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✤ Why beyond standard PT (SPT)

✤ IR effects and safe 
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✤ The UV failure of SPT and 
effective/mixed approaches



The LSS challenge(s)

Learn fundamental physics from 
Large Scale Structure measurements

Initial metric perturbations: spectra, non-gaussianity
Properties of the DM (cold, mixed, warm, fuzzy, …)
Neutrino masses
GR constraints
Properties of DE



Data!
From Past to Present 

Galaxy Surveys 

2dF	

SDSS	

•  2dF: spectroscopic redshifts of ~200.000 galaxies in 
1500 deg2  at z < 0.3 

•  SDSS-I: spectroscopic redshifts of ~300.000 galaxies 
in ~4000 deg2  at z < 0.7 

•  SDSS/BOSS: spectroscopic redshifts of 
~1.000.000 galaxies from 8500 deg2 in 
0.2 < z < 0.7 

Anderson	et	al.	(2014)		

•  α(z=0.57) = 1.0144 ± 0.0098 (stat+sys) 

PAST:

PRESENT:

O(10^5) spectroscopic redshifts of galaxies, 
O(10^3)deg^2
at z< 0.7From Past to Present 

Galaxy Surveys 
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O(10^4)deg^2
at z< 0.7
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DES



Data!

PRESENT/NEAR 
FUTURE:

NOT TOO FAR 
FUTURE:

O(10^7) spectroscopic redshifts of galaxies,
O(10^9) photometric redshifts of galaxies, 
full sky
at z< 1.5

O(10^9) photometric redshifts of galaxies, 
full sky (LSST)
at z< 1.5

EUCLID

In a not too far future 

Euclid 

from	LSST	red	book	

from	Euclid	red	book	

LSST 

Photometric redshifts 
of ~3 108 galaxies in 
5000 deg2  at z < 1.2 

DES Photometric redshifts of 
~109 galaxies full sky at 
z < 1.5 and beyond 

Spectroscopic redshifts 
of ~109 galaxies full sky 
at z < 1.5 and beyond 
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Linear and non-linear scales
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Vlasov Equation

Liouville theorem+ neglect non-gravitational interactions:
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From particles to fluids



M.P., G. Mangano, N. Saviano, M. Viel, 1108.5203,  Carrasco, Hertzberg, Senatore,1206.2976 .
Manzotti, Peloso, M.P., Viel, Villaescusa Navarro, 1407.1342,    Hulemann, Kopp, 1407.4810 …

Buchert, Dominguez, ’05, Pueblas Scoccimarro, ’09, Baumann et al. ’10

LUV

f(x, p, ⌧) ⌘ 1
V

Z
d

3
yW(y/LUV )fmic(x + y, p, ⌧)

n, vi, �, �ij , . . .

From particles to fluids



Vlasov  equation in the L_uv ➞ 0 limit!

� = h�miciLUV
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large scales

short scales

hgiLUV (x) ⌘ 1
VUV

Z
d3yW(y/LUV )g(x + y)


@

@⌧

+
p

i

am

@

@x

i

� amri

x

�(x, ⌧)
@

@p

i

�
f(x,p, ⌧) =

am


h @

@p

i

f

mic

ri

�

mic

i
LUV (x,p, ⌧)� @

@p

i

f(x,p, ⌧)ri

x

�(x, ⌧)
�

Coarse-grained Vlasov equation

Taking moments…
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Single stream regime

Set �ij = !ijk = · · · = r⇥ v = 0

f(x,p, ⌧) = n(x, ⌧) �D(p� amv(x, ⌧))

System described by �(x, ⌧), ✓(x, ⌧) ⌘ r · v(x, ⌧)
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Single stream regime
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Linear Perturbation Theory
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Standard Perturbation Theory

It is an expansion of the density and velocity 
fields in terms of the initial conditions

Compact notation: ⌘ = log(a/ain)

The continuity+Euler+Poisson system reads:
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2
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◆ �112(k,q,p) = �121(k,p,q) =
k · p
2p2

�222(k,q,p) =
k2 q · p
2 q2p2

linear nonlinear
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Iterative solution (EdS)
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Correlators

If the initial conditions are gaussian, then only correlators involving an 
even number of fields are non-vanishing

Power spectrum: h'a(k, ⌘)'b(k
0, ⌘)i = h'(1)
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Diagrammar
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c

propagator (linear growth factor):

linear power spectrum:

interaction vertex:

�i gab(⌘a, ⌘b)

PL
ab(⌘a, ⌘b; k)

�i e⌘ �abc(ka, kb, kc)



Diagrammar

b

b

b

a

a

a

c

propagator (linear growth factor):

linear power spectrum:

interaction vertex:

�i gab(⌘a, ⌘b)

PL
ab(⌘a, ⌘b; k)

�i e⌘ �abc(ka, kb, kc)

+ +  2

Example: 1-loop correction to the density power spectrum:

“P22” “P13”

1 1 1 1 1 1

Linear Power spectrum



Performance of standard PT
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Figure 2: Comparison at redshifts z = {0, 0.375, 0.833, 1.75} of SPT up to one
loop (black dashed lines), two loops (black dot-dashed) and three loops (black
diamonds) with N-body results of the Horizon Run 2 [28] (red dots, see App. C).
The black line corresponds to the linear result. We also show the results of Padé
resummation (same styles as for SPT but in blue, see Sec. 4); at z = 0 the blue
and black dashed line lie on top of each other.

SPT results (black lines and diamonds) and N-body simulations (red dots,
Horizon Run 2 [28]) for various redshifts (see App. C for further details). For
large redshift (z ! 1.75) the three-loop contribution may lead to an improved
agreement with the N-body data, while it clearly degrades the agreement
compared to the two-loop at lower redshifts. The same happens for the two-
loop at even smaller redshifts and at small momenta. This indicates that for
any redshift, adding loop contributions improves the agreement only up to a
certain order, as typically expected for asymptotically converging series.

In general, in such a situation, one expects that the partial sum up to
the smallest term yields the most accurate estimate of the full result, with

12
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Figure 2: Comparison at redshifts z = {0, 0.375, 0.833, 1.75} of SPT up to one
loop (black dashed lines), two loops (black dot-dashed) and three loops (black
diamonds) with N-body results of the Horizon Run 2 [28] (red dots, see App. C).
The black line corresponds to the linear result. We also show the results of Padé
resummation (same styles as for SPT but in blue, see Sec. 4); at z = 0 the blue
and black dashed line lie on top of each other.

SPT results (black lines and diamonds) and N-body simulations (red dots,
Horizon Run 2 [28]) for various redshifts (see App. C for further details). For
large redshift (z ! 1.75) the three-loop contribution may lead to an improved
agreement with the N-body data, while it clearly degrades the agreement
compared to the two-loop at lower redshifts. The same happens for the two-
loop at even smaller redshifts and at small momenta. This indicates that for
any redshift, adding loop contributions improves the agreement only up to a
certain order, as typically expected for asymptotically converging series.

In general, in such a situation, one expects that the partial sum up to
the smallest term yields the most accurate estimate of the full result, with
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1-loop

2-loop

The expansion fails to converge at low redshifts/small scales
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... but it can be resummed
(Crocce-Scoccimarro ’06)
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... but it can be resummed
(Crocce-Scoccimarro ’06)
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RPT: use G, and not g, as the linear propagator 
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Physical meaning of the IR resummation
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2

PT at any finite order truncates the full exponential behavior (P13, P15,…)
(IR) Resummations take into account the large scale bulk motions 

at all PT orders
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Zel’dovich and beyond

PPêPlin, z=1, L=0
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Figure 9: Propagator part of the PS
11

over the linear propagator, for various
approximations. This quantity is filter-independent.
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Figure 10: Mode coupling part of the PS
11

over the linear propagator, for
various approximations. The blue line is the standard PT result. The orange
line is obtained from eq. (76). The green line is obtained from eq. (69),
written for P̄MC , with the linear propagator in the G� term.

The orange curve in Figure 10 is obtained by solving the 1-loop TRG,
with no filter. Namely, we use
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Large k limit: Zel’dovich 
Small k limit: 1-loop
Interpolation built in the equation!



Large scale flows and BAO’s

Seo et al, 0910.5005, Padmanabhan et al 1202.0090, Tassev, Zaldarriaga 1203.6066, … 

A 2% Distance to z = 0.35 : Methods and Data 3

Figure 1. A pictoral explanation of how density-field reconstruction can improve the acoustic scale measurement. In each panel, we
show a thin slice of a simulated cosmological density field. (top left) In the early universe, the initial densities are very smooth. We mark
the acoustic feature with a ring of 150 Mpc radius from the central points. A Gaussian with the same rms width as the radial distribution
of the black points from the centroid of the blue points is shown in the inset. (top right) We evolve the particles to the present day, here
by the Zel’dovich approximation (Zel’dovich 1970). The red circle shows the initial radius of the ring, centered on the current centroid of
the blue points. The large-scale velocity field has caused the black points to spread out; this causes the acoustic feature to be broader.
The inset shows the current rms radius of the black points relative to the centroid of the blue points (solid line) compared to the initial
rms (dashed line). (bottom left) As before, but overplotted with the Lagrangian displacement field, smoothed by a 10h�1 Mpc Gaussian
filter. The concept of reconstruction is to estimate this displacement field from the final density field and then move the particles back
to their initial positions. (bottom right) We displace the present-day position of the particles by the opposite of the displacement field
in the previous panel. Because of the smoothing of the displacement field, the result is not uniform. However, the acoustic ring has
been moved substantially closer to the red circle. The inset shows that the new rms radius of the black points (solid), compared to the
initial width (long-dashed) and the uncorrected present-day width (short-dashed). The narrower peak will make it easier to measure the
acoustic scale. Note that the algorithm applied to the data is more complex than was just described, but this figure illustrates the basic
opportunity of reconstruction.

steps of this algorithm below and discuss details specific to
our implementation in subsequent subsections.

(i) Estimate the unreconstructed power spectrum P (k) or
correlation function ⇠(r).

(ii) Estimate the galaxy bias b and the linear growth rate,
f ⌘ d lnD/d ln a ⇠⌦0.55

M (Carroll et al. 1992; Linder 2005),
where D(a) is the linear growth function as a function of
scale factor a and ⌦M is the matter density relative to the
critical density.

(iii) Embed the survey into a larger volume, chosen such
that the boundaries of this larger volume are su�ciently
separated from the survey.

(iv) Gaussian smooth the density field.
(v) Generate a constrained Gaussian realization that

matches the observed density and interpolates over masked
and unobserved regions (§2.3).

