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Hydrodynamic theories

• Perfect fluid:  

• Navier Stokes:                                 

• Mueller; Israel & Stewart; BRS3: 

• H+QNM: 

• Anisotropic hydrodynamics (same nonhydro sector as MIS)
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The gradient expansion
This works, because the SST can be expressed as a formal infinite series 

 
 
whose form is fixed by symmetries, and it 
 

⇧µ⌫ = �⌘�µ⌫ + ⌧⇧D(⌘�µ⌫) + . . .

• defines what we mean by transport coeffficients 

• allows comparison between different hydrodynamic theories 

• connects the phenomenological and microscopic descriptions
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hT ⌫
µ iuµ = �Eu⌫Definition of u:Calculated explicitly 

 in some examples

The relaxation time  
appears as a second order 

transport coefficient



Linearized perturbations in MIS/BRS3
Consider small deviations from equilibrium 
 

Hydro and nonhydro modes (sound channel)  

 
Velocity of propagation  
 

 
The nonhydro sector acts as a regulator ensuring causality,
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Regulator independence

This can fail at early times or in small systems. 

E.g. at the linearized level nonhydro modes dominate for 
 
  

Using the causality bound, and and the KSS for eta/s this implies RT<1.             
 
Heuristic arguments for small plasma drops lead to conclusions roughly 
consistent with [Habich et al. 1512.05354]. 

So: what if there is regulator dependence?

“Hydro works” no sensitivity to 
the nonhydro sector ()
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Bjorken flow
Energy-momentum tensor: 

 
 
 
Large proper-time (gradient) expansion:  
 

Dimensionless variables: 

hTµ
⌫ i = diag(�E ,PL,PT ,PT )
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Large order behaviour
The gradient expansion coefficients have been computed in some 
microscopic models with the result  

Similar calculations in hydrodynamics also lead to divergent series 

The singularities of the analytic continuation  
of the Borel transform  
 
 
 
 
contain information about nonhydro modes of  
the system.  

fn ⇠ n!

fB(⇠) =
1X

n=0

fn
n!

⇠n

Poles of Pade  
for N=4 SYM

[Heller et al.1302.0697]  



Bjorken flow in MIS/BRS3
Evolution equation 

where (not SYM values!) 

Finite order hydrodynamics: 

 
Attractor = “resummed hydro”?
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• The series is asymptotic 

• Single purely damped nonhydro mode, decay rate given by cut location 

• Resummation ambiguity resolved by resurgence

Different than   
 N=4 SYM!



The result is a transseries  
 
 

Different “instanton sectors” are related by 
resurgence, which fixes Im(c).  

This leaves Re(c) as an integration constant.  

Matching the attractor requires 
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H+QNM
Replace the MIS relaxation equation by  
 
 
 
 
Velocity of sound  
 
 
so 
 
 
 
Stability (sound channel) requires
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“QNM frequency”



For Bjorken flow 
 

Gradient expansion  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• Early time behaviour better 

• Extra initial conditions are required 

• Stringent causality/stability conditions
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• Pattern of poles shows a pair of 
complex conjugate nonhydro 
mode frequencies - expected. 

• Two-parameter transseries  
 
 
 
 
 

• Resurgence relations are 
satisfied - the hydro series itself 
contains all the information.
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Summary

• Relativistic hydrodynamic theories include nonhydrodynamics modes 
which serve as a regulator for causality 

• Information about these nonhydrodynamics modes is encoded in the 
large order behaviour of the gradient expansion 

• In principle, hydrodynamic theories can be engineered to match the 
nonhydrodynamic sector of a given microscopic theory


