0 374.3 294
40 m = 242 + 1 s=0 1106.3 716
60 m = 252 + 1 s=0 2090.5 1083
96 m = 255 + 1 s=0 3583.6 1745
120 m = 251 + 1 s=1 4171.4 2185
240 m = 251 + 1 s=487013230256099140 8418.8 4389

Table : Table of three-parameter MIXMAX generators A(N,s,m). These
generators have an advantage of having a very high quality sequence for
moderate and small N . In particular, the smallest generator we tested,
N = 8, passes all tests in the BigCrush suite.
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-2 ´ 1015 2 ´ 1015 4 ´ 1015 6 ´ 1015 8 ´ 1015 1 ´ 1016

-6 ´ 1015

-4 ´ 1015

-2 ´ 1015

2 ´ 1015

4 ´ 1015

6 ´ 1015

The distribution of the eigenvalues of the A(N, s,m) for
N = 60, s = 0,m = 252 + 1. The spectrum represents a leaf of a
large radius proportional to λmax ≈ m and a very small eigenvalue
at the origin λmin ≈ m−N+1.
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5.0 ´ 1015 1.0 ´ 1016 1.5 ´ 1016 2.0 ´ 1016

-1.5 ´ 1016

-1.0 ´ 1016

-5.0 ´ 1015

5.0 ´ 1015

1.0 ´ 1016

1.5 ´ 1016

The distribution of the eigenvalues of the A(N, s,m) for
N = 120, s = 1,m = 251 + 1.
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Spectrum and Kolmogorov Entropy of the C-systems
A(N,s) and A(N,s,m) Family of C-systems

2 ´ 1016 4 ´ 1016 6 ´ 1016 8 ´ 1016 1 ´ 1017

-6 ´ 1016

-4 ´ 1016

-2 ´ 1016

2 ´ 1016

4 ´ 1016

6 ´ 1016

The distribution of the eigenvalues of the A(N, s,m) for
N = 240, s = 487013230256099140, m = 251 + 1.
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MIXMAX random number generator in ROOT and GEANT4
Anosov C-systems and MIXMAX generator

Spectrum and Kolmogorov Entropy of the C-systems
A(N,s) and A(N,s,m) Family of C-systems

Conclusion

Use MIXMAX for your Monte-Carlo simulations !∣∣∣∣∣ 1
N

N−1∑
i=0

f(AiP0)−
∫

ΠD
f(P ) dP

∣∣∣∣∣ ≤ ConstDN (A)
N

(9)

DN (A) ∼
√
N

it will provide a fast convergence!
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Thank you!
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