(vi) Estimate the displacement field  within the
Zel’dovich approximation (§2.4).

(vii) Shift the galaxies by � . Since linear redshift-
space distortions arise from the same velocity field, we shift
the galaxies by an additional �f( · ŝ)ŝ (where ŝ is the
radial direction). In the limit of linear theory (i.e. large
scales), this term exactly removes redshift-space distortions
(Kaiser 1987; Hamilton 1998; Scoccimarro 2004). Denote
these points by D.

(viii) Construct a sample of points randomly distributed
according to the angular and radial selection function and
shift them by � . Note that we do not correct these for
redshift-space distortions. Denote these points by S.

c� 0000 RAS, MNRAS 000, 000–000

reconstruction

110 Mpc/h

O(6 Mpc/h) 

displacements
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Figure 2. First row: Matter CF in real space, for massless neutrinos, and at redshift
z = 0. The right panel is a zoom of the left panel centered at the BAO peak. The
data points are from our N-body simulations; the red dashed, green solid, and blue
solid lines are, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17), multiplied by R2.
The black solid (dashed) line at small R2⇠ values in the left panel is the di↵erence (5)
between the CF from the FrankenEmu [18] N-body based emulator and ⇠(1) (and ⇠(2)),
also rescaled by R2. The black solid line in the right panel is the FrankenEmu CF,
times R2. Second row: same as in the first row, but at redshift z = 1.
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Figure 3. Ratio between the matter real space CF at two di↵erent redshifts, for
massless neutrinos. The top, middle, and bottom curves in the figure are ratios of CF
at z = 0.5, z = 1, z = 2, respectively, divided by the corresponding CF at z = 0. The
data are ratios between our N-body simulations; the red dashed, green solid, and blue
solid lines are ratios between, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17). The
black solid lines are ratios between CF obtained from the FrankenEmu emulator.
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⇠lin
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⇠MC
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⇠lin

Most of the information on the BAO peak
is contained in the propagator part

The widening of the peak 
can be reproduced by Zel’dovich 

approximation (and improvements of it)

The widening of the peak 
contains robust physical information

(not a parameter to marginalize!)
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simplest approximation of the nonlinear CF, eq. (4), and the Zel’dovich approximation;

in Appendix C we derive the PS in redshift space including the e↵ect of bulk flows.

Finally, in Appendix D, we discuss the dependence of our N-body simulations on mass

and force resolution.

1. Nonlinear evolution of the BAO peak

In full generality, the nonlinear matter PS at redshift z has the following structure

[19, 20]:

P (k, z) = G2(k, z)P lin(k, zin) + PMC(k, z) , (1)

where P lin(k, z) = D2(z)P lin(k, zin) is the linear PS, and zin is some initial redshift

chosen well after decoupling and such that all the relevant scales are still in the linear

regime (it can coincide with the redshift at which we start the N-body simulations,

which in this paper is zin = 99, see Section 2). The nonlinear e↵ects are completely

encoded in the two functions appearing at the RHS: the propagator G(k, z), representing

the cross-correlator between the nonlinear density field at redshift z and the initial one

at zin [19, 21], and the “mode-coupling” term PMC(k, z).

We stress that the above expression is completely general, the only assumption

behind it being that the nonlinear density field, �(k, z), is some “functional” of the

initial density and velocity fields, see Appendix A for details. Then, one can compute

these quantities in any consistent approximation scheme, such as Eulerian or Lagrangian

perturbation theory (PT).

The BAO wiggles of P lin(k, z) are in general smoothed out in PMC(k, z) as its

computation involves momentum integrals in which two or more linear PS evaluated

at di↵erent scales are convolved. Therefore, as we will demonstrate below, the BAO

information is basically confined to the G2(k; z)P lin(k) term which, after Fourier

transform, accounts for approximately all the BAO peak in the CF.

The propagator has been studied thoroughly in the recent literature [21, 22, 23].

In Zel’dovich approximation it is given by (see Appendix B)

GZeld(k, z) = e�
k2�2

v(z)
2 , (2)

where �2

v(z) is the 1-dimensional velocity dispersion evaluated in linear theory, namely,

�2

v(z) =
1

3

Z
d3q

(2⇡)3
P lin(q, z)

q2
. (3)

In the following, we will mostly consider the CF obtained in Zel’dovich approximation

by neglecting the mode-coupling part (see eq. (B.7)). Namely, we will study the Fourier

transform of

P (1)(k, z) = e�k2�2
v(z)P lin(k, z) , (4)

and we will show that it gives a very good approximation to the nonlinear matter CF

in the BAO peak region, and in particular to ratios of CF’s for di↵erent redshifts, or

PP
11(k, z) = e�

k2�2
v(z)

2 P lin(k; z)
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linear velocity dispersion: 
contains information on linear PS, growth factor,…
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If we consider two linear PS di↵ering by �P lin(q), and, correspondingly, two �2

v

di↵ering by

��2

v =
1

3

Z
d3q

(2⇡)3
�P lin(q)

q2
, (14)

the CF changes by

�⇠(R) =
1

2⇡2R

Z
dq q sin(qR) �P lin(q) e�q2�2

v � ⇠
2

(R) d�2

v

R2

=
1

2⇡2

Z
dq q2 �P lin(q)

✓
sin(qR)

qR
e�q2�2

v � 1

3

⇠
2

(R)

q2R2

◆
. (15)

For instance, if the two linear PS di↵er only in their normalizations, �P lin(q) =

P lin(q)�A/A, the corresponding height of the BAO peak changes by

�A⇠(R)

⇠(R)
=

�A

A

✓
1� �2

v ⇠2(R)

R2⇠(R)

◆
, (16)

where the second term inside parentheses gives the –scale-dependent– nonlinear e↵ect.

A special case is that of considering two di↵erent (and nearby) redshifts, in which case

�A/A = �D(z)2/D(z)2. In this case, at z = 0, the nonlinear term gives typically

a 15 � 25% negative correction at the peak position and a 20% positive one at the

minimum left to the BAO peak, with respect to the linear result.

Eq. (15) can also be used to estimate the peak change between two slightly di↵erent

cosmologies. For instance, let us consider the change of the BAO peak at z = 0 between

two cosmologies with di↵erent neutrino masses (the two cosmologies only di↵er from each

other by the neutrino mass, and by the cold dark matter abundance, in such a way that

the total matter component, ⌦
m

, is the same). For
P

m⌫ = 0.15 eV, eq. (15) predicts

a decrease of the peak height of ⇠ �0.6% with respect to the massless neutrino case.

At the higher masses that we have considered the peak heights is instead greater than

in the massless case. Specifically, eq. (15) gives an increase of ⇠ 1.2% for
P

m⌫ = 0.3

eV, and of ⇠ 5.7% in the case of
P

m⌫ = 0.6 eV. This behavior is confirmed by the

results presented in Figure 6. In particular, we see that nonlinear e↵ects invert the trend

with respect to linear theory. Indeed, in linear theory the BAO peak height decreases

with increasing neutrino masses (see the red-dashed curves at R ⇠ 100Mpc/h in the

figure). The bulk flows, on the other hand, are less e↵ective for higher neutrino masses

(as the corresponding �2

v is lower) in degrading the linear BAO peak, and therefore

they increase the ratio of the height in the massive vs. massless case with respect to

the linear prediction. For
P

m⌫ = 0.15 eV, the decrease of the peak predicted by the

linear theory dominates over the increase due to the bulk flows. The opposite is true

for
P

m⌫ = 0.3, 0.6 eV.

In Section 3 we compute the CF in real and redshift space, starting from the power

spectra introduced above. Specifically, in real space we compute and show

⇠lin (R) =
1

2⇡2R

Z 1

0

dq q sin (qR)P lin (q) ,
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In Section 3 we compute the CF in real and redshift space, starting from the power

spectra introduced above. Specifically, in real space we compute and show

⇠lin (R) =
1

2⇡2R

Z 1

0

dq q sin (qR)P lin (q) ,
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while

⌃
⇤,1(k, z) ⌘ k2

504 (2⇡)2

Z 1

⇤

dq P lin(q, z)


12k2

q2

� 158 + 100
q2

k2

� 42
q4

k4

+
3k3

q3

⇣ q2

k2

� 1
⌘
3

⇣
2 + 7

q2

k2

⌘
log

����
k + q

k � q

����

�
,

(8)

and �2

v,⇤(z) is given by eq. (3) in which a UV cuto↵ on the momentum q at the scale ⇤

has been imposed. Using the fact that for soft modes k2�2

v,⇤(z) ' �2⌃
0,⇤(k, z), we see

that expanding the exponential in (6) one recovers the 1-loop expression for the PS in

standard PT,

P (2)(k, z) = P lin(k, z) + P
13

(k, z) + P
22

(k, z) +O(2 loop) . (9)

The extension to higher loop orders, possibly including also a better treatment of

the short modes along the e↵ective approaches discussed in [35, 24, 25], is possible,

although computationally more and more demanding.

Our main point in this paper is to show that the physics of the BAO peak

degradation is well understood, so that by measuring not only the peak position, but

also the peak shape, one can recover cosmological information. To discuss this point

we will focus on the simplest approximation, eq. (4), keeping in mind that it can be

systematically improved.

1.1. Parametric dependence of the BAO peak

We will concentrate on the BAO peak in the CF. We start by discussing pure matter in

real space, for which the CF is given by

⇠(R) =
1

2⇡2R

Z 1

0

dq q sin(qR)P (q) , (10)

where we have omitted the time (or redshift) dependence. We will also use the

“moments” ⇠
1,2(R), defined as

⇠n(R) ⌘ 1

2⇡2R

Z 1

0

dq q (qR)n sin(qR)P (q) . (11)

In the BAO peak, R = R̄, defined by

⇠0(R̄) =
d⇠(R̄)

dR̄
= 0 , (12)

we have 1

2⇡2

R1
0

dq q2 cos
�
qR̄

�
P (q) = ⇠

�
R̄
�
, and so ⇠00(R̄) = �⇠

2

(R̄)/R̄2.

If we take the simplest expression (4) for P (q), then the dependence of the CF ⇠(R)

on �2

v is given by

@ log ⇠(R)

@ log �2

v

= � �2

v

R2

⇠
2

(R)

⇠(R)
. (13)
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Figure 2. First row: Matter CF in real space, for massless neutrinos, and at redshift
z = 0. The right panel is a zoom of the left panel centered at the BAO peak. The
data points are from our N-body simulations; the red dashed, green solid, and blue
solid lines are, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17), multiplied by R2.
The black solid (dashed) line at small R2⇠ values in the left panel is the di↵erence (5)
between the CF from the FrankenEmu [18] N-body based emulator and ⇠(1) (and ⇠(2)),
also rescaled by R2. The black solid line in the right panel is the FrankenEmu CF,
times R2. Second row: same as in the first row, but at redshift z = 1.
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Figure 3. Ratio between the matter real space CF at two di↵erent redshifts, for
massless neutrinos. The top, middle, and bottom curves in the figure are ratios of CF
at z = 0.5, z = 1, z = 2, respectively, divided by the corresponding CF at z = 0. The
data are ratios between our N-body simulations; the red dashed, green solid, and blue
solid lines are ratios between, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17). The
black solid lines are ratios between CF obtained from the FrankenEmu emulator.
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Figure 4. Matter CFs in real space. Analogous of Figures 2 (z = 0) and 3 (ratios
between CFs at di↵erent z), but now for massive neutrinos. The figures in the first
row are for

P
m⌫ = 0.15 eV, while those in the second row are for m⌫ = 0.3 eV.

not improve significantly the ratios between CF’s.

Indeed, while the ⇠(1) CF does not perfectly reproduce the N-body CF, it tracks

extremely well how the CF changes with redshift. We see this from Figure 3, where we

show ratios between matter CF (of the same cosmology) computed at di↵erent redshift.

The ratios obtained from ⇠(1) are in excellent agreement with the ratios obtained from

our N-body data, as well as with the FrankenEmu. We also see that, as we just

mentioned, the inclusion of the P
22

term does not provide a significant improvement

on these ratios.

Identical conclusions are obtained in the comparison between ⇠(1) and our N-body

data in the case of massive neutrinos. Notice that FrankenEmu does not provide data

for these cosmologies. We show this in Figure 4, where we present the CF at z = 0, and

the ratio between CFs at di↵erent redshift, in the case of
P

m⌫ = 0.15 eV (first row)

and 0.3 eV (second row). In these cases, we computed the velocity dispersion �2

v using

the linear PS for total matter in eq. (3), that is for �m = ⌦
c

�
c

+ ⌦
b

�
b

+ ⌦⌫�⌫ , as it is

the source of the Poisson equation.

It is natural to ask whether an equivalent agreement takes place also in redshift

space. This is confirmed by Figure 5, where we show the comparison between the

angular-averaged redshift space CF (21) and the one obtained from the N-body data.

The linear correlations functions in real and redshift space are related to each other by

the Kaiser relation (21). Not surprisingly, this also overpredicts the BAO peak. On the

contrary, the CF ⇠̄(1)s shows an equal agreement with the N-body simulations as its real
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Figure 6. Ratio between the z = 0 matter redshift space CFs of two cosmologies
with di↵erent neutrinos masses. The first, second, and third row show the CF forP

m⌫ = 0.15, 0.3, 0.6 eV, respectively, divided by the corresponding CF for massless
neutrinos. The left column shows the ratios in real space. The data are ratios between
our N-body simulations; the red dashed, green solid, and blue solid lines are ratios
between, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17). The right column shows
the ratios in redshift space. The red dashed, and green solid lines are, respectively,
⇠̄Kaiser
s and ⇠̄(1)s , defined in eq. (21).

simulations, as described in the previous section. The comparison is less probing than in

the matter case, due to the increased sample variance of the latter (there are fewer halos

than dark matter particles in the simulations). This is particularly true at increasing

redshifts, and for this reason we only show halo data at z = 0, 0.5. The two solid

lines shown in the figure are obtained with either a constant density bias, b (k) = b
10

(green line) or a bias of the type b (k) = b
10

+ b
01

k2 (blue line), times the exponential

suppression due to the bulk flows, see eq. (24). The bias coe�cients are obtained by

PP
11(k, z) = e�

k2�2
v(z)

2 P lin(k; z)

increasing neutrino 
masses, 

Plin decreases, but also 
velocity dispersion 

decreases.
X

m⌫ = 0.15 eV

X
m⌫ = 0.3 eV

↓ 0.6% 

↑ 1.2% 
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Figure 5. Matter CFs in redshift space at z = 0 (first column) and ratios between
CFs at di↵erent redshift (second column). The figures in the first, second, third row
are for

P
m⌫ = 0, 0.15, and 0.3 eV, respectively. The data are from our N-body

simulations; the red dashed, and green solid lines are, respectively, for ⇠̄Kaiser
s and for

⇠̄(1)s , defined in eq. (21).

space counterpart ⇠(1).

The real space CF ⇠(1) and its redshift space counterpart ⇠̄(1)s are an optimal tool to

study the dependence of the CF on the neutrino masses. This can be seen from Figure

6, where we show ratios between the CF of a cosmology with massive neutrinos divided

by a cosmology with massless neutrinos (the two cosmologies only di↵er from each other

by the neutrino mass, and by the cold dark matter abundance, in such a way that ⌦
m

is

the same for them). Also in this case, the ratios obtained from ⇠(1) (left column plots)

and ⇠̄(1)s (right column plots) are in excellent agreement with the ratios obtained from

the N-body data.

Actual measurements of the BAO peak involve biased objects. In Figure 7 we study

the agreement between the halo CF ⇠(1)hh (24) and the halo CF obtained from our N-body
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Figure 7. Halo CFs. The figures in the first, second, and third row are forP
m⌫ = 0, 0.15, and 0.3 eV, respectively. The left panels show the real space CF

at z = 0; the middle panels show the ratio between z = 0.5 and z = 0 CF in real space;
the right panels show the same ratio in redshift space. The data are from our N-body
simulations. The green (respectively, blue) curves are obtained from the bias function
b10 (respectively, b10 + b01 k2).

fitting the N-body correlation function (23) at large scales. For the plots on the left

column we see that already using the constant bias allows to reproduce the height of

the BAO peak. Allowing for the b
01

k2 term improves the agreement with the N-body

CF at values of R smaller than the peak. The plots in the second and third column of

the figure show ratios of CF at di↵erent redshifts (the second column shows ratios in

real space, while the third column shows ratios in redshift space). We see that both the

ratios obtained from a constant or from a linear bias are in agreement with the ratios

from the N-body data (in fact, not appreciable scale dependence can be observed from

the N-body ratios due to their error bars).

Finally, in Figure 8 we show ratios between the halo CF at z = 0 of a cosmology

with massive neutrinos and of a cosmology with massless neutrinos (keeping the same

⌦m for all cosmologies, as we did for Figure 6). We see that the ratios obtained using

the b
10

+ b
01

k2 bias are in better agreement with the central value of the N-body data

than those obtained from a constant bias, although also the latter appear to be within

the 1� � error bars of the N-body data.

Redshift space Halos



Mode coupling-Response 
functions
The nonlinear PS is a functional of the initial one 
(in a given cosmology and assuming no PNG):

SPT is an expansion around  P 0(q) = 0

Response function (Cosmology independence of the

UV)

Massimo Pietroni

INFN, Sezione di Padova, via Marzolo 8, I-35131, Padova, Italy

Abstract. The Response function

1. Definition and exact expression for the Response Function

Assuming gaussian initial conditions and the growing mode relation between the initial

density and velocity divergence, the nonlinear PS at time ⌘ is a functional of the linear

PS, given at some initial time ⌘in, P
0
(q; ⌘in), that is, Pab[P

0
](k; ⌘; ⌘in). In the following,

to simplify the notation, we will omit the ⌘in dependence when redundant.

Standard Perturbation Theory (PT) is a functional expansion around P 0
= 0

Pab[P
0
](k; ⌘) =

1
X

n=1

1

n!

Z

d3q1 · · · d3qn �nPab[P
0
](k; ⌘)

�P 0
(q1) · · · �P 0

(qn)

�

�

�

�

P 0=0

P 0
(q1) · · ·P 0

(qn) ,

(1) {PTexp}
where we have also used Pab[P

0
= 0](k; ⌘) = 0. The relation to the standard PT loop

expansion is given by noticing that the kernels of the expansion (1) are given by

�nPab[P
0
](k; ⌘)

�P 0
(q1) · · · �P 0

(qn)

�

�

�

�

P 0=0

=

�nP
(n�1)
ab [P 0

](k; ⌘)

�P 0
(q1) · · · �P 0

(qn)
, (2) {rela}

where P
(n�1)
ab is the PS evaluated at (n � 1)-loop order in PT. For instance, the linear

kernel is given by

�Pab[P
0
](k; ⌘)

�P 0
(q; ⌘in)

�

�

�

�

P 0=0

= �D(k�q)gac(⌘�⌘in) uc gbd(⌘�⌘in) ud = �D(k�q)uaub ,(3) {link}

which, inserted in (1), gives the linear PS, P 0
ab(k; ⌘) = P 0

(k) uaub.

Notice the momentum delta function in (3). The first nontrivial mode-coupling

emerges at second order in P 0
, that is, at 1-loop. The explicit expression for the second

order kernel can be recovered by looking at the standard 1-loop expression, see for

instance [1], and then taking a double functional derivative according to (2).

It is well known that the PT expansion becomes problematic already for mildly

nonlinear scales at low redshifts, as higher order terms are not suppressed with respect

to lower order ones.

n=1  linear order (= “0-loop”)
n=2 “1-loop”
…a, · · · , d = 1

a, · · · , d = 2

density
velocity div.

Pab[P
0](k, ⌘)



Mode coupling-Response 
functions

We can instead expand around a reference PS: P 0(q) = P̄ 0(q)

Response function 2

In the following, we will consider a di↵erent expansion, analogous to (1), but

centered around a non-vanishing linear PS,

¯P 0
(q), namely,

Pab[P
0
](k; ⌘) = Pab[

¯P 0
](k; ⌘)

+

1
X

n=1

1

n!

Z

d3q1 · · · d3qn �nPab[P
0
](k; ⌘)

�P 0
(q1) · · · �P 0

(qn)

�

�

�

�

P 0=P̄ 0

�P 0
(q1) · · · �P 0

(qn) ,

= Pab[
¯P 0
](k; ⌘) +

Z

dq

q
Kab(k, q; ⌘) �P

0
(q) + · · · , (4) {NLexp}

with �P 0
(q) ⌘ P 0

(q) � ¯P 0
(q) the deviation from the reference PS. In this expansion,

already the linear kernel,

Kab(k, q; ⌘) ⌘ q3
Z

d⌦
q

�Pab[P
0
](k; ⌘)

�P 0
(q)

�

�

�

�

P 0=P̄ 0

, (5) {lrf}

contains PT contributions at all orders, that is, arbitrarily high powers in

¯P 0
, and is

therefore a fully nonlinear object. Indeed, using (1) and (2) we easily check that we can

formally write an expansion for the LRF in terms of the PT kernels

�Pab[P
0
](k; ⌘)

�P 0
(q)

�

�

�

�

P 0=P̄ 0

=

1
X

n=1

1

(n � 1)!

Z

d3q1 · · · d3qn�1
�nP

(n�1)
ab [

¯P 0
](k; ⌘)

� ¯P 0
(q)� ¯P 0

(q1) · · · � ¯P 0
(qn�1)

¯P 0
(q1) · · · ¯P 0

(qn�1) . (6)

In (5) we have used spatial isotropy.

The knowledge of the linear response function (5) can be used to obtain the

nonlinear PS for a cosmology with a linear PS not too di↵erent from the reference one,

once the nonlinear PS for the latter has been computed, e.g., by N-body simulations.

Besides this practical use, the linear response function is also relevant for a more

fundamental issue, namely, it quantifies, at a fully nonlinear level, the coupling between

di↵erent modes. More precisely, it encodes how much a (small) modification of the

initial condition at a scale q impacts on the nonlinear PS at later times at a scale k.

In ref. [2] the LRF was measured in N-body simulations, and compared to the PT

results. While the IR behaviour (q/k ⌧ 1) is well reproduced by lowest order PT, they

found strong deviations for the UV modes (q/k � 1). In particular, while PT predicts

a non vanishing, or even growing LRF at large q (for fixed k), N-body simulations find

quite an opposite behaviour, with the LRF going to zero, thus showing evidence for a

decoupling between UV and intermediate scales.

In the following we will study the LRF beyond PT, first by deriving an exact

expression for it in terms of connected and 1PI functions, and then discussing proper

approximations in the IR and in the UV limits.

We start from the definition of the nonlinear PS

(2⇡)3�D(k+ k

0
)Pab(k; ⌘) ⌘ h'a(k; ⌘)'b(k

0
; ⌘)i , (7)

where brackets denote, as usual, averaging over the initial conditions at time ⌘in.
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where brackets denote, as usual, averaging over the initial conditions at time ⌘in.

Linear response function:

Non-perturbative (gets contributions from all SPT orders)

Key object for more efficient interpolators ?
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IR screening
3

be observed here is that a large contribution comes from
small wave modes (q < k) suggesting that the growth
of structure is dominated by mode flows from large to
small scales. Not surprisingly, the formation of structure
is more effectively amplified when it is part of a larger
structure than when it contains small scale features.

FIG. 2: Kernel function predicted by SPT (un-binned) up to
one- (thin solid) and two-loop (thick solid) order computed
at k = 0.2hMpc−1 at z = 1. Dashed (dotted) lines show
each of the one- (two-)loop contributions with the legend (ij)
showing the perturbative order of the calculation. We show a
negative sign in the legend when the contribution is negative.
Note that we ignore terms proportional to the Dirac delta
function at k = q, which is meaningful only when binning is
considered.

Such findings are fully in line with expectations from
PT calculations. We show the analytical calculation in
Fig. 2 up to the two-loop level (ignoring at this stage bin-
ning effects). We present the contribution from Pij(k) ∝
⟨δ(i)δ(j)⟩, where δ(i) is the ith-order term in the PT ex-
pansion. The terms in the same loop order cancel at the
IR domain (q < k) due to the extended galilean invari-
ance of the motion equations as shown and analyzed in
e.g., [15–19]. On the other hand, the UV domain is en-
tirely dominated by P13(k) and P15(k) at one and two
loops, respectively. Such terms can be alternatively de-
scribed as the correction to the density propagator. They
have been shown to dominate the behavior of the UV do-
main at any fixed order in SPT.
We then rescale the kernel at various redshifts as

T (k, q) = [K(k, q) −K lin(k, q)]/[qP lin(k)], where K lin is
the trivial linear contribution, and plot them in Fig. 3.
They are compared with the one-loop PT calculation
(solid), which is now time-independent. The simulation
data indeed shows little time evolution at q ! k in strik-
ing agreement with the PT predictions, reproducing the

FIG. 3: Rescaled kernel function, T (k, q) ≡ [K(k, q) −
Klin(k, q)]/[qP lin(k)]. SPT up to the one- and two-loop or-
der are shown by lines, whereas the symbols are measured
from the simulations (see legend for detail). The final wave-
mode bin is fixed to the one centered at k = 0.161 hMpc−1

(see the vertical arrow). Binning is taken into account to the
analytical calculations consistently to the simulations.

expected q dependence and amplitude [29] obtained from
the one-loop calculation and the change of sign one ex-
pects between the IR and the UV domain. The small
but non-negligible z-dependence at k ∼ q is further ac-
counted for by the two-loop calculation (see the figure
legend for line types). Note that at the final wave mode
plotted here (i.e., k = 0.161 hMpc−1), the two-loop SPT
prediction for the nonlinear power spectrum agrees with
simulations within 1% at z " 1 and the agreement gets
worse at lower redshift reaching to ∼ 5% at z = 0 (see
e.g., [5]).

At q " 0.3 hMpc−1 however, the measured kernel func-
tion is observed to be damped compared to perturbation
theory predictions at one or two-loop order. As can be
seen on Fig. 3, the one-loop SPT (solid line) predicts the
kernel function to reach a constant [30]; at the two-loop
order, it is expected to grow in amplitude with time. The
numerical measurements show on the other hand that the
scaled kernel function is strongly damped with decreasing
redshift. It is such that the couplings between scales take
place effectively between modes of similar wavelengths.
This effect is particularly important at late time. At red-
shift zero, the departure between two-loop predictions
and numerical results is striking. Furthermore analysis
of the kernel structure at three and higher loop order (see
e.g., [4]) suggests that SPT calculations, taken at any fi-
nite order, predict an even larger amplitude of the kernel
function in the high q region. It strongly suggests that
this anomaly is genuinely non-perturbative.

ar
X

iv
:1

41
1.

29
70

v2
  [

as
tro

-p
h.

CO
]  

20
 N

ov
 2

01
4

Anomalous coupling of the small-scale structures to the large-scale gravitational
growth

Takahiro Nishimichi
UPMC - CNRS, UMR7095, Institut d’Astrophysique de Paris, F-75014, Paris, France

Francis Bernardeau
UPMC - CNRS, UMR7095, Institut d’Astrophysique de Paris, F-75014, Paris, France and
CEA - CNRS, URA 2306, Institut de Physique Théorique, F-91191 Gif-sur-Yvette, France
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We present detailed simulation measurement of the nonlinear response of the power spectrum
to small variations in the linear counterpart in the context of cosmological large-scale structure
formation. While the mode-coupling structure can be explained to a large extent with the standard
perturbation theory, we show that the coupling of the short-wave modes are however significantly
damped away making them contributing only weakly to the growth of long-wave modes. This is the
first time such an effect is measured. It is of crucial importance for the use of large-scale cosmological
data as probes of fundamental cosmological or physical parameters.

Wide field galaxy surveys are widely considered for un-
veiling the detailed geometrical properties or energy con-
tent of the universe [1]. Large-scale projects, such as the
EUCLID mission [26], are planned in the coming decade,
aiming at the determination of these properties with an
unprecedented accuracy. Such measurements rely to a
large extent on the use of the statistical properties of the
large-scale cosmic structures up to scales entering the
weakly non-linear regime, where the sole linear theory
cannot be used. Such a scientific program could then
only be achieved if the properties of the large-scale cos-
mological structure can be safely predicted either from
numerical simulations or from analytical investigations
for any given cosmological model. In particular it is im-
portant that such observables are shielded from the de-
tails of small scale astrophysics and gas physics at galac-
tic or sub-galactic scales.

One way to reformulate this question is to quantify
how small-scale structures can impact the growth on
large scales as soon as modes are entering the nonlin-
ear regime. Perturbation theory (PT) of the structure
formation is a powerful framework to precisely predict
the nonlinear gravitational dynamics of the cosmic fluid
from the first principle, at least when gravity only is at
play (see [2] for a review). The importance of such meth-
ods has been heightened after the detection of the baryon
acoustic oscillations (BAOs) in the clustering of galaxies
at late times (e.g., [3]), making precise predictions of the
nonlinear matter power spectrum crucially important.

PT calculations show precisely that mode couplings be-
tween different scales are unavoidable. This makes these
calculations in general difficult to develop in a controlled
manner. We propose here to quantify such couplings

with the use of a two-variable kernel function [27], de-
fined as the linear response at wave mode k with respect
to an initial perturbation of the linear power spectrum at
wave mode q. In the context of PT calculations, Ref. [4]
showed progressive broadening of the kernel function as
increasing the PT order, and speculated that a regular-
ization scheme in the UV domain is required to give a re-
alistic estimate of the high-order PT contributions. The
recent paper by [5] also pointed out the unsuccessful con-
vergence of the PT series at late times and proposed a
simple ansatz based on the Padé approximation to sup-
press the strong UV sensitivity seen in the standard PT
(SPT).
If the broadness of the kernel at late times suggested

from PT is true, physics at very small scale can influ-
ence significantly the matter distribution on large scales,
where the acoustic feature is prominent. It also poses
a question to the reliability of simulations, with which
we can follow the evolution of Fourier modes only in a
finite dynamic range. We here present direct measure-
ment of the kernel structure from cosmological N -body
simulations. We show that this allows a direct test of
regularization schemes employed in analytical models.
Definition and methodology.— Here we wish to intro-

duce a well-defined kernel function and investigate it at
fully nonlinear level. We consider the nonlinear power
spectrum as a functional of the linear counterpart, i.e.,
P nl = P nl[P lin], and define the kernel function as its
functional derivative:

K(k, q; z) = q
δP nl(k; z)

δP lin(q; z)
. (1)

We omit the explicit dependence on z from the arguments

Sensitivity of the nonlinear PS at scale k
on a change of the initial PS at scale q: 

Nishimichi, Bernardeau, Taruya 1411.2970

k = 0.161 h Mpc�1

… Little, Weinberg, Park, 1991
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be observed here is that a large contribution comes from
small wave modes (q < k) suggesting that the growth
of structure is dominated by mode flows from large to
small scales. Not surprisingly, the formation of structure
is more effectively amplified when it is part of a larger
structure than when it contains small scale features.

FIG. 2: Kernel function predicted by SPT (un-binned) up to
one- (thin solid) and two-loop (thick solid) order computed
at k = 0.2hMpc−1 at z = 1. Dashed (dotted) lines show
each of the one- (two-)loop contributions with the legend (ij)
showing the perturbative order of the calculation. We show a
negative sign in the legend when the contribution is negative.
Note that we ignore terms proportional to the Dirac delta
function at k = q, which is meaningful only when binning is
considered.

Such findings are fully in line with expectations from
PT calculations. We show the analytical calculation in
Fig. 2 up to the two-loop level (ignoring at this stage bin-
ning effects). We present the contribution from Pij(k) ∝
⟨δ(i)δ(j)⟩, where δ(i) is the ith-order term in the PT ex-
pansion. The terms in the same loop order cancel at the
IR domain (q < k) due to the extended galilean invari-
ance of the motion equations as shown and analyzed in
e.g., [15–19]. On the other hand, the UV domain is en-
tirely dominated by P13(k) and P15(k) at one and two
loops, respectively. Such terms can be alternatively de-
scribed as the correction to the density propagator. They
have been shown to dominate the behavior of the UV do-
main at any fixed order in SPT.
We then rescale the kernel at various redshifts as

T (k, q) = [K(k, q) −K lin(k, q)]/[qP lin(k)], where K lin is
the trivial linear contribution, and plot them in Fig. 3.
They are compared with the one-loop PT calculation
(solid), which is now time-independent. The simulation
data indeed shows little time evolution at q ! k in strik-
ing agreement with the PT predictions, reproducing the

FIG. 3: Rescaled kernel function, T (k, q) ≡ [K(k, q) −
Klin(k, q)]/[qP lin(k)]. SPT up to the one- and two-loop or-
der are shown by lines, whereas the symbols are measured
from the simulations (see legend for detail). The final wave-
mode bin is fixed to the one centered at k = 0.161 hMpc−1

(see the vertical arrow). Binning is taken into account to the
analytical calculations consistently to the simulations.

expected q dependence and amplitude [29] obtained from
the one-loop calculation and the change of sign one ex-
pects between the IR and the UV domain. The small
but non-negligible z-dependence at k ∼ q is further ac-
counted for by the two-loop calculation (see the figure
legend for line types). Note that at the final wave mode
plotted here (i.e., k = 0.161 hMpc−1), the two-loop SPT
prediction for the nonlinear power spectrum agrees with
simulations within 1% at z " 1 and the agreement gets
worse at lower redshift reaching to ∼ 5% at z = 0 (see
e.g., [5]).

At q " 0.3 hMpc−1 however, the measured kernel func-
tion is observed to be damped compared to perturbation
theory predictions at one or two-loop order. As can be
seen on Fig. 3, the one-loop SPT (solid line) predicts the
kernel function to reach a constant [30]; at the two-loop
order, it is expected to grow in amplitude with time. The
numerical measurements show on the other hand that the
scaled kernel function is strongly damped with decreasing
redshift. It is such that the couplings between scales take
place effectively between modes of similar wavelengths.
This effect is particularly important at late time. At red-
shift zero, the departure between two-loop predictions
and numerical results is striking. Furthermore analysis
of the kernel structure at three and higher loop order (see
e.g., [4]) suggests that SPT calculations, taken at any fi-
nite order, predict an even larger amplitude of the kernel
function in the high q region. It strongly suggests that
this anomaly is genuinely non-perturbative.
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We present detailed simulation measurement of the nonlinear response of the power spectrum
to small variations in the linear counterpart in the context of cosmological large-scale structure
formation. While the mode-coupling structure can be explained to a large extent with the standard
perturbation theory, we show that the coupling of the short-wave modes are however significantly
damped away making them contributing only weakly to the growth of long-wave modes. This is the
first time such an effect is measured. It is of crucial importance for the use of large-scale cosmological
data as probes of fundamental cosmological or physical parameters.

Wide field galaxy surveys are widely considered for un-
veiling the detailed geometrical properties or energy con-
tent of the universe [1]. Large-scale projects, such as the
EUCLID mission [26], are planned in the coming decade,
aiming at the determination of these properties with an
unprecedented accuracy. Such measurements rely to a
large extent on the use of the statistical properties of the
large-scale cosmic structures up to scales entering the
weakly non-linear regime, where the sole linear theory
cannot be used. Such a scientific program could then
only be achieved if the properties of the large-scale cos-
mological structure can be safely predicted either from
numerical simulations or from analytical investigations
for any given cosmological model. In particular it is im-
portant that such observables are shielded from the de-
tails of small scale astrophysics and gas physics at galac-
tic or sub-galactic scales.

One way to reformulate this question is to quantify
how small-scale structures can impact the growth on
large scales as soon as modes are entering the nonlin-
ear regime. Perturbation theory (PT) of the structure
formation is a powerful framework to precisely predict
the nonlinear gravitational dynamics of the cosmic fluid
from the first principle, at least when gravity only is at
play (see [2] for a review). The importance of such meth-
ods has been heightened after the detection of the baryon
acoustic oscillations (BAOs) in the clustering of galaxies
at late times (e.g., [3]), making precise predictions of the
nonlinear matter power spectrum crucially important.

PT calculations show precisely that mode couplings be-
tween different scales are unavoidable. This makes these
calculations in general difficult to develop in a controlled
manner. We propose here to quantify such couplings

with the use of a two-variable kernel function [27], de-
fined as the linear response at wave mode k with respect
to an initial perturbation of the linear power spectrum at
wave mode q. In the context of PT calculations, Ref. [4]
showed progressive broadening of the kernel function as
increasing the PT order, and speculated that a regular-
ization scheme in the UV domain is required to give a re-
alistic estimate of the high-order PT contributions. The
recent paper by [5] also pointed out the unsuccessful con-
vergence of the PT series at late times and proposed a
simple ansatz based on the Padé approximation to sup-
press the strong UV sensitivity seen in the standard PT
(SPT).
If the broadness of the kernel at late times suggested

from PT is true, physics at very small scale can influ-
ence significantly the matter distribution on large scales,
where the acoustic feature is prominent. It also poses
a question to the reliability of simulations, with which
we can follow the evolution of Fourier modes only in a
finite dynamic range. We here present direct measure-
ment of the kernel structure from cosmological N -body
simulations. We show that this allows a direct test of
regularization schemes employed in analytical models.
Definition and methodology.— Here we wish to intro-

duce a well-defined kernel function and investigate it at
fully nonlinear level. We consider the nonlinear power
spectrum as a functional of the linear counterpart, i.e.,
P nl = P nl[P lin], and define the kernel function as its
functional derivative:

K(k, q; z) = q
δP nl(k; z)

δP lin(q; z)
. (1)

We omit the explicit dependence on z from the arguments

Sensitivity of the nonlinear PS at scale k
on a change of the initial PS at scale q: 

Nishimichi, Bernardeau, Taruya 1411.2970
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where (2⇡)3�D(q + p)P in
ab (q) = h'in

a (q)'in
b (p)i. As we see in the “mode-coupling”

contributions the external momentum k and k0 are split in two or more momenta of

the initial fields 'in. The n m factor in front of the above expression comes from the

symmetric integration and summation in (A.1).

Using (A.5) and the expression for the propagator (A.2) we can write the nonlinear

PS as

(2⇡)3�D(k+ k0)Pab(k, z) =Z
d3q d3p (2⇡)3�D(q+ p)P in

cd (q)

⌧
�'a['in](k, z)

�'in
c (q)

� ⌧
�'b['in](k0, z)

�'in
d (p)

�
+mode coupling ,

= (2⇡)3�D(k+ k0)
�
Gac(k, z)Gbd(k, z)P

in
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by means of the mass conservation relation (1 + �(x)) d3x = d3q. Therefore, the PS is

given by

P (k) =

Z
d3r e�ik·r �he�ik·� i � 1

�
, (B.2)

where r = q�q0 and � ⌘  (q)� (q0). The Zel’dovich approximation now amounts

to using the linear expression for the displacement field,  (q) = i
R

d3k
(2⇡)3

eik·q k

k2
�lin(k).

Assuming �lin(k) gaussian, the average of the exponent can be evaluated as he�ik·� i =
e�1/2h(k·� )

2i, and we can write the PS as

PZeld(k) =

Z
d3r e�ik·r

⇣
e�k2�2

veI(k,r) � 1
⌘
, (B.3)

where

I(k, r) =

Z
d3p

(2⇡)3
(k · p)2

p4
cos(p · r)P lin(p) . (B.4)

Eq. (B.3) provides the relation between the linear and nonlinear PS in the Zel’dovich

approximation. It can be evaluated numerically and compared to simulations, see for
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From (C.8) we see explicitly that the terms diverging as qmin ! 0 exactly cancel

in the equal time limit ⌘ = ⌘0 [10, 11, 16], in which (C.5) is at most finite. As a

consequence, eq. (C.4), and therefore C(k) vanish in the qmin ! 0 limit as q2min.

To close this Appendix we notice that, since,
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the linear response function defined in [17]

K(k; q) =
�PNL(k)

�P 0(q)
, (C.12)

for the improved PS in (27) exhibits the correct IR behavior when q ! 0.
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PS in Lagrangian framework
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Zel’dovich approximation: displacement field from linear PT

(gaussian field)
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consequence, eq. (C.4), and therefore C(k) vanish in the qmin ! 0 limit as q2min.

To close this Appendix we notice that, since,
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the linear response function defined in [17]

K(k; q) =
�PNL(k)

�P 0(q)
, (C.12)

for the improved PS in (27) exhibits the correct IR behavior when q ! 0.
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The Zel’dovich approximation consists in evaluating the displacement field in linear
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he�ik·� Z i = e�
1
2k

ikjh� i
Z� 

j
Zi, (D.4)
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Computation of the Zel’dovich Power Spectrum
We want to compute
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where j
n

(x) is the spherical Bessel function of order n. Notice the limits J
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All orders in SPT, good testing ground for resummations



insensitive to  IR velocity modes 
with momentum p  p < O(1/r) ' O(Min[k, 1/lBAO])

SPT:

No spurious IR dependence

RPT & Co.:

Spurious IR dependence at order N+1

e�DD0(k2�2�I(k, r)) =
NX

n=0

(�1)n

n!

�
DD0(k2�2 � I(k, r))

�n

e�DD0(k2�2�I(k, r))

but truncated “propagator”

intact “propagator” e�
k2�2

2 (D�D0)2

e�
k2�2

2 (D�D0)2 =
NX

n=0

(�1)n

n!

✓
k2�2

2
(D �D0)2

◆n

e�DD0(k2�2�I(k, r)) ' e�DD0k2�2
NX

n=0

1

n!
(DD0I(k, r))n)



How much does it matter?

Not so much on the BAO feature

Broadband effect ⇠ (k2�2)N+1 IR-UV connection 
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Figure 2. First row: Matter CF in real space, for massless neutrinos, and at redshift
z = 0. The right panel is a zoom of the left panel centered at the BAO peak. The
data points are from our N-body simulations; the red dashed, green solid, and blue
solid lines are, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17), multiplied by R2.
The black solid (dashed) line at small R2⇠ values in the left panel is the di↵erence (5)
between the CF from the FrankenEmu [18] N-body based emulator and ⇠(1) (and ⇠(2)),
also rescaled by R2. The black solid line in the right panel is the FrankenEmu CF,
times R2. Second row: same as in the first row, but at redshift z = 1.

⁄mn = 0.0 eV
z=0.5êz=0

z=1êz=0

z=2êz=0

60 70 80 90 100 110 120
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

R @MpcêhD

R
at
io
xHzL
êxHz
=
0L

Figure 3. Ratio between the matter real space CF at two di↵erent redshifts, for
massless neutrinos. The top, middle, and bottom curves in the figure are ratios of CF
at z = 0.5, z = 1, z = 2, respectively, divided by the corresponding CF at z = 0. The
data are ratios between our N-body simulations; the red dashed, green solid, and blue
solid lines are ratios between, respectively, ⇠lin, ⇠(1), and ⇠(2), defined in eq. (17). The
black solid lines are ratios between CF obtained from the FrankenEmu emulator.
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Most of the information on the BAO peak
is contained in the propagator part

The widening of the peak 
can be reproduced by Zel’dovich 

approximation (and improvements of it)

The widening of the peak 
contains robust physical information

(not a parameter to marginalize!)



IR safe resummations
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Figure 3. Comparison between the full density-density power spectrum obtained from
Nbody simulations [8], one loop SPT, TRG integration, and the “improved” power
spectrum obtained from the TRG integration plus eq. (27). The two “improved” lines
refer to two di↵erent value of the UV cut-o↵ in the integral in (27).

underestimates the propagator part and significantly overestimates the mode coupling

term, and these two e↵ects partially cancel in the sum. This is due to the fact that

the the full 1-loop SPT contribution satisfies GI, while the two separate propagator and

model coupling terms do not. Given however that the full SPT contribution is invariant,

its associated coe�cient C (h) vanishes, and it cannot be improved by the subtraction

(3). On the other hand, the subtraction significantly improves the TRG result, as seen

in the figure. Even this improvement however fails at the higher momenta seen in the

figure, where the discrepancy between the TRG method and the exact results is due to

UV physics.

6. Conclusions

.....
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Appendix A. System of equations

In this Appendix we briefly review our notation and introduce the various quantities

that enter in our TRG computation. We start from the microscopic distribution function

f for dark matter, that obeys the Vlasov equation
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where a is the scale factor of the Universe, m the dark matter mass, and ⌧ conformal

time. We define the moments of the distribution function as standard
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UV screening
3

be observed here is that a large contribution comes from
small wave modes (q < k) suggesting that the growth
of structure is dominated by mode flows from large to
small scales. Not surprisingly, the formation of structure
is more effectively amplified when it is part of a larger
structure than when it contains small scale features.

FIG. 2: Kernel function predicted by SPT (un-binned) up to
one- (thin solid) and two-loop (thick solid) order computed
at k = 0.2hMpc−1 at z = 1. Dashed (dotted) lines show
each of the one- (two-)loop contributions with the legend (ij)
showing the perturbative order of the calculation. We show a
negative sign in the legend when the contribution is negative.
Note that we ignore terms proportional to the Dirac delta
function at k = q, which is meaningful only when binning is
considered.

Such findings are fully in line with expectations from
PT calculations. We show the analytical calculation in
Fig. 2 up to the two-loop level (ignoring at this stage bin-
ning effects). We present the contribution from Pij(k) ∝
⟨δ(i)δ(j)⟩, where δ(i) is the ith-order term in the PT ex-
pansion. The terms in the same loop order cancel at the
IR domain (q < k) due to the extended galilean invari-
ance of the motion equations as shown and analyzed in
e.g., [15–19]. On the other hand, the UV domain is en-
tirely dominated by P13(k) and P15(k) at one and two
loops, respectively. Such terms can be alternatively de-
scribed as the correction to the density propagator. They
have been shown to dominate the behavior of the UV do-
main at any fixed order in SPT.
We then rescale the kernel at various redshifts as

T (k, q) = [K(k, q) −K lin(k, q)]/[qP lin(k)], where K lin is
the trivial linear contribution, and plot them in Fig. 3.
They are compared with the one-loop PT calculation
(solid), which is now time-independent. The simulation
data indeed shows little time evolution at q ! k in strik-
ing agreement with the PT predictions, reproducing the

FIG. 3: Rescaled kernel function, T (k, q) ≡ [K(k, q) −
Klin(k, q)]/[qP lin(k)]. SPT up to the one- and two-loop or-
der are shown by lines, whereas the symbols are measured
from the simulations (see legend for detail). The final wave-
mode bin is fixed to the one centered at k = 0.161 hMpc−1

(see the vertical arrow). Binning is taken into account to the
analytical calculations consistently to the simulations.

expected q dependence and amplitude [29] obtained from
the one-loop calculation and the change of sign one ex-
pects between the IR and the UV domain. The small
but non-negligible z-dependence at k ∼ q is further ac-
counted for by the two-loop calculation (see the figure
legend for line types). Note that at the final wave mode
plotted here (i.e., k = 0.161 hMpc−1), the two-loop SPT
prediction for the nonlinear power spectrum agrees with
simulations within 1% at z " 1 and the agreement gets
worse at lower redshift reaching to ∼ 5% at z = 0 (see
e.g., [5]).

At q " 0.3 hMpc−1 however, the measured kernel func-
tion is observed to be damped compared to perturbation
theory predictions at one or two-loop order. As can be
seen on Fig. 3, the one-loop SPT (solid line) predicts the
kernel function to reach a constant [30]; at the two-loop
order, it is expected to grow in amplitude with time. The
numerical measurements show on the other hand that the
scaled kernel function is strongly damped with decreasing
redshift. It is such that the couplings between scales take
place effectively between modes of similar wavelengths.
This effect is particularly important at late time. At red-
shift zero, the departure between two-loop predictions
and numerical results is striking. Furthermore analysis
of the kernel structure at three and higher loop order (see
e.g., [4]) suggests that SPT calculations, taken at any fi-
nite order, predict an even larger amplitude of the kernel
function in the high q region. It strongly suggests that
this anomaly is genuinely non-perturbative.
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We present detailed simulation measurement of the nonlinear response of the power spectrum
to small variations in the linear counterpart in the context of cosmological large-scale structure
formation. While the mode-coupling structure can be explained to a large extent with the standard
perturbation theory, we show that the coupling of the short-wave modes are however significantly
damped away making them contributing only weakly to the growth of long-wave modes. This is the
first time such an effect is measured. It is of crucial importance for the use of large-scale cosmological
data as probes of fundamental cosmological or physical parameters.

Wide field galaxy surveys are widely considered for un-
veiling the detailed geometrical properties or energy con-
tent of the universe [1]. Large-scale projects, such as the
EUCLID mission [26], are planned in the coming decade,
aiming at the determination of these properties with an
unprecedented accuracy. Such measurements rely to a
large extent on the use of the statistical properties of the
large-scale cosmic structures up to scales entering the
weakly non-linear regime, where the sole linear theory
cannot be used. Such a scientific program could then
only be achieved if the properties of the large-scale cos-
mological structure can be safely predicted either from
numerical simulations or from analytical investigations
for any given cosmological model. In particular it is im-
portant that such observables are shielded from the de-
tails of small scale astrophysics and gas physics at galac-
tic or sub-galactic scales.

One way to reformulate this question is to quantify
how small-scale structures can impact the growth on
large scales as soon as modes are entering the nonlin-
ear regime. Perturbation theory (PT) of the structure
formation is a powerful framework to precisely predict
the nonlinear gravitational dynamics of the cosmic fluid
from the first principle, at least when gravity only is at
play (see [2] for a review). The importance of such meth-
ods has been heightened after the detection of the baryon
acoustic oscillations (BAOs) in the clustering of galaxies
at late times (e.g., [3]), making precise predictions of the
nonlinear matter power spectrum crucially important.

PT calculations show precisely that mode couplings be-
tween different scales are unavoidable. This makes these
calculations in general difficult to develop in a controlled
manner. We propose here to quantify such couplings

with the use of a two-variable kernel function [27], de-
fined as the linear response at wave mode k with respect
to an initial perturbation of the linear power spectrum at
wave mode q. In the context of PT calculations, Ref. [4]
showed progressive broadening of the kernel function as
increasing the PT order, and speculated that a regular-
ization scheme in the UV domain is required to give a re-
alistic estimate of the high-order PT contributions. The
recent paper by [5] also pointed out the unsuccessful con-
vergence of the PT series at late times and proposed a
simple ansatz based on the Padé approximation to sup-
press the strong UV sensitivity seen in the standard PT
(SPT).
If the broadness of the kernel at late times suggested

from PT is true, physics at very small scale can influ-
ence significantly the matter distribution on large scales,
where the acoustic feature is prominent. It also poses
a question to the reliability of simulations, with which
we can follow the evolution of Fourier modes only in a
finite dynamic range. We here present direct measure-
ment of the kernel structure from cosmological N -body
simulations. We show that this allows a direct test of
regularization schemes employed in analytical models.
Definition and methodology.— Here we wish to intro-

duce a well-defined kernel function and investigate it at
fully nonlinear level. We consider the nonlinear power
spectrum as a functional of the linear counterpart, i.e.,
P nl = P nl[P lin], and define the kernel function as its
functional derivative:

K(k, q; z) = q
δP nl(k; z)

δP lin(q; z)
. (1)

We omit the explicit dependence on z from the arguments

Sensitivity of the nonlinear PS at scale k
on a change of the initial PS at scale q: 

Nishimichi, Bernardeau, Taruya 1411.2970

k = 0.161 h Mpc�1

… Little, Weinberg, Park, 1991
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be observed here is that a large contribution comes from
small wave modes (q < k) suggesting that the growth
of structure is dominated by mode flows from large to
small scales. Not surprisingly, the formation of structure
is more effectively amplified when it is part of a larger
structure than when it contains small scale features.

FIG. 2: Kernel function predicted by SPT (un-binned) up to
one- (thin solid) and two-loop (thick solid) order computed
at k = 0.2hMpc−1 at z = 1. Dashed (dotted) lines show
each of the one- (two-)loop contributions with the legend (ij)
showing the perturbative order of the calculation. We show a
negative sign in the legend when the contribution is negative.
Note that we ignore terms proportional to the Dirac delta
function at k = q, which is meaningful only when binning is
considered.

Such findings are fully in line with expectations from
PT calculations. We show the analytical calculation in
Fig. 2 up to the two-loop level (ignoring at this stage bin-
ning effects). We present the contribution from Pij(k) ∝
⟨δ(i)δ(j)⟩, where δ(i) is the ith-order term in the PT ex-
pansion. The terms in the same loop order cancel at the
IR domain (q < k) due to the extended galilean invari-
ance of the motion equations as shown and analyzed in
e.g., [15–19]. On the other hand, the UV domain is en-
tirely dominated by P13(k) and P15(k) at one and two
loops, respectively. Such terms can be alternatively de-
scribed as the correction to the density propagator. They
have been shown to dominate the behavior of the UV do-
main at any fixed order in SPT.
We then rescale the kernel at various redshifts as

T (k, q) = [K(k, q) −K lin(k, q)]/[qP lin(k)], where K lin is
the trivial linear contribution, and plot them in Fig. 3.
They are compared with the one-loop PT calculation
(solid), which is now time-independent. The simulation
data indeed shows little time evolution at q ! k in strik-
ing agreement with the PT predictions, reproducing the

FIG. 3: Rescaled kernel function, T (k, q) ≡ [K(k, q) −
Klin(k, q)]/[qP lin(k)]. SPT up to the one- and two-loop or-
der are shown by lines, whereas the symbols are measured
from the simulations (see legend for detail). The final wave-
mode bin is fixed to the one centered at k = 0.161 hMpc−1

(see the vertical arrow). Binning is taken into account to the
analytical calculations consistently to the simulations.

expected q dependence and amplitude [29] obtained from
the one-loop calculation and the change of sign one ex-
pects between the IR and the UV domain. The small
but non-negligible z-dependence at k ∼ q is further ac-
counted for by the two-loop calculation (see the figure
legend for line types). Note that at the final wave mode
plotted here (i.e., k = 0.161 hMpc−1), the two-loop SPT
prediction for the nonlinear power spectrum agrees with
simulations within 1% at z " 1 and the agreement gets
worse at lower redshift reaching to ∼ 5% at z = 0 (see
e.g., [5]).

At q " 0.3 hMpc−1 however, the measured kernel func-
tion is observed to be damped compared to perturbation
theory predictions at one or two-loop order. As can be
seen on Fig. 3, the one-loop SPT (solid line) predicts the
kernel function to reach a constant [30]; at the two-loop
order, it is expected to grow in amplitude with time. The
numerical measurements show on the other hand that the
scaled kernel function is strongly damped with decreasing
redshift. It is such that the couplings between scales take
place effectively between modes of similar wavelengths.
This effect is particularly important at late time. At red-
shift zero, the departure between two-loop predictions
and numerical results is striking. Furthermore analysis
of the kernel structure at three and higher loop order (see
e.g., [4]) suggests that SPT calculations, taken at any fi-
nite order, predict an even larger amplitude of the kernel
function in the high q region. It strongly suggests that
this anomaly is genuinely non-perturbative.
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We present detailed simulation measurement of the nonlinear response of the power spectrum
to small variations in the linear counterpart in the context of cosmological large-scale structure
formation. While the mode-coupling structure can be explained to a large extent with the standard
perturbation theory, we show that the coupling of the short-wave modes are however significantly
damped away making them contributing only weakly to the growth of long-wave modes. This is the
first time such an effect is measured. It is of crucial importance for the use of large-scale cosmological
data as probes of fundamental cosmological or physical parameters.

Wide field galaxy surveys are widely considered for un-
veiling the detailed geometrical properties or energy con-
tent of the universe [1]. Large-scale projects, such as the
EUCLID mission [26], are planned in the coming decade,
aiming at the determination of these properties with an
unprecedented accuracy. Such measurements rely to a
large extent on the use of the statistical properties of the
large-scale cosmic structures up to scales entering the
weakly non-linear regime, where the sole linear theory
cannot be used. Such a scientific program could then
only be achieved if the properties of the large-scale cos-
mological structure can be safely predicted either from
numerical simulations or from analytical investigations
for any given cosmological model. In particular it is im-
portant that such observables are shielded from the de-
tails of small scale astrophysics and gas physics at galac-
tic or sub-galactic scales.

One way to reformulate this question is to quantify
how small-scale structures can impact the growth on
large scales as soon as modes are entering the nonlin-
ear regime. Perturbation theory (PT) of the structure
formation is a powerful framework to precisely predict
the nonlinear gravitational dynamics of the cosmic fluid
from the first principle, at least when gravity only is at
play (see [2] for a review). The importance of such meth-
ods has been heightened after the detection of the baryon
acoustic oscillations (BAOs) in the clustering of galaxies
at late times (e.g., [3]), making precise predictions of the
nonlinear matter power spectrum crucially important.

PT calculations show precisely that mode couplings be-
tween different scales are unavoidable. This makes these
calculations in general difficult to develop in a controlled
manner. We propose here to quantify such couplings

with the use of a two-variable kernel function [27], de-
fined as the linear response at wave mode k with respect
to an initial perturbation of the linear power spectrum at
wave mode q. In the context of PT calculations, Ref. [4]
showed progressive broadening of the kernel function as
increasing the PT order, and speculated that a regular-
ization scheme in the UV domain is required to give a re-
alistic estimate of the high-order PT contributions. The
recent paper by [5] also pointed out the unsuccessful con-
vergence of the PT series at late times and proposed a
simple ansatz based on the Padé approximation to sup-
press the strong UV sensitivity seen in the standard PT
(SPT).
If the broadness of the kernel at late times suggested

from PT is true, physics at very small scale can influ-
ence significantly the matter distribution on large scales,
where the acoustic feature is prominent. It also poses
a question to the reliability of simulations, with which
we can follow the evolution of Fourier modes only in a
finite dynamic range. We here present direct measure-
ment of the kernel structure from cosmological N -body
simulations. We show that this allows a direct test of
regularization schemes employed in analytical models.
Definition and methodology.— Here we wish to intro-

duce a well-defined kernel function and investigate it at
fully nonlinear level. We consider the nonlinear power
spectrum as a functional of the linear counterpart, i.e.,
P nl = P nl[P lin], and define the kernel function as its
functional derivative:

K(k, q; z) = q
δP nl(k; z)

δP lin(q; z)
. (1)

We omit the explicit dependence on z from the arguments

Sensitivity of the nonlinear PS at scale k
on a change of the initial PS at scale q: 

Nishimichi, Bernardeau, Taruya 1411.2970

k = 0.161 h Mpc�1

PT overpredicts the sensitivity
 of UV scales 

on intermediate ones

… Little, Weinberg, Park, 1991



UV screening

The effect of virialized structures on larger scales is screened
(Peebles ’80, Baumann et al  1004.2488, Blas et al 1408.2995). 

However, the departure from the PT predictions starts at small q’s:
is it only a virialization effect?

Response function 3

q, ⌘in �q, ⌘in

k, ⌘ k, ⌘k, ⌘in �k, ⌘in �k, ⌘ �k, ⌘
�1

2

q3

(2�)

3

Z

d�qq �D(k � q)

Figure 1. Diagrammatical representation of the linear response function Kab(k, q; ⌘),

eq. (11). {lrfgraph}

In [3] a path integral expression for such averages was derived, which for the PS

reads

h'a(k; ⌘)'b(k
0
; ⌘)i =

Z

D'D� exp

n

� 1

2

Z

d3q

(2⇡)3
�c(�q; ⌘in)uc�d(q; ⌘in)udP

0
(q) + iS[',�]

o

'a(k; ⌘)'b(k
0
; ⌘) ,

(8) {path}
with the ‘action’ given by

S[',�] =

Z ⌘

⌘in

ds



Z

d3q

(2⇡)3
�c(�q; s) (�cd @s + ⌦cd)'d(q; s)

� es
Z

d3q

(2⇡)3
d3p

(2⇡)3
�abc(|q+ p|, q, p)�a(�q � p; s)'b(q; s)'c(p; s)

�

. (9)

The initial conditions could be generalised from the gaussian case represented in (8),

by adding terms cubic, quartic, etc., in �(⌘in), with coe�cients given by the initial

bispectrum, trispectrum, and so on. The general expression for the LRF below would

not change in this case.

By taking the functional derivative of (8) with respect to the initial PS we get

(2⇡)3�D(k+ k

0
)

�Pab(k; ⌘)

�P 0
(q)

= �1

2

1

(2⇡)3
h'a(k; ⌘)�c(�q; ⌘in)�d(q; ⌘in)'b(k

0
; ⌘)iucud ,(10) {dp}

which, inserted in (5), gives

Kab(k, q; ⌘) = q �D(k � q)Gac(k; ⌘, ⌘in)uc Gbd(k; ⌘, ⌘in)ud

� 1

2

q3

(2⇡)3

Z

d⌦
q

h'a(k; ⌘)�c(�q; ⌘in)�d(q; ⌘in)'b(�k; ⌘)i0c ucud ,(11) {lrffull}

where the first line represents the disconnected contribution to the four-point function in

(10), and h· · ·i0c indicates the connected contribution divided by (2⇡)3�D(0), the overall

momentum delta function. Eq. (11) is represented diagrammatically in Fig. 1.

[link between this object and the trispectrum. covariance matrix?].

[ Meaning of the first line....]

e�
q2�2

v
2 damped propagators! 

(compare SPT: linear propagator g=O(1))

memory of initial substructures is largely lost



NL propagator and LRF



UV lessons

✤ SPT fails when loop momenta become higher than the nonlinear 
scale (q ≿ 0.4 h/Mpc)

✤ The real response to modifications in the UV regime is mild

✤ Most of the cosmology dependence is on intermediate scales



Dealing with the UV

✤ General idea: take the UV physics from N-body simulations 
and use (IR resummed) PT only for the large and 
intermediate scales



2⇡

LUV
k

N-bodynon-linear non-perfect fluid
1
L

“PT” ok coarse-grained
 sources

Physics at k must be independent on L, L_uv  
(“Wilsonian approach”)

Expansion in sources:

h��iJ = h��iJ=0 + h�J�iJ=0 +
1
2
h�JJ�iJ=0 + · · ·

computed in PT 
with cutoff at 1/L

measured from 
simulations

M.P., G. Mangano, N. Saviano, M. Viel, 1108.5203
Manzotti, Peloso, MP,  Villaescusa-Navarro, Viel, 1407.1342
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EFT approach

Effective stress-tensor for the long modesJ i
� + J i

1 ⌘ �1

⇢
@j⌧

ji

Carrasco et al, 1206.2926
… 
Blas et al, 1507.06665
Floerchinger et al, 1607.03453 RG

Expansion in the long modes

Issues: 
scale and time dependence of the expansion parameters 

matching procedure 

theory, now applied to classical field theory. The long wavelength perturbations will a↵ect
the result of the expectation value of the short modes, through, e.g., tidal like e↵ects. This
means that the expectation value will depend on the long modes. In practice, we take the
expectation value on a long wavelength background. The resulting function depends only on
long wavelength fluctuations as degrees of freedom. In this way, we have defined an e↵ective
theory that contains only long wavelength fluctuations. Since long wavelength fluctuations
are perturbatively small, we can Taylor expand in the size of the long wavelength fluctuations.
Schematically we have

h
⇥

⌧ ij
⇤

⇤

i�l = h
⇥

⌧ ij
⇤

⇤

i
0

+
@h[⌧ ij]

⇤

i�l
@�l

�

�

�

�

0

�l + . . . . (24)

For the precision we pursue in the rest of the paper, we will stop at linear level in the
long wavelength fluctuations, though nothing stops us from going to higher order. By the
symmetries of the problem, the resulting stress tensor must take the following form

h
⇥

⌧ ij
⇤

⇤

i�l = pb�
ij + ⇢b



c2s�l�
ij � c2bv

Ha
�ij@kv

k
l �

3

4

c2sv
Ha

✓

@jvi
l + @ivj

l �
2

3
�ij@kv

k
l

◆�

+ �⌧ ij + . . . .

(25)
This is the stress tensor of an imperfect fluid. pb is the background pressure that is induced
by short distance inhomogeneities even in the absence of long wavelength fluctuations. c2s is
the speed of sounds of the fluctuations: �p = c2s�⇢. cbv and cbv are the coe�cients for the
bulk ⇣ and the shear ⌘ viscosity respectively, with units of velocity. They are related to ⌘

and ⇣ by the relation ⌘ = 3⇢bc
2

sv/(4H), ⇣ = ⇢bc
2

bv/H . �⌧ ij represents a stochastic term, that
takes into account the di↵erence between the actual value of ⌧ ij in a given realization and
its expectation value 1. We will come back to this term shortly, but it is worth noting that
neglecting this term in the above equations reproduces the familiar Navier-Stokes equations.

Finally, the ellipses (. . .) represent terms that are either higher order in �l, or higher
order on derivatives of �l. Indeed, higher derivative terms will be in general suppressed by
k/kNL ⌧ 1, and, as typical in e↵ective field theories, we take a derivative expansion in those.
Astrophysically, these terms would corresponds to the e↵ects induced by a sort of higher-
derivative tidal tensor. Once we expand in derivatives of the long wavelength fluctuations,
we take the parameters in (25) to be spatially independent, but time dependent.

The coe�cient �pb, cs, csb, csv are determined by the UV physics and by our smoothing
cuto↵ ⇤, and are not predictable within the e↵ective theory. They must be measured from
either N -body simulations, or fit directly to observations. This is akin to what happens
in the Chiral Lagrangian for parameters that can be measured in experiments or in lattice
simulations, such as F⇡. We first define the correlation functions that will allow us to extract
these parameters from small N -body simulations.

1For the readers familiar with the in-in formalism, this term will take into account the cut-in-the-middle
one-loop diagrams [26].
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Villaescusa-Navarro, Viel, 1407.1342

Measuring the sources in Nbody simulation
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Measuring the sources in Nbody simulation
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1
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Expansion in UV sources

h�J�iJ=0

{
(- PT + Nbody) _UV
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Time-dependence

Ansatz for the time-dependence

PT limit: ↵(⌘)! 2

Checked independently 



Results of the reconstruction



Results of the reconstruction

Good, but... why not simply run a N-body simulation?!



COSMOLOGY DEPENDENCE

Simulation Suite

L
box

= 512Mpc/h Nparticles = (512)3



Ratios of UV source correlators

hJ�ii

hJ�iREF
From N-body

Scale-independent!!



Rescale by using PT information

Amplitude captured by PT!!
=O(10)
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Figure 5. The time-dependent ↵i’s for the di↵erent cosmologies of our simulation
suite. For each cosmology, the solid orange line indicates the best linear fit to the ⌘
dependence, while the black dashed lines are obtained from the largest (� = 0.58) and
the smallest (� = 0.38) slope in Table 5. .

(and removing the W̃ 2[kL] factor from both sides) would read (see eq. (58) of [15]),

P
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NL

P lin(k, ⌘) , (70)

The PS in 1-loop EFToLSS
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Figure 6. Ratio in eq. (71) at 5 di↵erent redshift in the REF cosmology.

where we recall that P lin is the linear PS, and where the k-independent parameter

c2

s(1)

can be interpreted as an e↵ective speed of sound, to be determined by fitting the

PS with N-body simulations. Higher orders in the EFToLSS include higher loops and

higher powers of k/k
NL

. In [15], contributions up to 2-loop orders and O(k4/k4

NL

) have

been included, however we will limit our discussion to the comparison with the 1-loop

EFToLSS of eq. (70), for which the derivation is straightforward.

Comparing (70) to (69) we immediately understand the physical e↵ects contained

in the speed of sound term at this order. Namely, c2

s(1)

incorporates all the nonlinearities

of the pressureless ideal fluid equations beyond 1-loop, plus the e↵ect of the small scale

velocity dispersion.

In Figure 6 we plot the quantity

P 1�loop

ss,11

(k, ⌘)� P
11

(k, ⌘)

2 k2P l (k, ⌘)
, (71)

which, according to eq. (70), should correspond to the k-independent quantity
2⇡c

2
s(1)

k

2
NL

. In

ref. [15] the speed of sound was determined by fitting eq. (70) to the nonlinear PS in the

k ⇠ 0.15� 0.25 h Mpc�1 range, obtaining in this way 2⇡c2

s(1)

⇣
h Mpc

�1

k

NL

⌘
2

= 1.62± 0.03

for z = 0. As we see, the central value is consistent with the z = 0 curve of the REF

cosmology shown in Figure 6. However the residual BAO fluctuations – coming from

the di↵erence between the 1-loop PS and the nonlinear PS– are quite strong, and the

di↵erence between the lines in Figure 6 and a constant gives a measure of the error

c2
s(1)

higher orders+resummations needed 
to reduce the scale dependence

(see Senatore Zaldarriaga, 1404.5954)

theory, now applied to classical field theory. The long wavelength perturbations will a↵ect
the result of the expectation value of the short modes, through, e.g., tidal like e↵ects. This
means that the expectation value will depend on the long modes. In practice, we take the
expectation value on a long wavelength background. The resulting function depends only on
long wavelength fluctuations as degrees of freedom. In this way, we have defined an e↵ective
theory that contains only long wavelength fluctuations. Since long wavelength fluctuations
are perturbatively small, we can Taylor expand in the size of the long wavelength fluctuations.
Schematically we have

h
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For the precision we pursue in the rest of the paper, we will stop at linear level in the
long wavelength fluctuations, though nothing stops us from going to higher order. By the
symmetries of the problem, the resulting stress tensor must take the following form

h
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⇤
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i�l = pb�
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
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(25)
This is the stress tensor of an imperfect fluid. pb is the background pressure that is induced
by short distance inhomogeneities even in the absence of long wavelength fluctuations. c2s is
the speed of sounds of the fluctuations: �p = c2s�⇢. cbv and cbv are the coe�cients for the
bulk ⇣ and the shear ⌘ viscosity respectively, with units of velocity. They are related to ⌘

and ⇣ by the relation ⌘ = 3⇢bc
2

sv/(4H), ⇣ = ⇢bc
2

bv/H . �⌧ ij represents a stochastic term, that
takes into account the di↵erence between the actual value of ⌧ ij in a given realization and
its expectation value 1. We will come back to this term shortly, but it is worth noting that
neglecting this term in the above equations reproduces the familiar Navier-Stokes equations.

Finally, the ellipses (. . .) represent terms that are either higher order in �l, or higher
order on derivatives of �l. Indeed, higher derivative terms will be in general suppressed by
k/kNL ⌧ 1, and, as typical in e↵ective field theories, we take a derivative expansion in those.
Astrophysically, these terms would corresponds to the e↵ects induced by a sort of higher-
derivative tidal tensor. Once we expand in derivatives of the long wavelength fluctuations,
we take the parameters in (25) to be spatially independent, but time dependent.

The coe�cient �pb, cs, csb, csv are determined by the UV physics and by our smoothing
cuto↵ ⇤, and are not predictable within the e↵ective theory. They must be measured from
either N -body simulations, or fit directly to observations. This is akin to what happens
in the Chiral Lagrangian for parameters that can be measured in experiments or in lattice
simulations, such as F⇡. We first define the correlation functions that will allow us to extract
these parameters from small N -body simulations.

1For the readers familiar with the in-in formalism, this term will take into account the cut-in-the-middle
one-loop diagrams [26].
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Matching

and

C(hh) : hh(h,2)
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The resulting sum of the 22 contributions is particularly short
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Figure 4: Correlators hh
2

(⌘) '̄ (⌘)i; the left (right) panels are for z = 1
(z = 0). In the top row we show the N-body and the 1-loop correlators
separately. In the bottom row we show their di↵erence
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The correction to the SPT result is given by  �Ph,Nbody(k, ⌘)��Ph,SPT (k, ⌘)

It depends on two scales: Lf and k

Ultimate reach of effective methods depends on PT!



Summary

✤ Semi-analytical methods and N-body are 
complementary: (flexibility, physical insight, 
speed)

✤ IR effects important and under control

✤ Intermediate scales treatable by (improved) SPT

✤ The UV is out of SPT reach but mildly 
cosmology dependent: effective approaches!


